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PPEANCJIOBUE

Ob6ydeHne 1 BoCIUTaHIE CTYICHTOB B3aMOCBI3aHO. Bocmnuranue co-
CTOUT U3 TPeX DTAMOB: CHaYaIa — NPUHyHcIerue, TOTOM 00pa3yeTcs npu-
8LIUKGA, 3aTEeM pa3BUBaeTCA nompebrocmy. (QOydeHHIe TpeamogaraeT CHa-
Jala u3yueHue, TOTOM KONUPOSAHUE, 3aTeM BO3HUKaeT MOTPeOHOCTH K
meopuecmay.

llarHOE TOCOOIE MOMOTAeT TIPernoaaBaTerio NPuHyHcdams CTyIeHTa K
UBYUEHUIW T KONUPOBAHUIO PEIeHNS 3a1at M0 YPaBHEeHUAM MaTeMaTHI e -
Kou (pUBUKI.

Kax apiii pasgen mocobus HaUMHAETCA ¢ U3I0KEHIA MIHIMATIbHBIX Te-
OpeTHIeCKNX CBeJeHNN U pa3bopa MpuMepa pelleHns KOHKPeTHON 3a1axt,
OCTIe Sero MpeararaeTcsa TPUAIATE BapHaHTOB 3a1atd, M0 100HBIX pacCMOT-
pennon. Kaxaas rraBa oOpasyeT B U3BECTHOU CTEMeHN CaMOCTOSATeIbHOe
1e0e n MOXKeT OBITH MO3TOMY H3ytUeHa 6e3 3HaHNISI OCTATbHBIX.

Cuaadaaa pacCMOTPEHBI IPUMePhl HAX0kK JeHIS 0OIIero PeIleHIs KBa3n-
auHenHOro AudgpepeHNnaIbHOTO YPaBHEHNA ¢ TaCTHBIME IPON3BOTHBIMI
epBOTO TMOPAAKA U pelleHns 3agatd Komm mas >Tux ypaBHeHunin. PoToMm
paccMOTpeHBI mpuMepbl Kiaccupukannu guddepeHInalbHbIX YpaBHeHNN
¢ aCTHBIMU MTPOW3BOIHBIMI BTOPOT'O MOPAIKA U MPUBEIEHNT IX K KAHOHI-
1eCKOMY BHUIY B CIydae IBYX I TpeX He3aBUCHMBIX ITepeMeHHBIX.

Cremgyromasa TIaBa MOCBAIICHA MeTOIY pa3ieleHNs MepeMeHHBIX pellle-
HIA KPAeBBIX 3afad (BHYTPCHHIX U BHEIIHNX) 118 ypaBHeHun Jlamraca u
Pyaccona B mpAMOYTOIBHON I KPYTOBON 0OJACTAX, B KPYT'OBOM CEKTOpE, B
KOHETHOM KPYTOBOM IIINHAPE I €r0 CeKTope, B Mapalielelneie U mape.
PaccevmoTpum MeTo 1 KOHQOPMHBIX 0TOOpaKeHNN PelleHns IBYMePHBIX Kpa-
eBBIX 3aja4 114 ypaBHeHus Jlamraca.

3aTeM pacCMaTPUBAIOTCA HaYaIbHO-KPAeBbIe 3a1atN 11 YPaBHEHUA Tell-
JOMPOBOTHOCTH I AT BOTHOBOTO ypaBHeHIA. MeTo 1oM pa3 geTeHns mepemMeH-
HBIX I METOI0M UHTEerPAIbHOT0 IpeoOpa3oBanud Jlammaca pelreHsl 3a1adn
Ha OTPAHIYIEeHHON MPAMOW, Ha MOJYIPAMON, B IPAMOYTOJIBHIKE, KpyTe,
KPYTOBOM CeKTope, Hapa/Lielennnene 1 KOHeTHOM KPYTOBOM IIILINHIPE.

Cregyromun pa3ea MOCBAIIEH PEIeHNI0 BHYTPEHHUX I BHEIITHIX 3, 1a
o1 ypaBHeHns [elbMrofblla B Kpyre, BHe Kpyra, B KPYTOBOM CEKTOpe,
mape I BHe Imapa.

Pocaennnn pasgen mocBAIeH pelleHno NHTerpaTbHBIX ypaBHeHun Ppe -
TOJBbMa BTOPOTO POAa € BRIPOKICHHBIMI I CHUMMETPUYIHBIMI SapamMu. Pac-
CMOTPEH MeTOI TOCIeJOBATEIbHBIX MPUOINKEHNIH PellleHnsa NHTerPaIbHOT O
VPaBHEHNA C HEMTPEePBIBHBIM SIPOM.

YuebHOoe mocodue mpeJHa3HadYeHO [IIA IperogaBaTenell, aCIuPaHTOB I
CTYJIEHTOB I MOKeT OBITH HCIOIB30BAHO B KadeCTBe OCHOBBI IIS MPOBeIe-
HIA TPAKTUYIeCKNX 3aHATHI.



OcHoBHble 0603Ha4YeHUS

N — MHOXKeCTBO HATYPAIbHBIX UNCET.

R — MHOXKeCcTBO IeNCTBUTEILHBIX YNCET.

(' — MHOXK€eCTBO KOMILTEKCHBIX HHCEL.

R" — n-mepHoe IuHenHOE apudMeTUIecKoe IPpOCTPAHCTBO.

A = B - u3 BoickasbBaHmsa A cregyer BeickasbiBanue B (A — nocra-
TovHOe ycaoBue B, a B — Heobxoanmvoe yciaosue A).

A & B - BoickaswbiBaHusA A n B paBHOCUIBHHI.

a€ A, ad A >IeMeHT a TPUHALTCKUT MHOKECTBY A, dIeMeHT a He
IpUHA TICKUT MHOKeCTBY A.

dx: ... — cymecTByeT Taxkoe x, UTO ....
Al x @ ... — cymecTByeT eINHCTBEHHOE &, TaKoe, ITo ... .
Ax: ...~ He CyIIeCTBYET TAKOTO &, UTO ... .

Va — a1s 1r60ro x.

k= 1, n — Iuciao k MpUHUMaeT IIOoCJeI0BaTEeJIbHO BCEe 3HATCHNA 113 MHOZKEC-
TBa NHaTypaJIBHLIX qucea ot 1 A0 N BKJAIOYUTEIBHO.

C(D) — HOpMEPOBaHHOE IPOCTPAHCTBO (DYHKINIL, HETIPEPHIBHLIX B
obmactu D.

Ck(D) — HOPMUPOBAHHOE IPOCTPAHCTBO (PYHKINN, HelpepbIBHO Audde-
peHIIpyeMbIX k pa3 B ob1acTtu D.

T = (1., Thy...,Ty) — TOUKA mpocTpancTBa R" ¢ KoopanmHaTamn x;,

1= 1,n.

|Z| — nauma (HopMma) B R", |x|? = 2% + ... + 22.

o ou ou

Up, Uy, Uy, — JACTHBIE MPOU3BOAHBIE GYHKION ——, —, ——.

] Yo ry p PH y ax 9 ay 9 axay

grad u(Z) — BeKTOp I'paIueHTa CKATAPHON QYHKINN U(T) BEKTOPHOTO

aprymeHTa T = (X1, ..., Tp).
div c_z(:i‘) — QUBepreHnus BeKTOPHOI'O IIOJIA d.
rot @(Z) — poTop BEKTOPHOTO HOIA G.

D — ob1acTs n-MepHOT0 apudmMeTnIeckoro mpoctpaicTsa R", T.e. cBa3HOe
OTKPBITOE MHOXKeCTBO Todek T € R".

0D — rpannma obaactu D.

D = DUJD — 3ampikanue obaactu D.
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f(z) =0(g(z)) npu @ — a — ¢yuxuun f(z) u g(x) ogHOTO MOPALKA IPU
r —a.

f(z) =o(g(x)) mpu x — a — pyukuusa f(x) 6GoJaee BEICOKOTO MOPAIKA Ma-

JTOCTH TI0 CPaBHEHNIO ¢ QYHKINENn ¢(x) mpn
T —a.

A = ||ajj|| — maTpuna Tncer.
AT =laj|| -~ TparcnonupoBanHas MaTpuia A.
A~ — o6paTHag MaTpuna x MaTpuie A.

|A| — onpenemuTens MaTpuisr A.

1, n=k
Onk = { ) — cuMBOI Kponekepa.

0, n#k
E = ||6,k]| — enurnanas maTpura.
00 A
V.p. / f(z)dx = lim / f(x)dx — nuHTErpax B cMBICIE TIABHOTO
A—400
0 —4 SHATEeHNA.

2 X
erf (x) = —= / e~%'dz — mHTerpal BepOATHOCTI (pyHKINA OmMN60K),
VT .
lim erf (z) = 1.
r—>—+00
2 ]
erfc () = —= / ¢ “dz=1-erf (x) — TOTOIHUTEIBHBIN HHTETPAT
VT BEPOATHOCTI.

O(x) = \/%_Z) e~ 2y = % [1 + erf (%)

— HHTerpaJa BepOosaTHOCTHU

laycca (QyHKINA HOpMAIb-
HOT'O PaCIpeIeTeHNs).

O(x) = { ’ " — ¢Qyuxnua Xepucaiia.

VICI'IOﬂbSyeMbIe COKpal€eHNA

Y — nuddepennnarbHOe ypaBHeHNE
OOY — obeikHOBeHHOE AuddepeHnaIbHoe YpaBHeHe
Y — nHTerpasbHoe ypaBHEHIE

CJTAY — cucrema TUHENHBIX aaredpantdecKux ypaBHEHU



1. INDODPEPEPIINAJIBP bIE YPABPEP U C HACTP bIMHA
PPOMU3BOAPBIMUA PEPBOI'O POPAAKA

Onpepenenne. Juddepenyuaavroe ypasnenue (1Y) nepsoeo nopadra

éai(f,u(f))ggi = b7, u(7)), (1.1)

rae T = (x1,...,24,) € D C R", Y la;]| #0, u(z¥) € CYD) — ucxomas
=1

(PYHKUNSA, HA3BIBACTCS K6a3uiunetinbim [1].

Onpepenenne. /1Y (1.1) sHaszbBaeTcs 0dHopodHbiM, eCan
b(Z,u(Z)) = 0, u neodnopodnvim, ecau b(z, u(x)) # 0.

Omnpepenenne. Pewenuen 1Y (1.1) nasesaetca pyuxuusa u(z) € CY(D),
KoTopas obpaliaeT 5T0 YpaBHEHIe B TOXK 1€CTBO B II000I ToUKe T = (X1, .. .,

x,) € D.
Omnpepgenenune. DopMalbHasg, aBTOHOMHAS CHCTeMa OOBIKHOBEHHBIX
auddepennnarbubix ypasaenni (O/1Y)
dx; o :
dtl = a;(7,u(z)), i=1,n,

du o
W bz, u(z)

(1.2)

Ha3bIBaeTCA raparmepucmuueckot cucmemoti OJY naa AY (1.1). Ee pe-
menns (xy(t),...,r,(t)) Has3bBaOTCT Tapakmepucmuramy 1Y (1.1).

3amedanmne. Demmenne Y (1.1) u = u(F) MOXKHO HHTEPIPETHPOBATH
KaK TOBEPXHOCTh B MPOCTPAHCTBE (T4, ..., T, u) € R, KoTopyto Has3HI-
BAIOT UHME2PAALHOT NOGEPTHOCMBI. DElIeHNS XapaKTePUCTHIeCKON CHC-
tembr OY (1.2) (Z(t),u(t)) — XxapaKTepHCTHKN TPeACTABIAIOT COOOI -

g 8 R

Onpepgenenue. Dyuxung o(ry,...,1,,u) € C! HazpBaeTca unmee-
pasom (min nepsvim unmezpadom) cucremsr OAY (1.2), ecan Ha aH060M
peIIeHNN >TOH CHCTeMBI OHa IPUHIMAET IIOCTOSHHOE 3HaTCHIe

o(x1(t), ..., xn(t), u(t)) = const.

Teopema 1.1 (docmamounoe ycaosue cyuecmeosanus He3a6UCUMON
cucmemvt unmeepanos). Ecan touka (xy,. .., Ty, u) He ABITETCA TOTKON TIO-
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n
kos cucteMbl OY (1.2) (T.e. D |ai(Z, u)| + |b(Z,u)| # 0), Torga B oxpect-
=1
HOCTH 3TOH TOUKH CymeCTByelT CHCTEMA N HE3ABUCUMIT UHMEZPALO0B
991('%7 U), SR @n(fa U),

Marpuia fIko6m KoTopsix pasmeprocTn (n X (n+ 1))

o 91 O
BT
a(fﬁl,.--,xnau) 89971 89% a@n

nMeeT PaHT PaBHBIN M.

