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1. ÏËÎÙÀÄÜ ÏËÎÑÊÎÉ ÎÁËÀÑÒÈ 3

1. Íàéòè ïëîùàäü ïëîñêîé îáëàñòè,

îãðàíè÷åííîé äàííûìè ëèíèÿìè

� à) á)

1 y2 = 2x+ 1, x+ y − 1 = 0 r = 2 sin 3ϕ+ 3

2 y = x2, x = y2 r =
1

1− cosϕ
, ϕ =

π

4
, ϕ =

π

2

3 y2 + 8x = 16, y2 − 24x = 48 r = 2
√

cos 2ϕ

4 y = x2, y = x3 r = 2 + cos 4ϕ

5 y =
1

1 + x2
, y =

x2

2
r = 2 cos 3ϕ

6 y = x(x− 1)2, y = 0 r = 2− cos 4ϕ

7 y = x− x2
√
x , y = 0 r = 3− 2 cosϕ (r 6 4)

8 x = y2 (y − 1), x = 0 r = 2 cos 9ϕ

9 x = y − y2
√
y, x = 0 r = 2 cos 2ϕ

10 y2 = x(x− 1)2 r = 2 sin 4ϕ+ 3

11 y = ex, y = e−x, x = 1 r = 1 + cosϕ

12 x2 = y(y − 1)2 r = 2e−
ϕ
π (0 6 ϕ 6 π)

13 y = lnx, y = − lnx, y = 1 r = 3− cos 2ϕ

14 y = (x2 + 2x)e−x, y = 0 r = 3 + 2 cosϕ

15 y = lnx, y = ln2 x r = 2 sin 6ϕ

16 x2 − 2y = 1, x− y + 1 = 0 r = 2 tgϕ, ϕ =
π

4

17 y = ex, y = e
√
x r = 2 + sin 2ϕ

18 x2 + 8y = 16, x2 − 24y = 48 r = 2− sin 2ϕ

îêîí÷àíèå íà ñëåäóþùåé ñòðàíèöå
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4 2. ÄËÈÍÀ ÊÐÈÂÎÉ

îêîí÷àíèå

� à) á)

19 x = y2, x = y3 r = 3 + sin 4ϕ

20 y2 − 2y + x = 0, x+ y = 0 r = 2
√

sin 2ϕ

21 x = | ln y |, x = 0, y =
1

e
, y = e r = 3− sin 4ϕ

22 x = (y2 + 2y)e−y, x = 0 r2 = 4 sin2 4ϕ

23 y2
(
1− y2

)
= x2 r = 3 + 2 sinϕ (r 6 4)

24 y2 + 4y − x = 0, x− y = 4 r = 2 cos 6ϕ

25 x
2
3 + y

2
3 = 4 r = 3− sin 2ϕ

26 y2 = (2x− x2 )2 r = 6
√

sin 2ϕ

27 y = x2 + 4x, y = x+ 4 r = 3 + 2 sin 4ϕ

28

{
x = 2 cos3 t,
y = 2 sin3 t

(0 6 t 6 2π) r = 2 + sin 4ϕ

29

{
x = cos3 t,
y = sin3 t

(0 6 t 6 2π) r = 2 cos 9ϕ

30
x2

4
− y2

16
= 1, x = 4 r = 3− 2 sin 4ϕ

2. Íàéòè äëèíó êðèâîé

� Óðàâíåíèÿ ü Óðàâíåíèÿ

1 x =
y2

4
− ln y

2
(1 6 y 6 e) 2 r =

1

ϕ

(
1

2
6 ϕ 6 2

)
3

{
x = 3(t− sin t),
y = 3(1− cos t)

(0 6 t 6 2π) 4 5y3 = x2
(
x2 + y2 6 6

)
ïðîäîëæåíèå íà ñëåäóþùåé ñòðàíèöå
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2. ÄËÈÍÀ ÊÐÈÂÎÉ 5

ïðîäîëæåíèå

� Óðàâíåíèÿ ü Óðàâíåíèÿ

5 x
2
3 + y

2
3 = 1 6

{
x = 2 cos3 t,
y = 2 sin3 t

(0 6 t 6 2π)