Teopema 1.2 (06 obuem pewenun JY (1.1)). Dycrs pi(T,u), i =1, n,
~ HesaBHCHMasg CHCTeMa HHTerpaloB XapakTepucTtudeckon cucrembr Q1Y
(1.2), Torga mobdoe pemenne u = u(z) AY (1.1) ABaseTcsa HesSIBHO 3a TaHHON
dyHKIIIen

Do (7, u) . pul ) = 0, (13)

rie ¢(-) — mpousBoibHaA HelpepbIBHO AnuddepeHunpyemMas QyHKII,

3ameuanmne. Ecmm Y (1.1) ognopoanoe (t.e. b(Z,u) = 0), Torga
nocJaegHee ypaBHeHne XapakTepuctudeckon cucteMmsr OY (1.2) umeer Bug

du

— = 0.

dt
CremoBaTenbHo, (yHKUUA u(xi,...,T,) Ha OPOCKUNAX XapaKTePUCTUK
x1(t),...,xn(t) paBHa u(xi(t),...,x,(t)) = const, T.e. ABIIETCA MHTET-

paroM XapaxTepuctuieckon cucteMmsl (1.2). OTciona cregyer, 9T0 06Imee
pemenne (1.3) ogropoaroro Y (1.1) MoxkHO 3anucaTh B BIIe

u:q)(@l(f)?"'a@n—l(f))a (14)

e <i>() — MPOU3BOJbHaA HeNPepPBhIBHO AuddepeHInpyeMad PYyHKIUA.

3amedanue. [[19 HaX0XKIeHNA NHTEIPAIOB XapaKTePUCTITeCKON CIIC-
Tembl OY (1.2) y1o6HO NCHOIB30BaTh TakK HA3BIBACMYIO CUMMEMPUUHYIO
dopmy sammncu cuctemsr OY (1.2)

_ — .= = dt (1.5)



I c80UCMEa Pasublr dpobeti

ap _az an_)\lal—l—...—l—)\nan

M _%_ % SV 1.6
b by by Aibi4 ...+ Aoby ;' |7 (16)

P ocranoBka 3aga4du Komm. Daiitu pemenue 1Y (1.1) u(z) € C1(D),
KOTOpOe Ha 3aJaHHOI THIePIOBEPXHOCTH 7 pa3MepHocTH (n — 1) B R"

vioxi =T, Tao) =2(T), i=1,n (1.7)
IPUHIMaeT 3aJaHHOe 3HaTeHNe

u‘»y: w(7), (1.8)

rae w(7) € Ct — sagannas QyHKIUA.

PocranoBka 3agaun Komwu (deymepnviii cayuat). DanTn pemieHne

u=u(x,y) 1Y

ou ou
ar(x,y, u)a—x + as(z, y, u)a—x = b(x,y,u), (1.9)
NpUHUMAIOIIee Ha KPUBON
=),
o {y:¢(7)7 T < T< Ty (1.10)
3a/JlaHHOe 3HAYeHIe
u = w(r), me. ulp(r), v(r)) = w(r). (1.11)

Teopema 1.3 (docmamounoe yciosue cyuecmeo6anus eOUHCME EHHOZO
peutenus). DYCTh KpuUBasg <y He KacaeTCA HPOEKINN XapaKTePHCTHK Ha
mrockocTn Ozy, Torga 3agada Komm (1.9)-(1.11) oaHosHatuHO paspemmnma
B HEKOTOPOI OKPeCTHOCTH KPUBOI 7.

3amMmedanue. DycTh u(t,T) — 06beMHaAsI KOHIIEHTPAIIS HEKOTOPOTO Be-
mecTBa B HECKHMaeMON JKILIKOCTH B MOMEHT BpeMeHH ¢ B TOUKe
T = (x1,x9,23), 0(t,%) = (vi,v9,v3) — 3agaHHOE BEKTOPHOE IOJIE CKO-
pocTu KugkocTn u I (t, T, u) — u3BecTHas PYHKUNA, XapaKTePU3YIOas CKO-
POCTh N3MEHEHIA KOHIECHTPAINN BelleCTBa B ¢NHNAIY BPEeMEHN B €IIMHI-
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HOM o0OBbeMe (HampuMmep, B pe3yIbTaTe XUMITeCKON Peakinn). YpaBHeHHe
3aKOHA COXPAHCHNsA MacChl BellecTBa (T.H. ypaBHEHIE HePa3PBIBHOCTH B
MeXaHIKe CILIOITHON cpedbl) Oe3 yueTa auddysun nmeer Bug [2, 5, 10, 12]
Y mepBoro mOpAIKa

du 3
vl t,T,u
ot Z 8:L‘Z I, )
du
B cranmmonaproM caydae E = () ypaBHeHUe TpuUMeT BUI

Z vl &L‘Z I(z,u).

Sagata Komu 114 HecTaloHapHOT0 ypaBHEHIA 3aKII0IaeTCI B HaX0K-
JdeHun KOoHUeHTpaunu u(t,T) npu t > ty, ecan B HAYaIbHBII MOMEHT Bpe-
MeHN t = ty oHa m3BecTHa: u(ty, =) = w(T).

Sajgata Komn 114 cTanmmoHapHOrO ypaBHEHUA 3aKII0YIACTCI B HaXOXK-
JQeHUN KOHIeHTpamuu u(T), ecal Ha 3aaHHON DIAJKOU MOBEPXHOCTH 7 :

x; = xi(11, ), ¢ =1,2,3, ona m3BecTHa: u| = w(71Y, T2).
2l

1.1. Obuiee pelieHune ypaBHeHUS

P pumep 1.1. Dantu obiue pereHns ypaBHEeHNI:

du ou
1) (u—y)a—x—l—(x—u)@—y—x, (1.1.1)
du du ou

Pewenue. 1) DangeMm cucTeMy HE3aBHCHMBIX HHTETDATOB XapaKTePIIC-
tuteckon cucremsr OAY (1.5), koTopas B TaHHOM CIydae HMeeT CIeIyIo-
I BILT

de _ dy _ du (1.1.3)

u—y T—u Y—x

Ucmonp3ys cBoicTBO paBHBIX ApoGen (1.6), MOKHO HOTYYINTD [ENOUKY
pPaBEHCTB



dv dy  du dx + dy + du _d(x—l—y—l—u)_dt
u—y T—u yYy—xr u—y+r—uty—ax 0 o

Orcioga morydaeM
dz+y+u)=0 & z4+y+u=Ch.

Takum 06pa3zoM, THTeTpaIoM cucTeMbl XapakTepucTuk (1.13) aBasercs

PyHKIINA
pr(r,y,u) =r+y+u

Bocmoap3yeMes onaTh CBOMCTBOM PaBHBIX apobet (1.6), mpeaBapuTeabHo
VMHOKIB UHCINTETb U 3HaAMeHaTedb Kaxkjgon apoom B (1.1.3) coorBet-
CTBEHHO Ha I, Y, U. B pe3yrbTaTe nMeeM MEMOYKY PAaBEHCTB

xdx ydy udu xdx + ydy + udu

vu—y) ylr—u) uly—z) wu-—y)+ylr—u)+uly -2

1
—d(ZL‘Q—I—yQ—I—UQ)
— 2 ; — dt.

Orcioga morydaeM
dx* + 9y +u*) =0 & 22+ y* +u® = Cs.

13 mocremHero paBeHCTBA CIeIyeT, UTO ellle O THUM THTeTrPAJOM Xapak-
TepucTndeckon cucremsr (1.1.3) aBrgercsa GyHKINA

pa(,y u) = 2 +y* + .
MaTpuna Axobmu

;o) (111
0w,y u)  \ 2z 2y 2u

IMeeT PAHD PaBHBIN 2 (B IPOTUBHOM CIydae Bce KOd(PQUUNEHTH YDaBHEHIs
(1.1.1) paBHBI HYI0). DTO O3HAYAET, ITO CHCTEMa MHTETPATOB (X, Y, U),
©o(x, Y, u) HE3aBUCHMA B OKPECTHOCTH JII000N ToUkN (x,y, u) # (a,a,a).

10



Obmree pemenne ncxogroro 1Y (1.1.1) ma ocnoBannn Teopewmsr 1.2 3a-
JaeTcs HeABHO 3aJaHHON (YHKIIEN

bz +y+u, 2> +y* +u?) =0,

rae ¢(-, ) — mpomsBoabHasS HempepbIBHO AudypepeHiupyeMas QyHKINA.

2) DangeM CHCTeMY HE3aBICHMBIX HHTETPAIOB XapaKTePUCTHIeCKON
cuctemsr OAY (1.5) zas AY (1.1.2), xoTopas B JTaHHOM CIydae IMeeT Cle-

OVIOMINHI BUJ
d d d
T _ (1.1.4)
X Y Ly

13 mepBoro paBeHCTBa MOCIe HHTETPUPOBAHUSA TOLY YaeM
x
Inlz|=nly|+InC, & —=C.
Y

Takum 06pa3oM, HHTerpaIoM CHCTeMBI XapakTepucTuk (1.1.4) aBii-

eTcsa PyHKIINA
x

P\, Y, )= —.
( ) y

Bocmoab3yemcs cBoICTBOM paBHBIX aApoben (1.6), YMHOKIB THCINTENb
I 3HAMEHATeIb MePBBIX ABYX APOOEH COOTBETCTBEHHO HA i U X. DOIYUUM
[eIoIKY PaBeHCTB
ydr  xdy ydr+axdy d(xy)  dz

= — = d =2dz =
yx Ty 2xy 2xy Ty (xy) -

= xy — 2z = (.

CaegoBaTeabHO, ellle OJHIM HHTEerpPaJIoM XapaKTepPHCTHIeCKOHn CHCTe-
Ml (1.1.4) aBasgeTcsa QyHKIS

wolz,y, 2) = 2y — 2z.

MaTpuna Axobmu

_ O ee) _ (1)y —afy® 0
I_ﬁ(x,y,z)_( Yy x —2)

IMeeT PAHD PABHBIN 2. DTO 03HAYAET, ITO CHCTEMa MHTerpatoB i (x,y, ),
©9(x,y, z) He3ABUCHMA B OKPECTHOCTH JI0601 ToUkn (,y, 2) # (0,0, 2).
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Obmree pemernne ncxoanoro ognopoasoro JAY (1.1.2) Ha ocHOBaHIN 3a-
medanns K Teopeme 1.2 sagaercs B Buge (1.4)

u=®(x/y, xy — 2z),

rae ¢(-, ) — mpomsBoabHasS HempepbIBHO AudypepeHiupyeMas QyHKINA.
Omeem. Obtee perenne /1Y
1) ®(x+y+u, 22 +y* +u?) = 0;
2) u=®(x/y, vy — 2z).

3agada 1.1. DanTu obIee peleHne YypaBHEeHNIA B YaCTHBIX TPOU3BO -
HBIX IIePBOr'0 MOPAIKA.

L. (2y—u)g—Z+yg—Z=u.

2. ale =)yl — )30+ (5 295 =0
3. x(y+U)g—z+U(u—y)g—Z=y(y—U)-

L= 05t S e =0
5. (fv+y—fvy2)g—z+(fv2y—x—y)g—z=y2—fv2-
6. xyg—z—xQZ—Z—l—yzg—Z:O.

7. (:L‘—I—yQ—I—uQ)g—Z—I—yg—Z:u.

8 (zQ—yQ)Z—;L—I—Zg—Z—yg—Z—O.

9. yg—erug—Z—%

10. 2y4g—z—xyg—5+xmg—zzo.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.



Ju ou
27. (u—y)a—x—l—y@ = u.

ou ou s 9 0u
28. ya—x—l-x@—l—(x —y)a_o.
ou ou 5
Ju Ju Ju
.9 OU gu 2 U _
30. sin x@x —I—tgzay + cos Z@z 0.

1.2. 3apgava Kowwu

P pumep 1.2. Demuts 3aga4dy Kommn 11 ypaBHEHHUA B YaCTHBIX MPO-
I3BOIHBIX MIEPBOTO MOPAIKA

Tt 4 y=— = 2(z* + 1?), (1.2.1)

y=1,  u=2u" (1.2.2)

Pewenue. DaccMoTpuM ABa CIoCoba PeIleHI.
I (memod zapaxmepucmur). Jomoraurespuse yeaoBus (1.2.2) chopmy-
IUpyeM B CIeIYIOmeM BHAe: IIyCTh JaHa KpUBasd

ZL‘ZT,
v {yzl, <7< Ty,

Tor1a NCKOMas (PYHKIIIA u(x, y) Ha KPUBOU <y MPUHUMAaET 3HAUYCHUS
u‘ = 272,
v
I3 KaxK 101 TOUKHN KPUBOI (T.e. npu PUKCUPOBAHHOM 7')
(7)
(7)
(7)

BBITYCTUM XapaKTepUCTUKY, T.e. pemuM 3ajgadn Komm mag xapakTepuc-

I :

7_7
1, T < T < Ty,
27‘2,

= = R
I
£ <6

Tuieckon cucremsl OJ/Y

14



dx B B Cel
dt o o =0 7 =€, X —o T,
d_y — =1 S Yy = Cyel y =1
dt ya yt:O ) ? =0 ?
du 5 5 5 (72 2\ 2t _ 9.2
T 2(x" 4+ y7), ul,_,= 277, u=(Cy + Cy)e” + Cs, g™ 27>
r=Te€,
& qy=¢ (n<17<m 0<1). (1.2.3)

9
U= (7‘2 + 1)€2t,
Cucrema ypasaenun (1.2.3) 3agaeT HCKOMYIO HHTEIPAIBHYIO MOBEPX-

HOCTB B IIapaMeTpPpUIeCKOM BH €.

Hcxmrounm mapaMeTpbl 7 1 ¢, TOIYYIM YpaBHEHNE NHTErPATbHOU IO-
BEePXHOCTU B IBHOM BIJe

T 2
u=a’+y* + (—) —1. (1.2.4)
Y

IT (memod obweeo ypasrenus). DangeM MepBble HHTETPATB XapaKTe-
PUCTUYECKOU CUCTEMBbI, 3allICAHHON B CUMMETPUYHOM BH e

dr _dy __dv

T (1.2.5)

DPOUHTETPUPYEM IepBOE PABEHCTBO, MOTYINM

X

Injz|=In|y|+InCy & " = (.

Takum 06pa3oM, HHTErpaIoM CHCTeMBI XapakTepucTnk (1.2.5) aBiasgercs

PyHKIINA
x

P\, Y, u) = —.
( ) y

Bocmoab3yemces cBOICTBOM paBHBIX Apoben (1.6), moaytunM menovxy pa-
BEHCTB

dv _dy 2xdv  2ydy du _d(u—xQ—yQ)_dt
vy 22 292 2?4yl 0 o

15



Orcioga morydaeM
du—2> =y )=0 & u—2a®—y*=Cy,

T.e. eIle OJHIM HHTerPaIoM XapaKTePHCTHIeCKon cucTeMsl (1.2.5) aBis-

eTcsa PyHKIINA

2

pa(w,y u) = u—a’ =y’

MaTpuna Axobmu

[:M:(l/y —x/y? O)N( y 0)

d(x,y,u) —2x =2y 1 —2r —2y 1

IMeeT PAHT PABHBIN 2. DTO O3HAYAET, 9TO CICTeMa NHTEIPAIOB @1 (T, Y, u),
©o(x, Y, u) He3aBHCUMA B OKpeCTHOCTH JI000n Toukn (x,y,u) # (0,0, u).
Obmiee pemenne anddeperunarbroro ypasaenus (1.2.1) Ha ocHoBaHHn
Teopemsr 1.2 3agaeTcsa HeABHO 3aJaHHON (DYHKIIEIT

x
O(C,Cy) =0 & @ (—, u — z? —y2) =0.
)
DacCMOTPHUM CHCTeMY HHTerPAIOB U JOMOTHUTEIbHBIX yeaoBui (1.2.2)

x
=0y,

Y

u— a2 —y? = Cy,

y=1 u=2a>
Ncxmodanm u3 Hee 2, Y, U, TOIYIIM KOHKpeTHY0 3aBucinMocTb ¢ (C,Cy)=0,
cBsampIBaromntyo Ch u C

Xr = Cl, r=C
A £ S,
9 r —1= CQ
u=2x
Doacrasum BMecTo C| n Cy COOTBETCTBYIONINE MHTETPAII, TOJLYIHM
pemerne nckomon 3agadn Komm (1.2.1), (1.2.2)
2 2
x x
(—) —1:u—x2—y2 = u=x2—|—y2—|-(—) — 1.
Y Y

Omeem. DemmenneM 3agadn Komn ssrgercsa Gyuknus (1.2.4)
2
w=a?+y’+ (E) — 1.
Yy

16



3agada 1.2. DemuThb 3anady Komu 118 ypaBHEHUS B YACTHBIX MPOU3-

BOOHBIX IMEPBOTO IIOPAIKA.

1.

10.

11.

12.

13.

14.

0 0
yu—u—l—xu—u:xy, =1, y*4+u*=1.
Ox Jy

ou ou
_ =9 =14 22
aeryay ry, Yy=2, u +

xa—x u@:y, y=2u, u=ux+2y.

(r—u)—+y—u)=—=2u, z—y=2, ut+z=1.
T

17



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

xya—x—l—xuay:uy, r=vy, yu=1
yg—z g—z—y —a? ay=1, u=a’+y
gz ygz—u%y, r=1, yu=1
tgxa—u—l—ya—u:u, x:z u:yQ.

Ox Jy 2
yQZ—;L—I—yug—Z——uQ, x:%, u:yQ.
(y—I_QUQ)g—;L QxQUg—Z—:L‘Q, r=u, y=a.
ug—z—l—(UQ—xQ)g—Z:—x, y=2a2 u=22x
:L‘yQZ;L—I—:L‘ngu u(z® +9*), * =2y, u=06y
(L5040 5 =y + g, =0
xQZ—z ng—Z—u(:ﬁ—l—y), y=2x, x=u
:L‘yQZ—;L+2y3g—u 20yu — %), y=1, u=2a>
g—z xu?—ZzQx, =0, u*=y.
xug—z—l—yug—;j:—x?—y?, xy =1, =1—-y
(:L‘Q—yQ—u)gx—l—Q:L‘yg =2au, y=1, u=ux
yg—z :L‘g—z——(x—l—y), y=2x, u=1-2x
:L‘yg—;b ng—Z 2z +u), y=22x, u=2x



2. KIACCUDPUKAIINA KBA3UJINP EVP bIX
INDODPEPEP IIUAJIBP BIX YPABPEPUH C YACTP bIMU
PPOMU3BOAP BIMMA BTOPOI'O POPAAKA

2.1. llpuBeaeHne K KaHoHMYeCKOMY BUAY ANPDEPEHUNANBHBIX
YPaBHEHUN C M HE3ABUCUMbIMU NEPEMEHHbBIMM

Onpepgenenne. [JuddepeHnuarbHoe ypaBHeHNE AUHETUHOE OMHOCU-
MEALBHO CMAPUUT NPOU3EO0IHLIL BUIA

0%u ( () Ju a_“)
: x,axl,...,axn

=0, T=(v1,...,2,)

(2.1.1)

Ha3BIBACTCA K6 a3uLunetnbim TU(depeHnInaIbHbIM ypaBHereMm [2—4, 10-12].
DaccMoTpuM (PUKCUPOBAHHYIO TOUKY T = (x1,...,2,) € D C R" u
KBaIPATUIHYIO POPMY
>3 a;i(%)yiy; (B MaTpuaHOM Buge Y1 AY ), (2.1.2)
1=1j=1

rae Y = (yi,...,yn)", A =||a;;(ZT)|| ~ MaTpuna xBagpaTHTHON GOPMBL,
B pesyibTaTe HeBBIPOZK ICHHOIO IPe0Opa30BaHNI IIepeMeHHBIX

yi = > ik, det||ci|| #0 (B MarpuusOoM Buge Y = C'}N/) (2.1.3)
k=1
MaTpHUIa KBaJpaTuIHON (POPMBI I3MEHACTCI 10 (POpMYy.Ie
A=CTAC. (2.1.4)

MozxHO [MOKa3aThb, 9TO IIOCJIE HeBLIpO}KﬂeHHOI;’I 3aMEHBI HE3aBICHUMBIX
nmepeMeHHBIX

Zi= Y dyxy, det||dy]| #£0, X =DX (2.1.5)
k=1

B ypaBHeHnn (2.1.1), ko> PUINEHTH PN CTAPIINX IPOM3BOIHBIX H3MEHS-
IOTCA TTOJOOHBIM 0Opa30M

n,n . Q% nono QW
=1 j:l aij (x) axlax] B TnZ::l ]{;Z::l akm(x) ai‘mai’kj
e UW(a (1, .oy Tn)yen s Tp(Tr, o @) = U2, .00 &),

19



n n

= 3 3 i (T)dyid,

1=1j=1
il B MaTPU'ITHOM BH e

A=DAD". (2.1.6)
5 (2.1.4) u (2.1.6) noxyunm D = CT.

B ¢ukcnpoBaHHOI TOYKe T ¢ IOMOIIBIO HEBBIPOZK JCHHOIO Ipeodpaso-
Banns (2.1.3) mpusegeMm kBagpaTudayoo Gopmy (2.1.2) K KaHOHITIECKOMY

BI/Iﬂy .
> Mk
k=1

I3 Teopembl 06 umHepIuu KBaIpaTHIHON (POPMBI CACIYeT, UITO HUCIO
MOJTOKUTEIbHBIX, OTPUIATEIbHBIX I PABHBIX HY.THO KO>(M@PUINEHTOB A, B
KaHOHNYeCKOM BHJe ABIAeTCSA NHBAPUAHTOM U He 3aBUCUT OT Ipeodpas3o-
BaHns (2.1.3) He3aBUCHMBIX HepEMEHHBIX. Da 3TOM OCHOBAHHIN IIPOBEIEM
KJIacCcuPUKaIuo.

Onpegeaenune. 1. Ecan Bce xoadpdunuentsr A\, # 0, k = 1, n ogHoro
3HaKa, To AuddepeHnnarbaoe ypaBaeHne (2.1.1) HasbIBaeTCA YpaBHEHIIEM
IAAUNMUYECKO20 MUNG B TOIKE T.

2. Ecan Bce xospduumentsr A\, # 0, k = 1,n un ecTh MOJ0KUTETBHBIE
I oTpullaTeIbHble, To AuddepeHinnaibHoe ypaBHeHne (2.1.1) HazpiBaeTCsa
VPaBHEHIEM 2unepboiuueckoz2o muna B TOUKe T, mpudeM, ecan (n — 1)
K03 PUIINEHTOB 0JHOTO 3HAKA, TO HA3BIBACTCI HOPMAALHO 2UNEPOOAUNEC-
Kum, ecan (n —m) Ko>PPUIUEHTOB 0THOTO 3Haka mpu 1 < m < n — 1, To
Ha3BIBACTCA YALMPA2UNEPOOAUNECKUM.

3. Ecan xoTsa 661 oqus kosdduiuent A\, = 0, k = 1, n, To nuddepennu-
anbHOe ypaBHeHIe (2.1.1) Ha3BIBaeTCA ypaBHEHUEM NaApaO0AUNECKO20 MUNG
B TO'Ke T.

HNupdepennnarpaoe ypasrerne (2.1.1) npuBoanTCa K KaHOHITECKOMY
BIIY C TMOMOIIBIO 3aMEHBI HE3aBICHMBIX HepeMeHHBIX (2.1.5) ¢ maTpuumen

D=C".
P pumep 2.1. Onpegenuts Tun auddepeHnnalbHOro YpaBHCHUA

0%u 0*u  d*u O?u O?u 8 Ju
4 4 2 % u=0 (21
o2 "o T o T taray Taw0: Toe Py TUT0 (218

U IIpuBeCTN €I'o K KaHOHU'IEeCKOMY BU Y.
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Pewenue. DaceMoTpuM KBagpaTHIHYIO (POPMY
2 2 2
v +4ys + y3 — 412 + 2y1y3.
MeTO,HOM JlarpamKa HpI/IBeﬂeM ee K KaHOHI/I‘IGCKOMy BI/I,Hy

(yF — dy1y2 + 2913 + 4y5 + y3 — dyays) + dyays =

= (y1 — 2y2 + y3)* + dyoys = §7 + U5 — U3, (2.1.9)
rie
Y1 =y1 — 2y2 + 3, ) 1 -2 1
U2 = Y2 + Y3, = Y=CclY ctl'=|0 1
Ys = Y2 — Y3 0 1 -1

I3 kaHOHHUYIecKOro BHIa KBaapaTudHon ¢opmel (2.1.9) crexyer, aro
auddepennnarbaoe ypasaenne (2.1.8) sunepboauuecrozo muna.
DangeM MaTpPUIy

11/2  3/2
C=|01/2 1/2
0 1/2 —1/2

C moMoIbIo 3aMeHbl lepeMenHbIxX (2.1.5) ¢ maTpuneit D = C7T:

T =z,

L1

= —x 4+ = —~2z,

YT TRV (2.1.10)
3, 1

F=grtoy— 52

npuseieM anddepernnatbioe ypaBaeHne (2.1.8) Kk KaHOHHYIeCKOMY BUIY.

DaccemoTpuM  caoxHy0 QyEKUno u(x(z,y, 2), y(2,9, 2), (2,9, 2)) =
= U(Z,y,2). Do npasBury AuddepeHInpoBaHus CIOKHON QYHKINN HaX0-
JTIM:

Or 0% or 95 oxr 9r ox o t2 95tz oz
oU 1 oU 1 U

"2 95 T2

ou _ oU 8f+8U dy oU 9z 9oU 1 oU 3 JU

21



8_U 1 ou 1 oU
dz 2 0y 2 93

PU U oU 1 90U 3 oU\
8% (a—) _( §'ag+§'az)_
- +1_a2 LOPU LU U3 P
102 Y1 02 Taiay TP0s0: T2 9500

oAU a? | U 1 O

2 1 02 T1 922 gp00

QPU 1 U 1 U 1 O

9.2 =1 o T1 02 2 ggor

QU1 U 3 U 1 U 1 U O
dvoy — 1 072 "1 92 T3 oi0y T2 930 T 90
PU 1 QU 3 QU 1 PU 1 PU 1 90U
0rd: 4 032 1 922 T2 9i05 2 0oz T2 9gor

DPeAnoI0KNM, ITO B ICXOTHOM YPABHEHII IIPOBeIeHA 3aMeHa u(x,y,2)=

= U(Z,y, Z). DoAcTaBUM BBIUHCICHHBIC IPOM3BOIHBIC B YPaBHEHIE U IPH-
BeJeM MOAO0OHbBIe WICHBI, MOIYYINIM KaHOHUYECKUN BUI YPaBHEHUA

o*U  9*U 0*U OoU 19U 10U

— - = — U=0 2.1.11

077 T o 02t or 205 T20: T ! (2.1.11)
U( S L i)_( )
rie x,2 2 ) 575 =ulr,y, z).

Omeem. Ypasaerne (2.1.8) rumep6oanmdeckoro Tuma, ¢ MOMOIIBIO 3a-

MEHBI HE3aBHCHMBIX TepeMeHHBIX (2.1.10) mpumBoauTCsS K KAHOHITECKOMY
Buay (2.1.11).