7

{
x = cos4 t,
y = sin4 t

8 y = ln cos x
(
0 6 x 6

π

4

)
9 y2 = 5x3

(
x2 + y2 6 6

)
10 r = 1 + cosϕ

11 y2 = 2x (0 6 x 6 2) 12


x =

t∫
1

cos z

z
dz,

y =

t∫
1

sin z

z
dz

(
1 6 t 6

π

2

)

13 r = sin3
ϕ

3
14 y = ln

(
1− x2

) (
0 6 x 6

1

2

)
15

{
x = cos t+ t sin t,
y = sin t− t cos t (0 6 t 6 2π) 16 r = cos3

ϕ

3

17 y3 = x2 (0 6 y 6 1) 18

x = t2,

y =
t
(
t2 − 3

)
3

(
0 6 t 6

√
3
)

19 y = ln
ex + 1

ex − 1
(2 6 x 6 3) 20 y = 2

√
x (0 6 x 6 1)

21

x =
t3

3
− t,

y = t2 + 2

(0 6 t 6 3) 22 r = 2ϕ (0 6 ϕ 6 2π)

23 r = 2(1 + cosϕ) 24 y =
x2

4
− lnx

2
(1 6 x 6 4)

25 y =
√
x− x2 + arcsin

√
x 26 y = ch x (− ln 2 6 x 6 ln 2)

27 y2 = 2x (0 6 y 6 2) 28 y = lnx
(√

2 6 x 6
√
8
)

îêîí÷àíèå íà ñëåäóþùåé ñòðàíèöå
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6 3. ÎÁÚ�Ì ÒÅËÀ

îêîí÷àíèå

� Óðàâíåíèÿ ü Óðàâíåíèÿ

29 y = ln sin x
(π
4
6 x 6

π

2

)
30 y = ln cos x

(
0 6 x 6

π

6

)

3. Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî

äàííûìè ïîâåðõíîñòÿìè

� Óðàâíåíèÿ ü Óðàâíåíèÿ

1
√
y2 + z2 = chx (−1 6 x 6 1) 2

(
x2 + z2

)1
3 + y

2
3 = 1

3
√
y2+z2=cos

πx

4
(−2 6 x 6 2) 4 y2+z2=e−2x sinx (0 6 x 6 π)

5
√
y2 + z2 = sinx (0 6 x 6 π) 6 8z = x2 + y2, z = 2

7 2x=y2+z2, y2+z2+2x=8 8 x2+y2−z2=1 (−3 6 z 6 3)

9 y2 + z2 = x3, x = 1 10
√
y2 + z2 = 2x− x2 (0 6 x 6 2)

11 x2−4y2+z2=36 (−2 6 y 6 2) 12 x2+y2+z2=2
√
y2+z2

13 4x2 − y2 − z2 = 4, x = 2 14 x2 =
√
y2 + z2 , x2 = y2 + z2

15 x2 + y2 + z2 = 2
√
x2 + z2 16 y2 + z2 = e−2x (0 6 x 6 2)

17 y2+z2+x=3, x=2
√
y2+z2 18 9

(
y2+z2

)
=x(3−x)2 (0 6 x 6 3)

19 y4 = 16
(
x2 + z2

)
(−2 6 y 6 2) 20

√
x2 + y2 = 2z − z2 (0 6 z 6 2)

21 y = x2 + z2, y2 = 4
(
x2 + z2

)
22

√
x2 + y2 = zez, z = 1

23
√
x2 + z2 = 1− y2 24 x = y2 + z2, x2 = y2 + z2

25
√
y2 + z2 = 1− x2 26 4x2 + 9

(
y2 + z2

)
= 36

27
√
y2 + z2 = xex, x = 1 28 z = x2 + y2, z2 = x2 + y2

îêîí÷àíèå íà ñëåäóþùåé ñòðàíèöå
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4. ÏËÎÙÀÄÜ ÏÎÂÅÐÕÍÎÑÒÈ 7

îêîí÷àíèå

� Óðàâíåíèÿ ü Óðàâíåíèÿ

29 9x2 + 4y2 + 9z2 = 36 30
√
y2 + z2 = arcsinx, x = 1

4. Íàéòè ïëîùàäü ïîâåðõíîñòè

� Óðàâíåíèÿ ü Óðàâíåíèÿ

1 x
2
3 +

(
y2 + z2

)1
3 = 1 2 9

(
y2+z2

)
=x(3−x)2 (0 6 x 6 3)