3agada 2.1. Onpeneruts Tun gud@epeHInaTLHOIO YPaBHEHU, TPU-
BeCTHU K KAHOHUYIeCKOMY BUAY, YKa3aTh IpeoOpa3oBaHle He3aBUCUMBIX Iie-
pPeMeHHBIX, IPUBOAdllee K KAHOHUIeCKOMY BUIY.

9 9
) w0y
Oxdy 0xdz
9 9 9 9
5 8u+8u_28u _28u _o.

ox?  Oy? dxdy Oyoz
22



10.

11.

12.

13.

14.

15.

16.

0%u 0%u 0%u 0%u 0%u
4 4 — = 0.
38y2 3822 + dxdy + Ox0z 28y82 0
Pu  Pu  J*u 0%u 0%u 0%u
4 - - =0.
Ox? + Oy? + 02 dxdy + 48x82 38y82 0
0%u 4o 0%u 49 i +4 0%u N 58214 _0
Ox? Oxdy Oy? Oy 022
0%u 0%u 0%u 82u 0%u
_4 .
922 oway Coro: T tap ozl
0%u 49 0%u 49 i 49 v O%u _0
Ox? Oxdy Oy? dydz 022
0%u Pu  O*u 0%u 0%u
27 Y = - =0.
Ox? 88y2 02 + 48x82 68y82 0
0%u 0%u 0%u 0%u 0%u
2 —4 — = 0.
Ox? + Oy? + 3822 dxdy 48y82 0
2 2 2 2
28u_48u+8u_48u20-
Ox? dxdy  Oy? Oyoz
0%u 0%u 0%u 0%u 0%u
4 4 — = 0.
38y2 3822 + dxdy + Ox0z 28y82 0
0%u 0%u 0%u 0%u 0%u 0%u
2 2 —4 —
Ox? + 58y2 + 02 dxdy dx0z + 48y82
0%u N 0%u N 0%u _0
Jxdy  O0x0z  Oydz
2 2 2 2
28u+8u_48u_48u20-
dx?  Oy? dxdy dydz
0%u 0%u 0%u 0%u 0%u 0%u
2 4 — —
Ox? + 58y2 + 5822 + dxdy 48x82 88y82
0%u 0%u 0%u 0%u 0%u 0%u
2 4
Ox? dxdy + 38x82 + Oy? 58y82 + 6822

23
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

u  J*u  O*u O O O

2 — — = 0.

Ox? + Dy? + 072 + dxdy 28x82 28y82 0

0%u 0%u 0%u 0%u 0%u
2 2 — = 0.

dx? i 98y2 i 0722 48x8y i 48y82 0
0%u 0%u 0%u 0%u 0%u

2 — =

dx? i Dy? i 3822 i 28x8y 28x82

5 02 N 88214 02

O 02 O

Ox? Oy? + 3822 + 88x8y + 28x82 + 48y82 -

O O?u  O%u

O O O

Ox? + 58y2 + 072 +

2 —
dxdy i 68x82 i 28y82

0.

82u_282u+82u+482u 10 0%u +482u _
Ox? dy? 022 dxdy dx0z dydz
0%u 0%u 0%u 0%u
52 e T T g,
0%u 0%u 0%u 0%u 0%u
S| 4 _9 — 0.
Ox? 58y2 + dxdy dx0z + 68y82 0
v O’u 0%u 0%u
2 -2 = 0.
dxdy + Dy? Ox0z + 3822 0
0%u 0%u 0%u 0%u 0%u
2 — = 0.
Ox? + dxdy + 38y82 28x82 + 6822 0
0%u v O*u 0%u 0%u
4 _ — 0.
dx? i Dy? i 0722 48x8y i 28x82 0
0%u 0%u 0%u
- + = 0.
Oxdy Oydz  0x0z
0%u v O%u 0%u
2 4 — — = 0.
dxdy i Jdxdz  Oy? 8822 0
2 2 2 2 2
28 u 0“u Ou v Ju 0.

dx? i 38x8y i 48x82 i Dy? i 022

24
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2.2. lpuseaeHne K KaHoHMYeCKOMY BUAY ANPDEPEHUNANBHBIX
YPaBHEHWIN C [BYMSI HE3AaBUCUMbBIMU NMEPEMEHHbBIMM

B Tom cayuae, xorjga auddepennuaibioe ypasaenne (2.1.1) umeer nse
He3aBUCUMBIe IepeMeHHBIC T| = T, Ty = ¥, KIACCI(pPUKAINIO0 MOKHO IIPO-
BeCTH He B (PUKCHPOBAHHOI TOYKE, a B HEKOTOPON 00JaCTH N3MEHCHI He-
3ABICHMBIX MepeMeHHBIX (2,y) € D C R%.

DaccMOTPUM KBA3IINHENHOE YPaBHEHIE

0%u 0%u 0%u
an(z, y)8 5 + 2a12(, y)axﬁy + ag(x, y)ﬁ—y?—l_
ou 0
+F(LyﬂALy%5%Q%):0 (2.2.1)

Onpepenenne. 1. [Juddepennnarsroe ypaBHeHne (2.2.1) Ha3bBa-
eTCA YpaBHEHIEM 244unmuieckozo muna B ooractn D C R?, ecin A =
= ady(x,y) — ari(x, y)as(r,y) < 0.

2. Tuddepernnanbroe ypasHenne (2.2.1) Ha3BIBaeTCsA YpaBHCHIEM 21U~
nepboauueckozo muna B obractn D C R?, ecim A = aly, — aypaz > 0,

3. dudpdepenunarbroe ypaBHenue (2.2.1) Ha3bIBaeTCSA YPABHEHIEM 13-
paboauueckozo muna B obractu D C R?, ecin A = aly — ayragyp = 0.

Onpepenenune. OObIKHOBeHHBIE TU((epeHIINATEHBIC YPaBHEHNT

andy — (ayy £ /A)da =0, (2.2.2)

rae A = a?, — a1a99, HABBIBACTCA TAPAKMEPUCTIULECKUM LT YPABHEHNA C
qacTHBIMI Tpom3BogubiMu (2.1.1), a ux mepsele nHTerpatsl ¢(x,y) = Cf,
Y(x,y) = Cy HABBIBAIOTCS YPAGHEHUAMU TAPAKMEPUCTIURK.

Ecan ypasrenue (2.2.1) saaunmuueckozo muna (t.e. A < 0), To xa-
pakTepucTudeckune AuddepeHuaIbible ypaBHeHnsa (2.2.2) uMeroT KOMII-
JeKCHBIEe TTepBble nHTerpatst ¢(x,y) i (x, y) = Cy. 3aMeHON mepeMeHHbBIX
a = ¢(x,y), B =(x,y) ypaBaerne (2.2.1) OpuBOANTCI K KAHOHITIECKOMY

BILITY
Pu | O )
——I_——I_Fl (aaﬁau(aaﬁ)

i da
- ) =o.

7%7%
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Ecan ypasuenne (2.2.1) eunepboauueckozo muna (t.e. A > 0), To
audepeHuaIbHble ypaBHeHIA XapakTepucTuk (2.2.2) umMeroT nBa JIell-
CTBUTEIBHBIX IepBBIX nHTerpata ¢(x,y) = C) u ¥(x,y) = Cy. BameHon
mepeMeHHBIX a = ¢(x,y), § = ¥(x,y) ypaBHenne (2.2.1) mpuBoguTcsa K
KAHOHI'I€CKOMY BILIY

9%
dadp

ou 8u) _0.

—I_F? (aaﬁaa(aaﬁ)aa—O/%

Ecan ypasrenne (2.2.1) napaboauvuecrozo muna (t.e. A =0), To aud-
depeHLnATbHOE YPaBHEHNE XapaKTepUucTuK (2.2.2) uMeeT oI1H NePBBIN UH-
Terpal ¢(x,y) = C. 3ameHon mepeMeHHBIX @ = ¢(x,y), B = B(x,y), Tae
B(x,y) — mobas ABaK bl HempepbIBHO nuddepeHunpyeMas GyHKINA TaKasd,

ITO AKOOUaH g((oz, ﬁ)) # 0, ypaBHeHne (2.2.1) IpuBOANTCSA K KAHOHITIECKOMY
x
BUIY Y
d*u du du
—+ F u —,— | =0.
aBQ—I_ 3(Oé7ﬁ7u(a7ﬁ)7aoé7aﬁ)

3amedanue. Ecin ncxognoe ypasaenne (2.2.1) ¢ MOCTOSHHBIME KO-
> dunneHTAMEI U JIMHEIHO, TO IPeodpa3soBaHHOe (KAHOHIYECKOe) ypaBHe-
HIle JUHENHO ¢ MOCTOAHHBIMU KO>(MPUINEeHTAMI I TOMYyCKaeT TaTlbHeHIee
VIPOIIEeHNEe ¢ MOMOINBIO 3aMeHbI HeU3BeCTHOU (DYHKITU

(e, 3) = vla, Bt 7, (2.2.3)

rae pnvr HO,H6I/IpaIOTCH TaK, ITOOBI NCKJIIOYNTD HEKOTOpPBIEC M.Ja dHIIne 1Ipo-
3BOIHBIC. }7paBH€HI/IH IpuMyT CJIG,HYIOHJ;I/II;’I B COOTBETCTBEHHO AJd 3JI-
JUIITIIECKOI' O, FI/IH€p6OJII/I‘I€CKOI‘O n Hapa6OJII/I‘I€CKOI‘O THUIIOB.

— 4+ = + av = Fi(a,3) (ypaBuenne ['erpMronbua),

Ppumep 2.2. Omnpegeauts Tun audg@depeHnualbHOI0 YpaBHEHUA I
IPUBECTH ero K KaHOHIYIeCKOMY BUIAY:
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02 O O ou

1) =—+2 — 16— =0; 2.24
) 92t dxdy 38y2 i 68:13 % ( )
O*u O*u O*u ou ou
2 4 13— —+ 15— = 0; 2.2.
)8332+ 8x8y+ 38y2+38x+ 5ay—|-9u 0; (2.2.5)

0%u 0%u 0%u
7Y 10 252 Y 4w, 46 — 0. 2.2.6
Ox? + dxdy + Oy? + e o Oty U ( )

3)

Pewenue. 1) Cragara paccmorpum Y (2.2.4). Onpegemnm tun gud-
depernuantbHoro ypasHerna. JmnckpmvuaarT A = 1243 =4 > 0, sT0

O3HavaeT, 9TO0 ypaBHCHUEC 2unep60mmec7€020 muna. COOTBGTCTBYIOIHI/IG

d
VPaBHEHIS XapaKTepHCTuK (2.2.2) UMeIoT BILI ey _ 1+ 2. DepBbie uHTET-

panel >Tux ypaBHenuun r +y = C) u 3v —y = Cy. CaeraeM 3aMeHY He-
3aBUCHUMBIX MEePeMeHHBIX o = = + ¥y, J = 3x — y B HCXOAHOM ypaBHEHINI.
DaccMoTpuM cIokHY0 dhyHKINL u(z(a, 3), y(a, 5)) = a(a, 3). Do npaBury
quddepeHInpoBaHIA CIOKHON PYHKITNN, HAXOIIIM:
du Jdu Oa Odu 9B Ou ou
Jr Oda Jdxr 98 Jxr O« op
Jou  JOu ou
= S S (1),
Jdy O« 0p3

_|_

u 0 (0u J (0u ou o%u 0%
ICRTN
ox?  Ox \Ox dx \da o0 da?  dadf

+3( ou 0% 3) _ Q% d*u d*u

5008 Tor 2 T aaz T %8005 T V95

Fi_o o o0 _on_ o4, o
dy? Oy \dy) Oy \da 03/ 0a? dadpB ~ 932

a9 (aa) d (aa aa) _ %, d*u

920y~ 9 \ay) ~ 0z \da _83) ~ a2 T ‘8005 o5

DPEeANOIOKIM, €UTO B HCXOJHOM YpPaBHEHHN IIPOU3BeIeHa 3aMeHa
u(x,y) = u(a, ). DoacTaBUM BBIMICICHHBIC NPOU3BOAHBIC B ypaBHEHINE
I IpUBeeM [T0JOOHBIC WIeHBI, oIy INM KaHOHIYIeCKIII BII yPaBHEHIA
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0% N Ju N 38& B
dadp = Ja 0p3
rae u(x +y, 3v —y) = u(x,y).
DpomsBeeM JalbHENIIee YIPOIICHIE ¢ TOMOIIBIO 3aMeHEI (2.2.3)

0, (2.2.7)

2
(aigﬁ —I—S—Z(l/—l—l)—I—S—;(M—I—S)—I—v(y,u—l—,u—l—?)u)) et — .
DOTOKUM vV = —1, yt = —3, moaydInuM
O 5, (2.2.8)
dadp ’ o

rge a(OZ, 6) = U(Oé7 6)6_304_6-
u(z,y) = v(x +y, 3z — y)e 3EH=6r=0) = y(x 4y, 3z — y)e bW,

2) Cravamna onpegennM Tul g depeHInaIbHOrN0 YPABHEHII. DacCMOT-
pum A = 22-13 = —9 < 0, 3To 03HaYAET, ITO YPABHCHIIE IAAUNMUYECKO20
muna. COOTBeTCTBYIOIIE YPABHEHIS XapakTepucTuk (2.2.2) NMeoT BIA

dy

i 2 £ 3i. DepBoie nHTerpaasl >Tux ypasaenni (2 + 3i)ax — y = C. Cae-
x

JTaeM 3aMeHy He3aBHCHMBIX IMepeMeHHBIX o = 21 — y, 3 = 31 B ICXO0JHOM
YPaBHEHIN. DJacCMOTPUM CIOKHYI0 pyHKINL u(x(a, 3), y(a, B)) = ula, 3).
Do npasury guddepeHInpoBaHIA CAOKHON (PYHKINN HAXO0 JIM:

0i _du da  du 98 du _ 9

9r 00 0x T3 ox "0 ttap

ou Ju ou du
@—a—a(—l)ﬁ-%()——a—a,

0%t 0 [0u 0 (. 0Ou ou 0%t 0%t d%u
Y [l RN [ el bl IR RIS b)) .
ox?  Ox (3:13) Ox ( Do +335) dar? + Dad3 +9862’

ri_ o (o0 o (00 o
dy: Oy \dy) Oy \Oa

oa? !

9% ) (aa) ) ( aa) 28271 B

dxdy  Odx \Jy dr \ O« da? dad 3
DPpenmoqoKnM, €UTO B NCXOJHOM YypaBHEHHH MIpOI3BeleHa 3aMeHa
u(x,y) = u(a, ). DoacTaBUM BBIMICICHHBIC NPOU3BOAHBIC B ypaBHEHINE

u IIipuBegeM HO,HO6HI)I€ TJIEHBI, IIOJYYTUM KaHOHI'Ie CKUNI B YPaBHEHIUI
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32N 32 ou 8u
rae u(2x —y, 3x) = u(x, Y).

DpomsBeeM JalbHENIIee YIPOIIEHNE ¢ TOMOIIBIO 3aMeHBI (2.2.3):

2, 9?2
(a 252 o (2:“ - 1)+ 25(27/ + 1)-|-U(,LL + v — 4+ 1)) ehotvl — .
Doaoxnm = 1/2, v = —1/2, moxyaum
*v w1
a2 Tom TV T 0, (2.2.10)

riae u(a, 3) = v(a, ﬁ)ea/Q—ﬁ/Q.
u(z,y) = v(2a — y, 30)ePTV/2732/2 — (24 _y Bp)e /2,
3) Cuauana onpegennm Tum anddepeHInaIbHOro ypaBHeHIsA. DacCMOT-

pum A = 5?2 — 25 = 0, 3To 03HaYaeT, UTO YpaBHEHIE NaPabOAULECKO20
muna. CoOTBeTCTBYIOIee YPAaBHEHIE XapaKTepucTHK (2.2.2) mMeeT BIA

d
& _ 5. DepBBIN HHTeTpaI >Toro ypaBHenus ox —y = C'. CaeraeMm 3aMeHy

dx
IepeMeHHBIX « = b — ¥y, [ = & B HCXOJHOM ypPaBHEHHH. JaCCMOTPUM
caoxuyto pyukuno u(x(a, 3), y(a, 3)) = ula, 3). Do npaBury anddepes-
HMIPOBAHUA CAOKHON (PYHKIIIN HAXO JIM:

du 9du da Ou 9B  Ou Ju

9 =90 dx T3 x aa "Tap "

on__on
dy  Oa’

25~ ~ 25~ 25~ 25~
Fi_ o000 (00 0 0, O o
Jx?  OJw \Ox Ox o3 da? dadf  93?
d*u __5&9%1_ d*u

dxdy 0a?  0adf’

ri_ o

oy da?’

DPEeANOIOKIM, €UTO B HCXOJHOM YpPaBHEHHN IIPOU3BeIeHa 3aMeHa
u(x,y) = u(a, ). DoacTaBUM BBIMICICHHBIC NPOU3BOAHBIC B ypaBHEHINE
I IpUBeeM [T0JOOHBIC WIeHBI, oIy INM KaHOHIYIeCKIII BII yPaBHEHIA
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J*u  Ou 8u

rae u(br —y, x) = u(x,y).

DpoBegeM TalbHeMNIee YIPOIIeHIe ¢ TOMOIIBI0 3aMeHbI (2.2.3):

( v Ov  Ov

- _ 2 patvfi _
I D 8ﬁ(1+2y)+v(1 —I—l/—l—y))e 0.

Domoxum p = 3/4, v = —1/2, noxydnm

d%v  Ov
97 g0 =" (2.2.12)

rae a(a, 3) = v(a, B)e? 10,
w(a,y) = v(5a — y, 2)e?OIAER = (50 — g, g)ePBEW/,

Omeem. 1) Ypasaenue (2.2.4) runep60oIndeckoro THMIa, ¢ TOMOIIBIO
3aMEeHBI IePpeMeHHBIX o = & + ¥, (3 = 34 — y IPUBOAUTCA K KAaHOHIYECKOMY

Buay (2.2.7)
0% L ou 3u 8u
dadp 8@ 86
rae u(x +y, 3v —y) = u(x,y).

=0,

2) YpaBaerue (2.2.5) sIINOTHYIECKOTN0 THNA, ¢ TOMOIIBIO 3aMEHBI ITepe-
MEHHBIX @ = 22 — y, 3 = 3z IpUBOANTCA K KAHOHIHYEeCKOMY BIIY (2.2.9)

o o on o o
2 o "aatos Tl

rae u(2x — y, 3x) = u(z, y).

3) YpaBHeHne napaboantieckoro THIA, ¢ HOMOIIBIO 3aMeHBI [IepEeMeHHBIX
a =5r —y, } = x IpUBOANTCA K KaHOHMIecKkoMy Buay (2.2.11)

o _on on .,
97 oo Tap T

rae u(br —y, x) = u(x,y).
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3agada 2.2. Onpenenuts Tun gud@epeHnnalbHOr0 YPaBHEHU U TPU-
BeCTHU eT0 K KAHOHUYIEeCKOMY BUIY.

332u+432u +32u+8_u+8_u_0
Ox? dxdy  Oy>  Ox Oy

0%u 0%u 0%u  Ou Ou
4 gue_gt _y,.
38:132 + 88x8y + Oy? + dr Oy 0
0%u 0%u 0%u  Ou ou
. 4 gu_gu_3%_y
J Ox? + dxdy + 38y2 ox 38y 0
0%u v Q’u  Ou  Ou
2 L = =0,
Ox? Jdxdy  Jy?  Ox  Jy
0%u Pu  ’u  Ou Ou
.4 4 — - —=0.
. Ox? + dxdy + Oy? + dr Oy 0

A A d?u  Ou ou

1.

6. Ox? +63x8y+98y2 —I_@—x—l_?)@_o
0%u 0%u 0%u ou Jdu
. y A bt
’ Ox? + dxdy + 58y2 + dr Oy 0

0%u 0%u 0%u  Ou  Ou
8. + 2 — + =
Ox? dxdy Jdy?  Ox Oy

du A A ou Ju

S e ey T o "o oy Y
1&§$%§%+%%+%+%:0
H'£Z+%i%+i§+%+g§:0
u.%Z—%i%+i§+%—g§=Q
B.§;+%i%+22—g§=Q

BN

15, 00U 4o T O gOu Du

98:132 dxdy  Oy? 38:13 dy



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

giﬁ —Qafgy%%Jrg—z—o.
giﬁ _ Qafgy + 10% g—z —0.
5?9:“; _ Qafgy + g:j + g—z — 0.
sg:“; _ Safgy + 423“2‘ g—;‘ — 0.
S+ T = 5 =0
i~ g IS~ G 5=
i+ g AT+ G250
g:“; —6ai25y+9%+g—z—o
O O i+ g =0
10% n 25;; n ngZ + g—z 0.
giZ+4ai2§y+5%—g—Z=0.
TRk T it
T S Gt s 5o =0
giz—4ai25y+4%+g—z—22—zzo
giﬁ _4ai25y+5%+%:0'
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3. KPAEBBIE 3AJAYN AJ11 YPABPEP U JIAPJIACA U
PYACCOPA

MaTemaTndeckas MO Ielb, ONMICHIBAIONIAA CTAIIMOHAPHOE pacpeIeaeHe
TeMIepaTyphbl Tela, 3aHUMAIero oobeM [, orpaHUYeHHBIN MOBEPXHOC-
Thio O, mpencTaBIgseT co60I KpaeBYIO 3a1ady III YPaBHEHIU

div (k(z) grad u) + f(T) =0, 7 € D, (3.1)

¢ TPaHIYHBIM yCI0BIeM Ha moBepxHocTn 0D [2, 4, 5, 10-12]. 3xech u(x) —
UCKOMas memnepamypa Tena, k(T) — U3BECTHBIN K03 dPuyuenm menionpo-
sodnocmu, f(:i‘) — U3BECTHAT 00bEMHAA NAOMHOCTNL UCTNOUHUKOB MENAA.
Ecan va rpannne 0D moggepKuBacTCA 3aJaHHAsS TeMieparypa ¢i(T),
PACCMATPUBACTCSA 2PAHUUHOE YCA0BUE NePE020 poda (ycaosue Jupurae):

qﬂfgmm,feap. (3.2)

Ecan va nosepxaocTn 0D 3aaH TELIOBOU HOTOK ¢(T), paccMaTpHBa-
eTCA 2PAHUNHOE YCA06UE 6MOpo2o poda (ycaosue Petimana):

Ou —g%ﬂ,fé@D,m@ﬂ:—zg}

— = (3.3)
onlop
rae fi — eJUHUYHBII BeKTOP BHEIIHeH HopMall K moBepxHocTu JD.

Ecan ma mosepxaoctn JdD mponcxoguT TeILIOOOMEH II0 3aKOHY JDbIO-
TOHA € BHEIIHeN Cpeaoll 3aJaHHOU TeMIepaTyphl Uy(T), paccMaTpPUBAIOT
TPaHIYHOE YCIOBIE TPEeThero poia (ycioBue DobeHa):

M) (@)
ko BT k)

Ju -
(—_ + hu) ‘6D: g3(%), T€OD, h=

rie B(:Z‘) — woaPunyuenm mensoobmena.
B Tom cayuae, korga xosdpunueHT Temaonposoanoctu k() = k mo-
CTOsIHeH, ypaBHeHne (3.1) npusuMaeT Buj
] @
au=—f@). fz) =12 (3.5)

Ypasuenue (3.5) Ha3bIBaeTCA ypasnenuem Pyaccona, a 0 THOpOTHOE YPaB-

Herne (3.5) HasbBaeTCa ypasnenuen Janaaca:
Au = 0.
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3amedanue. MaremaTimdeckas MoJeab CTAIOHAPHON 3aga4dn Juddy-
3N BelleCTBa ¢ KOHIEHTpaunen (), AnpyHANPYOMEro B TOKOAIICHCST
OIHOPOIHON M30TPOIHON cpefe obobeMa [D ¢ IPaHNYIHON MOBEPXHOCTHIO 0D,
IpeICTaBIIeT CO60I KPaeByIO 3a1ady 11a ypaBHeHns (3.1) ¢ TpaHIIHBIMI
ycroBuAMn Ha moBepxuoctu 0D [2, 4, 5, 10-12], rge k(%) — smomputec-
Knn xoadduyuenm Juddyzuonnoeo nepenoca BelecTsa, f(:E) — U3BeCTHasA
06BbeMHaA IIOTHOCTE NCTOYHIKOB BelllecTBa. | paHutdHOe yeaoBue Jupuxie
(3.2) cooTBeTCTBYET 3aJaHHON KOHICHTPAINN BellecTBa ¢q(T) Ha TPAHIIIe
0D, rpaumtdHoe ycaoBue JenMaHa (3.3) COOTBETCTBYET 3aJaHHOMY ITOTOKY
BemtecTBa (T ), T € 0D, TpaHItdHOEe yCI0BHE TPeThero poja (3.4) cooTBeT-

CTBYeT 00OMeHY BellleCTBa C BHeIHEHN CPeJol ¢ 3aJaHHOU KOHIIeHTpallueln
UO(ZZ‘)

DoTeHINAT U CKopocTenl ¥ = gradu cTalMOHAPHOIO MOTOKa HECKII-
MaeMoIl KIIKOCTH VAI0BIeTBOPseT ypaBHeHuo Jamrtaca (3.6). Da moBepx-

HOCTH TBepJOT0 Teda 0D, IBIKYIIEerocs ¢ HeKOTOPOU CKOPOCTBIO U, T0JK-
HO BBITOJHATHCS YCJIOBIE DelMaHa (3.3)

du L
I lon= (To, ).