3 x2 + z2 = 4y (0 6 y 6 3) 4 y2 + z2 = cos2
πx

2
(−1 6 x 6 1)

5
√
x2 + z2 = tg y

(
0 6 y 6

π

3

)
6 9

(
x2+z2

)
=y(3−y)2 (0 6 y 6 3)

7 y2+z2+4x=0 (−3 6 x 6 0) 8 tg2 z = x2 + y2
(
0 6 z 6

π

4

)
9 9x2 + 4

(
y2 + z2

)
= 36 10 y2 + z2 = sin2 x (0 6 x 6 π)

11 y2 + z2 = e−2x (0 6 x 6 1) 12 x2 + y2 + z2 = 2
√
x2 + z2

13 x3 =
√
y2 + z2 (0 6 x 6 1) 14 y2 + z2 = cos2 x

(
−π
2
6 x 6

π

2

)
15 y2 + z2 = 8x (0 6 x 6 6) 16 x2 + z2 = e−2y (0 6 y 6 2)

17 x2 + z2 = e2y (0 6 y 6 1) 18 x2 + y2 = 8z (0 6 z 6 6)

19 9
(
x2+y2

)
=z(3−z)2 (06z63) 20 4y + x2 + z2 = 0 (−3 6 y 6 0)

21
√
y2 + z2 = chx (−1 6 x 6 1) 22 x2 + y2 + 4z2 = 4

23 x2 + 4
(
y2 + z2

)
= 1 24

√
x2 + z2 = sin y (0 6 y 6 π)

25 x2 + y2 + z2 = 2
√
y2 + z2 26 x2 + y2 = e−2z (0 6 z 6 1)

27 x2+z2=cos2 y
(
−π
2
6 y 6

π

2

)
28 y2 + z2 = e2x (−1 6 x 6 1)

29 z = x2 + y2 (0 6 z 6 4) 30
√
y2 + z2 = ch

x

2
(−2 6 x 6 2)

7



8 5. ÂÛ×ÈÑËÈÒÜ ÈÍÒÅÃÐÀËÛ

5. Âû÷èñëèòü èíòåãðàëû

� à) á)

1

1∫
0

dx√
x(1− x)

+∞∫
0

e−2x cosx dx

2

+∞∫
1

dx

x+ x3

1∫
0

ln2 x dx

3

+∞∫
−∞

dx

(x2 + 2x+ 5) (x2 + 1)

√
2∫

1

dx

x
√
x2 − 1

4

+∞∫
0

x3e−x
2

dx

1
e∫

0

dx

x ln2 x

5

+∞∫
1

1 + 2x

x2(1 + x)
dx

1∫
0

dx

(2− x)
√
1− x

6

+∞∫
1

dx

x3 + 1

2∫
0

x3 dx√
4− x2

7

+∞∫
−∞

arctg2 x

1 + x2
dx

2∫
−2

dx
3
√
(x− 1)2

8

+∞∫
1

dx

x2
√
1 + x2

1
e∫

0

dx

x ln3 x

9

+∞∫
0

e−2x sinx dx

1∫
0

dx

(1 + x)
√
x

10

+∞∫
−∞

x4

1 + x10
dx

2∫
0

x dx
3
√
1− x

ïðîäîëæåíèå íà ñëåäóþùåé ñòðàíèöå
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5. ÂÛ×ÈÑËÈÒÜ ÈÍÒÅÃÐÀËÛ 9

ïðîäîëæåíèå

� à) á)

11

+∞∫
1

x lnx

(1 + x2)2
dx

3∫
1

x dx√
x− 1

12

+∞∫
0

x2e−x dx

3∫
0

x3 dx√
9− x2

13

+∞∫
0

x5e−x
2

dx

4∫
2

dx√
6x− x2 − 8

14

+∞∫
0

x2dx

(1 + x2)2

2∫
0

dx√
x(2− x)

15

+∞∫
2

x dx

(x+ 1)(x− 1)2

2∫
1

ln2(x− 1) dx

16

+∞∫
0

x dx√
(x2 + 4)3

1∫
0

x dx
3
√
1− 2x

17

+∞∫
0

e−2x cos 3x dx

2∫
1

dx√
3x− x2 − 2

18

+∞∫
1

dx

x
√
x2 + x+ 1

3∫
0

x dx
3
√
x− 2

19

+∞∫
−∞

dx

chx

3∫
0

3 + x√
9− x2

dx

20

+∞∫
0

x2e−2x dx

2∫
0

dx√
x(2− x)