DaBHOBecCHe TOHKON ILTACTHHKN (MeMODPAHBI), He MMEOINEN KeCTKOCTI
npu u3rube, OMHUCHIBACTCA IBYMEDHBIM ypaBHeHHeM DyaccoHa (3.5), rae
u(x,y) — Maible HepeMeIneHHUs TOYeK MOBEPXHOCTH MeMOpaHBI B HallpaB-
JeHNN HOpMaln K Hel B HegedopMmupoBaHHoM coctosaun, f = p/T, p —
naBieHne, T’ — paBHOMepHOe HaTSKEHNE Ha €IMHNIY AINHBL KOHTYPA MeM-
6pansr [4, 5].

MaremMaTnIecKkas MoAeIb KPYUYeHHS HILINHIPHIECKOT'O CTEpZKHS PN
MaJIbIX JedopMallgax IpeIcTaBIgeT cOOOU KpaeBYIO 3ajady IId IBYyMep-
HOT'O ypaBHeHHs Dyaccona (3.5), rae u(x,y) — QYHKINI KacaTeIbHBIX Ha-
npszKeHnn, [ = 2pv, v — Yrol 3aKpyInBaHIA CTePKHA Ha eUHNIY IINHEL,
[t — KoHCTaHTa .JlaMe, a Ha rpannie 0D IOMKHO BBIIOIHATHCA YCIOBIE
Hupnxre (3.2) mpu g = const [4, 3.

MaremaTuieckas MO O€Jdb, OIINCBIBAOIAA CTalIOHapPpHOE pacClipeJeJIcHIIe
IMOTEHINAJBHOI'O 3JIEKTPHUI€CKOI'O ITOJA

E = —grad u
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B HEIIPOBOIAIICH H30TPOMHON Cpefe ¢ ANdICKTPUIeCKON TOCTOSHHON k()
11 06BEMHON TLTOTHOCTBIO 3aPAI0B f(:E), IpeacTaBIIeT COO0M KPaeBYIO 3a-
rady mas ypasrenus (3.1) [2, 4, 5, 10-12].

Da naealbHO MPOBOIAIIEHN MOBePXHOCTH J) moTeHNIAI TOCTOSHEeH

u‘ = const.
oD

Ecin Ha mpoBoasinen MOBePpXHOCTH 3ajaHa MOBEPXHOCTHAA IIOTHOCTH
3apAI0B 1, pacCMaTPUBAETCA TPAHIYHOE YCIOBHIE DelMaHa

ou Y

nlon~ V(x), T €D, @b:—g-

DaccMOTPUM TPHU HanboJaee 1acTo BCTPeYdaonecs KpaeBble 3a1adn 111
KoHedHON ob6gacTu [, orpaHIteHHON 3aMKHYTON MTOBEPXHOCTHIO OD.

PepBas BHyTpeHHAA KpaeBasa 3agada (3e¢daua Jupurse): HauTH
dyuaxumio u(z) € C*(D) N C(D), yaosieTBopamomyio B o61acT D ypaBHe-
HIIO DyaccoHa

Au=—f(z), T€D (3.7)

U IMIPUHIMAIOMYIO Ha IMTOBEPXHOCTHU oD 3aJaHHble 3HaTCeHII

=g(x), T D. :
u =g(7), €0 (3.8)

Bropas BHyTpeHHsAs KpaeBas 3afgada (3adaua Petimana): HanTn
dyuaxumio u(z) € C*D) N CYD), yrosieTsopsamomyio ypasHeruto (3.7) B
obractun D u Ha moBepxXHOCTH I IPaHIIHOMY YCIOBIIIO

ou

rae i — BHEIIHNN 110 OTHOIIEHNO K 001acTi [ e TMHIYHBIN BEKTOP HOPMAJIN
K moBepxHOCTH OD.

TpeTbsa BHYTpPeHHsAsa KpaeBasg 3afgada (3adaua Pobewa): HanTn
dyuaxumio u(z) € C*(D) N CYD), yrosieTsopsiomyio ypasHeruto (3.7) B
obractun D u Ha moBepxXHOCTH I IPaHIIHOMY YCIOBIIIO

ou N =
(8—7_1 + hu) ‘6D: g(z), T € dD. (3.10)
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DPEanonToKIM, 9TO MOBEPXHOCTE JD mMeeT HempepbIBHYIO KPHUBU3HY,
f(z) € C(D) ug(x) € C(OD), Toraa nMeT MeCTO CICAVIOMNe YTBEPK 1e-
HIIA.

Teopema 3.1. Demenne mepBoll BHYTpPeHHeN KpaeBon 3amaqn (3.7),
(3.8) u Tperwenn BHyTpeHHen KpaeBon 3agadn (3.7), (3.10) mpu h(z) > 0,
h # 0 cymecTByeT 1 eIUHCTBEHHO.

Teopema 3.2. /14 cymecTBOBaHNISA PeIlleHNIS BTOPOI BHYTPeHHell Kpa-
eBol 3aaa4n (3.7), (3.9) HCOOXOAMMO U TOCTATOYMHO, ITOOHI BBITOJIHAIOCH

Bgds+ [|[ fdv=o0. (3.11)
oD D

JelleHne 3Ton 3ada"vn oIIpegejJeHO C TOTYHOCTBIO JO IMMPOU3BOJBHOI'O IIO-

yCaoBue

CTOAHHOI'O CJarl'aeMOI'0O.

3amedanme. Yciosue (3.11) nomyckaeT mpocToe QU3MIECKOE HCTOJ-
KOBaHIe. DYCTh u(T) — TeMmepaTypa, TOTAa MOTHBIN MOTOK TEILIa Yepe3
rpanuily 0D paBeH KoJan+decTBY TeIlIa, BBLICIUBIIEMYCSI BHYTpu Tera D
(3aKOH cOXpaHeHNs).

[l BBIAEIEHUS € TUHCTBEHHOT'O PEIeHUs 8 HEUHUT KPAesblx 3aday Tpe-
OVIOT BBIMOTHEHUS MOMOJHUTEILHBIX VCIOBUU, OMUCHIBAIOMINX TOBEACHIE
ncxkoMon (hpyHKINN Ha 6€CKOHeYTHOCT.

Onpepenenne. DyHKINA u(T) HABBIBACTCA Pe2YaspHOtl Ha OeCKOHEU-
nocmu B R™, ecan

1

u(z) =0 EE npu |z| — oc. (3.12)
Teopema 3.3. B TpexmepHOM caydae peryispHble Ha 6€CKOHETHOCTH
pellleHils MePBOIl, BTOPOI I TPeThell BHEITHUX KPAaeBBIX 3ajJad [Id yPaB-

HeHIs DyaccoHa (3.7) eanucTBeHHBI Tpn yeaoBuu h(z) > 0, b # 0 n

1
f(.f‘):O W ,Oé>3HpI/I|ZZ‘|—)OO.
X

Teopema 3.4. B gByMepHOM caIydae peryaspHbe Ha 0eCKOHEIHOCTIH
peIleHns IepBOH I TPpeThell BHEIIHNX KPaeBBIX 3aad II1 YPaBHEHUS Oy-
accona (3.7) exnuctBennsl npu h(z) > 0, h #Z 0, a peryaspHoe Ha 6eCKo-
HeTHOCTH pelleHile BTOPOI BHEIIHell KpaeBol 3aJadi OIpefeIeHO ¢ TO'-
HOCTBIO O IIPOU3BOILHOTO MOCTOAHHOTO CIATaeMOr0. DPU 3TOM JOJKHBI
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_ 1
OBITH BBIMOJIHCHBI YCI0BUA cymmecTBoBanuA (3.11) u f(z) = O (W) Lo > 2
T «
npu |z — oo.

Omnpepenenue. [lencTBUTEIbHO3HAYHAA, MBaXKIbI HEIPEPBIBHO MI(-
depennupyemas B obmactun D QyHKINA u = u(Z) U yIOBICTBOPSIIONIAL
ypaBHennto Jlamraca

Au =0
Ha3BIBACTCA 2apMOHUuecKkotl 6 obaacmu D.

Onpepenenne. Pyukuns G(7,y) HaseBacTca Gynrwyuetd ['puna nep-
601 enympenuet kpaesot 3adavu (3adavu Jupuzae) (3.7), (3.8), ecan BoI-
HOJTHAIOTCSA CIeIYIOMIIe YCIOBUL:

1 1

1) G(z,y) = ﬁln 7] +v, ecmn T, 7 € R, (3.13)
G(7,7) = ! Loy T,y € R (3.14)
Ty = - T v, ecIm T, : :

rjae v(Z) — Bcroay rapMoHmdeckas B D QyHKINA;

2) G(z,7)| . =0. (3.15)

gedD

Teopema 3.5. Ecan ¢yuxuusa ['puna mepBon KpaeBoll 3a a4 CyIIeCT-
ByeT, TO permenue 3agadn (3.7), (3.8) MOXKHO 3amncaTs B BuIe

_ N L O0G

u(®) = [[[ F@)G(2.9)dV, = $ho() 5" dS,. (3.16)

D oD Y

n
Onpepenenne. Oyuxunsa G(T,§) HaseBacTca Pyuryuet I'puna 6mo-
poti enympernets kpaesot 3adavu (3.7), (3.9), ecan BBIMOIHIIOTCA CIeIYIO-

e yCIOBHA:
1) Bemmoasens! ycaoBus (3.13), mmm (3.14);

oG 1
3—7_1 ge@D_ _E’
rae L — grnna rpamnnsl 0D B caydae § € R?, min miomalb TOBEPXHOCTIL
0D B ciy1ae § € R®.

2) (3.17)
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Onpepenenne. Oyuxnus G(T, §) HazbBaeTca Pyuryuet I'puna mpemob-
et snympennets xkpaesot 3adavu (3.7), (3.10), ecan BBIMOJHEHB! YCIOBUA:
1) Bemmoasens! ycaoBus (3.13), mmm (3.14);

m(%g+héﬂﬁw:m h>0, h#0. (3.18)

Teopema 3.6. Ecium ¢pyuxnua I'pura BTOpON IIN TpeThell KPaeBBIX
3aad CyIMecTBYyeT, To pemerne 3a1ad (3.7), (3.9) mwin (3.7), (3.10) MmoxHO
3almncaTh B BIeE

w(@) = [[[ F)G(E,5)dVy+ $a()G(z,7)dS;. (3.19)
D oD

dyuxnusa ['puHa MoKeT 6BITH HallJeHA ¢ TTOMOIIBIO PA3I0KEHUSI B PAI.

Teopema 3.7. Dycrs {\, }, {v,(Z)},n = 1,00 — cucTeMBI CO6CTBEHHBIX
3HaUeHnn A, # 0 U OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (PYHKINN 3aJat
[Mrypma-JlnyBuria

Av+v=0 B D, (3.20)

(a8 450} |, =0, Jal+ 131 £0. v(z) £0. (3.21)

Toraa ¢yuxnuga 'puna ypasrenns Jlamiaca ¢ rpaHITHBIMI VCIOBUIAMI
(3.21) nmeer BUA

o Unl)un(). (3.22)

3amMedyanue. AHAJIOTUYHO ompelendtoTcsa QyHKHun ['puHa BHEITHUX

3alatd, TOIbKO HaJlo J00aBUTh TpeOoBaHIe PeryIAPHOCTH Ha OecKOHet-
Hoctn (3.12).

3.1. KpaeBas 3agaya Ans npsMoyronbHon obnacTty

P pumep 3.1.1. Demuth KpaeByio 3aja4dy Aad ypaBHeHus Jlamraca B
IPAMOYTOJIBHOU 00JacTH

*u  O*u

AU=ga T o =

0, D:k%w:0<x<m0<y<g} (3.1.1)
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C I'PaHNT'IHBIMHI YCJIOBUAMIN

u T ©1(y) = 2 cos 2y, u‘x:ﬂ: wa(y) =0, (0 <y< g) 7 (3.1.2)
Ju : ou _
@‘yzoz Yn(x) = 3sin 2z, @‘y:ﬂﬂ_ Po(x) =0, (0<ax<7m). (3.1.3)

Pewenue. DazobbeM 3amady Ha ABe TaKuUM 00pa3oM, YTOOBI B OTHOU
3aade TPAHUYHBIC YCJIOBUS 1O MEePEeMeHHOU T OBLIN OJHOPOTHBIMU, a B
IPYTON — TPaHUYHBIC YCIOBUA MO MEePEMEHHOU Y OBLIU OTHOPOTHBIMI:

L.
Au =0, D:{(x,y):0<x<7r,0<y<g}, (3.1.4)
T
ul = 0, wu =0, (O <y< 5) : (3.1.5)
Ju , Ju _
@‘yzoz Y (x) = 3sin 2x, @‘y:ﬂﬁ_ Yo(z) =0, (0<z<7m). (3.1.6)
I1.
Au =0, D:{(x,y):0<x<7r,0<y<g}, (3.1.7)
ul = ©1(y) = 2cos 2z, u = wo(y) =0, (O <y< g) : (3.1.8)
Ju Ju
—| = — =0, (0<z<m). 3.1.9
3y‘y:0 ’ ay‘y:ﬂ'/Q ’ ( =T= 7T) ( )

OueBUIHO, PeIleHNe ICXOAHON 3aJadi PABHO CyMMe pelleHnN 3aJadmn
(3.1.4), (3.1.5), (3.1.6) ul(x,y) n pemenus zagauu (3.1.7), (3.1.8), (3.1.9)

ul(x,y), T.K. ypaBHeHIe IUHENHO U T'PaHUYHBIe YCIOBUA JTHEHBI
u(z,y) = u'(z,y) + u''(x,y). (3.1.10)

Demmm cravanta 3aga4dy 1 (3.1.4), (3.1.5), (3.1.6) meTogoMm pa3siereHus
IepEeMEeHHBIX. DyIeM HCKaTh JacTHBIC pelieHns ypasHenus (3.1.4), yaos-
JTeTBOPSIOININE OTHOPO THBIM IPAHNYIHBIM yeaoBmaM (3.1.5) B Buge

u(x,y) = X(2)Y(y) Z0. (3.1.11)
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Doxacrasum (3.1.11) B (3.1.4) u pasgeanM mepeMeHHBIE

Xll(x) B _Ylly)

X"(@)Y (y) + X(2)Y"(y) =0 & X)) - Y

(3.1.12)

B pasenctse (3.1.12) creBa GyHKINA 3aBICAT OT &, ClipaBa — oT y. Tax
KaK 3TO paBeHCTBO BBITTOJHAETCA B oO1acTu ), To »>Tn PyHKINN PaBHBI
KoHcTaHTe. OH603HAYNM >TY KOHCTAHTY —A.

X”(:L‘) _ _Y”y) _
X@) V() |

Orciona noaydaeM 0OBIKHOBeHHBIC Tu(QepeHnaIbHble YpaBHEeHNS
Y (y) — \Y (y) =0, (3.1.13)

X"(x) + AX(X) =0. (3.1.14)

Doxacrasum (3.1.11) B ogHOpOAHBIe IpaHnYHbIe yeaoBus (3.1.5), mory-
TIIM

X(0)Y(y) =0,  X(@)Y(y) =0.

DOCKOIBKY HAC MHTEPeCcyYT HeHyJIeBble permeHns Y (y) # 0, momytdnm
rpaHUYHBIE YCIOBUA

X(0)=0, X(m)=0. (3.1.15)

KpaeBas 3anaqa (3.1.14), (3.1.15) npeacrasiaser cobon 3agady [lrypma-
JlnyBuana ompegeaeHns cOOCTBEHHBIX 3HAUMEHNN U COOCTBEHHBIX (DYHKIINIL.
Dermmenne 3a1aqu (3.1.14), (3.1.15) npusegero B Dpunoxennn 1 (m. a). Cob-
CTBeHHBIC 3HATCHNA I COOTBETCTBYIONINE MM COOCTBeHHBIC (PYHKIINN PN
[ = 7 mvetor caeayiomun Bug (D1.13), (91.14)

— 2 —
Ap=n”, n=1,0c,

X,(z) =sin(nz), n=1,0.

Teneps paccmorpum ypasaerne (3.1.13) opu A = A,
Y (y) — AaYaly) = 0.
Ero obmiee pemenne MOXKHO 3amcaTh TO-Pa3HOMY OO B BUIe
You(y) = A’ + Bpe™,
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Janbdo B BUIe

Y. (y) = A, sh(ny) + B, ch(ny).

JIydime B KadecTBe pyHIAMEHTATHHON CICTEMBI PelleHn BRIOpaTh (PYHK-
NN, VIOBICTBOPSIIONIIE OTHOPOIHBIM IPAHNYHBIM ycaoBusaM (3.1.6), T.e.

Y.(y) = A, ch (n (y — g)) + B, ch(ny). (3.1.16)

B sTom BbIPpaZKCHNN

gy 0| =0 g (0 (o= 3)) om0

B nanpHeuIeM BbIACHUTCSA, ITO IpeICTaBIeHIIe OOIIeT0 PeleHns B BI e
(3.1.16) ympomaeT pelieHne 3a Tat.
Tax, MBI HAIILIN CIeTHOE MHOKECTBO YacTHBIX pemenni (3.1.11)

up(z,y) = X, (2)Y,(y) = (An ch (n (y — g)) + B, Ch(ny)) sin(nx).

Demmenne Bcen 3agadn (3.1.4)-(3.1.6) 6yaem nckatb B Bie QYHKINO-

HaJIBHOT'O Psiaga
00

u(x,y) =2 un(xvy) -

n=1

— ;:31 (An ch (n (y — g)) + B, Ch(ny)) sin(nx), (3.1.17)

IpeanoIaras, ITo ero MoKHO JuddepeHnnpoBaTh IBa pasa II0 IepeMeHHO
T U IBa pasa o mepeMeHHON .
Doxacrasum (3.1.17) B rpanmansie ycroBus (3.1.6) moxymm

Uy (x) = ni::l (Ann sh (—ng) + B,n - O) sin(nax), (3.1.18)
Uy() = ni::l (Ann -0+ Bynsh (ng)) sin(nx). (3.1.19)

Mg Haxox geHnsa KodhuuuenTos A, n B, BOCIOIb3yeMCa OpTOrOHAIb-
HOCTBIO COGCTBeHHBIX GyHKunun Ha [0, 7]

/sin(nx) sin(kx)dx = g5nk-
0

41



YMmHOZEIM 06€ 9acTn paBercTBa (3.1.18) Ha sin(kx) 1 nponHTerpupyeM
no z Ha [0, 7], moxy4unm

/@bl(:ﬁ) sin(kz)dr = > Apn sh( )/sm (nx) sin(kx)dx =
0 n=1 0

— _Auksh (lﬂ) i
2/) 2

Taxum obpazowm,

Ap = Wk Sh( )/@bl sin(kx)d (3.1.20)

Ananornyno, m3 (3.1.19) MoxHO HaNTH

B = /@bg )sin(ka)d (3.1.21)
k sh( )
Doxacrasum (3.1.20), (3.1.21) B (3.1.17), momydnm pemeHne 3a1aqdn
(3.1.4)-(3.1.6), B Buge pyHKUNOHATHHOTO PAIA.
B mamem caydae xos>duuueHTsl A, un B, MOXHO HauTu, He Ipubde-
ras K nHTerpuposannio (3.1.20), (3.1.21). Docre moacranosku (3.1.17) B
rparntHble yeaoBus (3.1.6) moxyuanm (3.1.18) u (3.1.19) B Buge

3sin 22 = > A,nsh (—ng) sin(nax), (3.1.22)
n=1

0= Z B,nsh ( 2) sin(nx). (3.1.23)

CreBa B (3.1.22) sin 2x = Xy(x) — cobcrBennas pyukuns. CpaBHIM Ko-
> PUIUEHTHI PN 0INHAKOBBEIX COOCTBEHHBIX (DYHKIUAX B JEBOH I IpaBoIl
qacTAX paBeHcTBa (3.1.22), moxy<mM

— Ay - 2sh(m) = 3, A, =0 npu n # 2. (3.1.24)

I3 (3.1.23) moxy-mm

B,=0, n=T, . (3.1.25)



Doacrasum (3.1.24) u (3.1.25) B (3.1.17), moayunm pemtenne ul(x,y)
3agaqn (3.1.4)-(3.1.6)

3 i
, o T L
u(x,y) = ol ch (2 (y 2)) sin 2. (3.1.26)

Temeps pemum 3amaqay II (3.1.7), (3.1.8), (3.1.9) meTogom pa3siereHus
IepEeMEeHHBIX. DyIeM HCKaTh JacTHBIC pelieHns ypasHenus (3.1.7), yaos-

JTeTBOPSIOININE OTHOPO THBIM IPAHNIHBIM yeaoBmaM (3.1.9) B Buge
u(z,y) = X(2)Y (y). (3.1.27)
Doxacrasum (3.1.27) B (3.1.7) u pasgeanM mepeMeHHBIE
X”(ZL‘) B Y”(y)
X () Yiy)

B mocmennem paBeHcTBe caeBa (YHKINA 3aBUCHT OT X, ClIpaBa — OT Y,

X (@)Y () + X (@)Y (y) = 0 =

CIeq0BaTEJIbHO, OHa pPaBHA KOHCTaHTE. Oob6o3naunM OTY KOHCTaHTY A

X”(ZL‘) B Y”y) B
X(x) Yy
Orciona moayuuM oObIKHOBeHHBIE MudpepeHnnalbHble YPaBHEHUI
X'(2) — AX(X) =0, (3.1.28)
Y (y) + \Y (y) = 0. (3.1.29)

Doxacrasum (3.1.27) B ogHOpOaHBIE TpaHn<IHbe yeaoBus (3.1.9)
X(@)Y'(0)=0,  X(2)V" (g) _0.
OTcroa MOy InM IpaHIIHBIC yCIOBUA
Y'(0)=0, Y (g) = 0. (3.1.30)

Dangem perenne 3aga+in rypuva-Tnysnris (3.1.29), (3.1.30). Derme-
are 3aga4in (3.1.29), (3.1.30) opusegerno B Dpunoxkenun 1 (m. ). Cob-
CTBeHHBIC 3HATCHNA I COOTBETCTBYIONINE MM COOCTBeHHBIC (PYHKIINN PN

[ = 7/2 nmeror cregyrommu Bug (31.25), (91.28), (21.29)
A= (2n)% n =0,

?

Y. (y) = cos(2ny), n=0,0c.
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Ob6paTuM BHUMaHIE Ha TO, YTO 3ajada HMeeT COOCTBEHHOE 3HadeHIe
Ao = 0, a cooTBeTCTBYIOIMAA eMy cobcTBeHHas pyHkuua Yo(y) = 1.

Teneps paccmorpum ypasaerne (3.1.28) opu A = A,
X (x) — N\ X,(x) =0, (3.1.31)
2pu Ay = 0 ero obiiee pelieHne 3anneTCs B BIIe
Xo(z) = Agx + By.

Dpu A, = (2n)%, n = 1,00 obmee pemenne ypapaerns (3.1.31) mozxuO
3alIcaTh II0-Pa3HOMY: AI60 B BILIE

Xn(x) = A, e’ 4+ Bne_%x,

Janbdo B BUIe
X,(x) = A, sh(2na) + B, ch(2nx).
JIytime B katiecTBe PyHIaMeHTAIbHON CICTEMBI PellleHn BEIOpaTh PYHK-
NN, VIOBICTBOPSIIONIIE OTHOPOIHBIM IPAHNYHBIM ycaoBuaM (3.1.8), T.e.

Xn(x) = A,sh(2nz) + B, sh(2n(x — 7). (3.1.32)
B sToM BBRIpazKeHNn

sh(2nz)] =0 u sh2n(x—m7)) =0.

=T

x=0
B gaibHenmeM BRIACHUTCA, 9TO MpeIcTaBIeHne OOIIero pelleHns B BIIe
(3.1.32) ympomaeT pelieHne 3a Iatm.
Tax, MBI HAIILIN CIeTHOE MHOKECTBO YacTHBIX pemenni (3.1.27)

up(x,y) = Agx + By,

un(z,y) = (A, sh(2nx) + B, sh(2n(x — 7))) cos(2ny), n =1, 0c.

Demmenne Bcen 3agadn (3.1.7)-(3.1.9) 6yaem nckatb B Buie QYHKINO-

HaJIBHOT'O Psiaga 00

u(x,y) =2 un(xvy) -

n=0

= Agx 4+ By + il(An sh(2nz) + B, sh(2n(x — 7)) cos(2ny),  (3.1.33)

mpeanogaras, ITo ero MOKHO AuddepeHInpoBaTh ABaK bl IO X I II0 Y.
Doxacrasum (3.1.33) B rpannussie ycrosus (3.1.8), moaytmm

o1(y) = By + i (A, -0 — B, sh(2n7)) cos(2ny), (3.1.34)

n=1
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woy) = Agm + By + i (A, sh(2nm) — B, - 0) cos(2ny). (3.1.35)

n=1
s Haxoxk 1eHnsI KoaduimeHToB A, n B, BOCIOIb3YeMCI OPTOTOHATD-
HOCTBIO COOCTBeHHBIX (pyHKuNN Ha [0, 7/2]

s 7T5nk(1 + 5710)

/ cos(2ny) cos(2ky)dy = 1 :
0

YmuOoZIM 06€ dacTn paBeHcTBa (3.1.34) Ha cos(2ky) (k= 0,00) u opo-
nHTerpupyeMm mo y #a [0, 7/2], moxyanm

/2 -

/ p1(y) - 1dy = 5 Bo-

0
/2 -
| @1ly) cos(2ky) dy = —B; sh(2km) 7, b =T.%.
0

Taxmm o6pazom,
/2
By== [ eily)dy.
T (3.1.36)
/2
B:—L/ (y) cos(2ky) dy, k=1,00
g 7 sh(2km) : iy Y14y, e
Anarormuno m3 (3.1.35) MoxHO HanTH
9 /2
Ao+ By = - / ©va(y) dy,
" (3.1.37)
/2
AZ#/ (y) cos(2ky) dy, k=1, 00
k 7 sh(2km) : 2y Yy, o

Doxacrasum (3.1.36), (3.1.37) B (3.1.33), moxyunm pemmenue 3agadn (3.1.7)-
(3.1.9) B Buie QYHKIIMOHAIBHOTO PsIA.
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B mamem cryuae xosddununenTsr A, u B, MoXKHO HalTn He mpuberas
K naTerpuposanno (3.1.36), (3.1.37). Docre nmoacranosku (3.1.33) B rpa-
auaHble yeaoBnd (3.1.8), noxyunm (3.1.34) u (3.1.35) B Buge

2cos 2y = By — Y B, sh(2n7) cos(2ny), (3.1.38)

n=1

0= A¢ym+ By + > A,sh(2n7) cos(2ny). (3.1.39)

n=1

CreBa B (3.1.38) cos 2y = Y\(y) — cobcTBennas ¢pyuxinsa. CpaBHIM Ko-

> PUINIEHTHI IPU ONHAKOBBIX COOCTBEHHBIX (DYHKIIAX B JEBOH 1 IPaBON
qacTAX paBeHcTBa (3.1.38), momy<mm

—Byish(27) =2, B, =0 upu n # 1. (3.1.40)

I3 (3.1.39) moxyunm
A4,=0, n=0,x. (3.1.41)

Doacrasum (3.1.40) u (3.1.41) B (3.1.33), moayunm permenue u'l(x,y)
3agaqn (3.1.7)-(3.1.9)

u'l(z,y) = _sh(227r) sh(2(x — 7)) cos 2y. (3.1.42)

Doxacrasum (3.1.26) u (3.1.42) B (3.1.10), mOIy<INM peIIeHIIe HCXOIHOM
3agaqn (3.1.1)-(3.1.3).