îêîí÷àíèå íà ñëåäóþùåé ñòðàíèöå
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10 5. ÂÛ×ÈÑËÈÒÜ ÈÍÒÅÃÐÀËÛ

îêîí÷àíèå

� à) á)

21

+∞∫
2

dx

x
√
x3 − 4

1∫
0

arcsinx√
1− x2

dx

22

+∞∫
1

lnx

x2
dx

2∫
1

dx

x
√
4− x2

23

+∞∫
0

arctg x

1 + x2
dx

2∫
0

2 + x2√
4− x2

dx

24

+∞∫
0

x5 e−x
3

dx

2∫
1

dx

x2
√
x2 − 1

25

+∞∫
1

dx

x
√
1 + x5 + x10

3∫
2

dx

x
√
x2 − 4

26

+∞∫
0

dx

1 + 4e3x

1∫
0

3 + x2√
1− x2

dx

27

+∞∫
3

x dx

x3 − 3x+ 2

3∫
1

dx

x
√
4x− x2 − 3

28

+∞∫
e

dx

x ln3 x

3∫
0

2 + x2√
9− x2

dx

29

+∞∫
1

dx

x
√
1 + x2

1∫
0

arccosx√
1− x2

dx

30

+∞∫
−∞

x2dx

1 + x6

3∫
2

dx√
5x− x2 − 6
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6. ÈÑÑËÅÄÎÂÀÒÜ ÍÀ ÑÕÎÄÈÌÎÑÒÜ 11

6. Èññëåäîâàòü íà ñõîäèìîñòü

� Èíòåãðàëû � Èíòåãðàëû

1

+∞∫
0

ln
(
1 + x2

)
x2
√
x

dx 2

+∞∫
1

lnx√
x4 − 1

dx

3

+∞∫
0

ln (1 + 3
√
x )

ex − 1
dx 4

+∞∫
0

ln (1 + x)
4
√
x5 + x7

dx

5

+∞∫
0

1− cosx√
x5 + x6

dx 6

+∞∫
0

ln (1 + x)√
x3 (4 + x2)

dx

7

+∞∫
1

sinx2√
x4 − 1

dx 8

+∞∫
0

sinx dx
3
√
x5 (x2 + 2)

9

+∞∫
0

cosx dx√
x4 + 2x2 + x

10

+∞∫
0

arctg x dx√
x3 (x+ 1)(x+ 2)

11

+∞∫
0

√
x dx

3
√
x4 + 1 arctg x

12

+∞∫
1

lnx dx

3

√
(x2 − 1)5

13

+∞∫
0

arctg x

x
√
x
dx 14

+∞∫
1

cosx dx
3
√
x2 − 1 lnx

15

+∞∫
0

√
x− 1

x2 lnx
dx 16

+∞∫
0

√
x5 + 1 sin

√
x

ex − 1
dx

17

+∞∫
0

e−x cosx dx
3
√
x2 + x− 2

18

+∞∫
0

√
x3 − 1

(x4 + 1) lnx
dx

19

+∞∫
1

arctg x dx

x
√
x (x+ 1)

20

+∞∫
0

sin 3x dx

x 3
√
x (x+ 2)

îêîí÷àíèå íà ñëåäóþùåé ñòðàíèöå
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12 ÑÎÄÅÐÆÀÍÈÅ

îêîí÷àíèå

� Èíòåãðàëû � Èíòåãðàëû

21

+∞∫
0

ln(1 + x) dx√
x3(x+ 2)(x+ 3)

22

+∞∫
0

arctg x dx

x 3
√
x (1 + x4)

23

+∞∫
1

√
x cos 2x√
x4 − 1

dx 24

+∞∫
1

lnx2

3

√
(x2 − 1)5

dx

25

+∞∫
0

cosx dx√
ex − 1

26

+∞∫
0

ln
(
1 + x2

)
x2 + x3

dx

27

+∞∫
1

1− e
1
x · sin

1
x

√
x− 1

dx 28

+∞∫
0

sin2 x

x2 + 4x3
dx

29

+∞∫
0

sin
√
x

x
√
x2 + 1

dx 30

+∞∫
0

arctg x

x 3
√
x2 − 1

dx
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