Omsem.
-3 h(Q( 3)) in 2 2 (2 — 7)) cos 2y. (3.1.43)
U = 5 Sh - C Yy 5 Sin Zx Sh(Qﬂ') S x 7)) COSs 2. 1.

3agada 3.1.1. DemuTh KpaeBYIO 3amady A1 ypaBHeHus .Jlamraca
Au = 0 B IpAMOYTOIBHON 0O6JACTH ¢ TPAHUTHBIMI YCJIOBUAMIL.

1. w| =5cos3y, u =0, uy‘ = 3sin 2z, u‘ =0
z=0 r=m y=0 y=m/2
2. Uy T 0, wu x:ﬂ/2: 2 cos 2y, uy‘yzoz 3 cos dH, uy‘y:ﬂ: 0.
3. uy| =0, u,] =5sin 3y, u‘ =0, uy‘ = 3 cos x.
=0 =7 y=0 y:7‘r/2
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

ul  =sin 2y, u, =0, u‘ =0, u‘ = 2sin 3.
r=0 r=n/2 y=0 y=m
ul =0, u| = 5cos 2y, uy‘ =0, uy‘ = 3sin 3.
z=0 r=m y=0 y=m
u,l =0, u = 2sin Jy, u‘ = 2 cos 3z, uy‘ = 0.
$:0 l‘:ﬂ'/? - y:ﬂ'/?
Uyl =3siny, u, =0, u‘ = 2 cos 2z, u‘ = 0.
x=0 r=m y=0 y=m
ul =2cos 3y, u =0 u‘ =0 u‘ = 3sin .
z=0 Y v r=m/2 ’ Y y=0 ’ y=m/2
ul =0, u| = 2sin 3y, u‘ =0, uy‘ = 3sin 2z.
z=0 =T = y=r/2
u,l =0, u = 3sin v, u‘ = 3 cos bz, u‘ = 0.
z=0 r=m/2 = y=r
u,| = 3cos dy, u, =0, uy‘ = Cos @, u‘ = 0.
z=0 r=m y=0 y=r/2
u|  =cos 2y, u, =0, uy‘ =0, uy‘ = 2sin 3.
r=0 r=n/2 y=0 y=m
ul =0, u| =3siny, u‘ =0, u‘ = 2sin 2z.
z=0 r=m y=0 y=m
u =0, u = 2 cos u‘ = 2 cos 3w u‘ =0
“le=0 ’ r=m/2 Y Yy= ’ y=r/2
uy| = 2cos 2y, u, =0, uy‘ = Cos @, uy‘ =0
z=0 r=m y=0 y=m
ul =2sin 3y, u =0 u‘ =0 u‘ = 3sin .
z=0 Y v r=m/2 ’ y=0 ’ Y y=m/2
ul =0, u| =2cos 3y, uy‘ = 3sin x, u‘ =0
r=0 r=m y=0 y=m/2
u,l =0, u = cos ¥, uy‘ =0, uy‘ = 2 cos 3x.
=0 r=m/2 y=0 y=m
Uy =sin dy, u,| =0, u‘ =0, uy‘ = 2 cos 2x.
z=0 z=r y=0 y=r/2
ul =0, u, = 3sin 2y, u‘ =0, u‘ = 2sin 3.
z=0 r=m/2 = y=r
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21. w = 0, u| =2cos 4y, uy‘ = sin 2z, uy‘ = 0.
r—= r=1 — y=m
22. u,| =2sin 3y, u =0, u‘ = 3cos x, uy‘ =0
z=0 r=m/2 y=0 y=m/2
23. u,| =3siny, u, =0, u‘ =0, u‘ = cos 4x.
x=0 r=m y=0 y=m
24. u| =0, u, = cos 3y, uy‘ =0, u‘ = 2sin .
z=0 =T = y=r/2
25. u| =0, ul = 2sindy, u‘ = sin 2x, uy‘ = 0.
z=0 =T = y=r/2
26. u,| =3sindy, u =0, u‘ = oS @, u‘ =0
x=0 r=n/2 y=0 y=m
27. u,| =2cos 3y, u,| =0, uy‘ =0, u‘ = COS Z.
z=0 r=m y=0 y=r/2
28. u| =0, u, = 3 cos 2y, uy‘ =0, uy‘ = 2sin dz.
z=0 r=m y=0 y=m
29. wu = 0, u| = 3sin 4y, u‘ = sin 2x, u‘ = 0.
r—= r=1 — y=m
30. wu,| =cos3dy, u =0, uy‘ = 2cos x, u‘ = 0.
z=0 r=m/2 y=0 y=m/2

P pumep 3.1.2. DemuTh KpaeByio 3a1ady IJId YPaBHEHUSI DyaccOoHA B
IPAMOYTOJIBHOU 00JacTH

Au=—f(x,y), D:{(:L‘,y): 0<x<7r,0<y<g} (3.1.44)
C OJHOPOJHBIMI I'PAHIIHBIMIE YCIOBIAMM
u =0, u =0 (0 <y< g) , (3.1.45)
d d
ool =00 2 =0, (0<a <), (3.1.46)
Qy ly=0 Qy ly=r/2
rae f(x,y) = 4sin 3z cos 4y. (3.1.47)

Pewenue. Cravana pemuM BcnoMoraTe bHyo 3atady [Typya-JInyBuitsa
ompefeneHnss COOCTBEHHBIX 3HAYEHUN U COOTBETCTBYIOMINX COOCTBEHHBIX
dyukunin oneparopa Jlamraca ¢ rpannaabiME yeaoBmamu (3.1.45), (3.1.46):
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Av + \v = 0; D:{(:L‘,y):0<x<7r,0<y<i}, (3.1.48)

2
T
vl T 0, v =0, (Ogyg 5), (3.1.49)
ov ov
— = — =0, (0<2<7). 3.1.50
3y‘y:0 ’ ay‘y:ﬂ'/Q ’ ( =13 7T) ( )

Ee pemenne npuBeaeno B Dpumepe 3.8.1. CoO6CcTBeHHBIC 3HAYEHNST PABHBI

Aok =02+ (2k)?, n=T1,00, k=000, (3.1.51)
a COOTBETCTBYIOIINE NM COOCTBEHHEIE (DYHKIINN
vni(,y) = sin(nz) cos(2ky), n=1,00, k=0,00. (3.1.52)

DyaeM HCKaTh peleHne ncxoqHon 3agaqan (3.1.44)-(3.1.47) B Buge pas-
TOKEHUA B PAJ 10 COOCTBEHHBIM (QYHKIIAM Uy (2, y) ¢ HEU3BECTHBIMI KO-
dqPpunueHTaMUI Uy

u(@,y) = DD unpnk(x,y) = D D upp sin(na) cos(2ky). (3.1.53)
n=1k=0 n=1 k=0

DPEANOIOKIM, ITO dTOT PAI MOKHO IBakAbl AudgQepeHnnpoBaTh 1Mo
MepEeMEHHBIM & U Y. Da3J0XKuM (GYHKIno f(x,y) B pII IO COOCTBEHHBIM
GYHKIIAM Vi (2, )

fla,y) = i i frkvnr(x,y) = i i fnk sin(nzx) cos(2ky). (3.1.54)

n=1 k=0 n=1 k=0

Koapdumuenter Pypre f,, B HameM cIydae JerKo HaXoIATCA.
DasencTso (3.1.54) mveeT B

4sin 3xcos 4y = > > farsin(nx) cos(2ky), (3.1.55)
n=1 k=0

rj1e B JeBOU 4acTH sin 3z cos 4y = vsg(x, y) — coOcTBeHHAS (DYHKINA.
CpaBauBag Ko>(p@PUINEHTHI TPU OIMHAKOBBIX COOCTBEHHBIX (DYHKITHAX
B JICBOW II IIPABON IacTAX paBeHCTBa (3.1.55), moaymm

fao=4, fu=0 mpu n+#3, k+#2.
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Doacrasum pasmoxernns (3.1.53) u (3.1.54) B ypaBrenmue (3.1.44)

n=1k=0

Tak kak v, (x,y) cobcrBennas QyHKINI oneparopa Jamraca (3.1.48)
Avnk = _)\nkvnk-

Coorromenne (3.1.56) mpuMeT BII
n=1 k=0

B ¢urypuon ckobxe {-} — koo puiinenTsr Pypbe pasToKeHIs HYIA 0
ITOJTHOI CHCTeMe COOCTBEHHBIX (PYHKIINN, CJIeJ0BaTeIbHO, OHI PaBHBI HY.IIO.
OTCIO,H& [IoJayvaceM

fnk

nk
DoacrasasgeMm »>Tu kodddunnenTs B (3.1.53), moaydaeMm pemreHne 3a1atim.
B mamewm crydae Ko>ppUIneHTH

4 4
= — Uppy =0 mpu n #3, k#2. (3.1.57)

2T 3 e T 9y

Doacrasasgem (3.1.57) B (3.1.53), moxydaem peleHne MCX0IHON 3a, 1440

(3.1.44)~(3.1.47).

4
Omeem. u(x,y) = 9% sin 3x cos 4y. (3.1.58)

3amMedanue. JellleHIEM KPaeBOU 3a a4

Au=—f(z.y). DZ{(fv»y): 0<x<ﬂ,0<y<g} (3.1.59)
u _ =eily), = ea(y), (0 <y< g) : (3.1.60)
Ju Ju
| = —| .= <x< 1.
3y‘y=0 vil@) 8y‘y:w/2 o), (0<w <), (3.1.61)

rae f(x,y) = 4sin 3z cos 4y, ¢1(y) = 2cos 2y, pa(y) =0, ¥y (x) = 3sin 2,
Yo(x) = 0, aBasercsa cymma pemernt (3.1.43), (3.1.58), noxyueHHbIX B Dpu-
Mepax 3.1.1 u 3.1.2
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2
ulw,y) = _QS?;I m ch (2 (y a g)) S 20 = sh(2m) sh(2(x — 7)) cos 2y+

4
—I—% sin 3x cos 4y.
3ameuanune. Dyuxius I'puna (3.22) xpaeson sagaun (3.1.59)-(3.1.61)
IIMeeT BT

4 = sin(nz)sin(né)

WQn:l n2

8 X X sin(nx) Cos(Qky) sin(né) Cos(2k17)

o nZ:lkZ:l n? + (2k)?

Demmenne 3agatn (3.1.59)(3.1.61) sanumercs ¢ momombo GyHKnnn ['pu-
Ha B BIJe

2

(&G, y; &) dE dn + / 1(€) + 12(8))G @, y: €, 0)dé+

O\i

n=|
s OG (x,y;0,n)

+ [ (rln) = alm) =g 7——dn.

3agada 3.1.2. DemuTh KpaeBYIO 3amady I8 YpaBHEHUSI JyacCoHA

Au = —f(x,y) B OpAMOYTOIBHON 06IACTH C OTHOPO THBIMI T'DAHITHBIMI
VCIOBHAMIIL.
1. u| =wu :uy‘ :u‘ =0, f(z,y)=2sin xcos dy.
z=0 r=m y=0 y=r/2
2. u,| =u :uy‘ :uy‘ =0, f(x,y) = cos xcos 4y.
z=0 r=n/2 y=0 y=m
3. Uy =u,| = u‘ = uy‘ =0, f(x,y)=2cos2xsiny.
z=0 r=m y=0 y=r/2
4. ul = uy :u‘ :u‘ =0, f(x,y)=3sin asin 4y.
z=0 r=n/2 y=0 y=m
5. u| =u :uy‘ :uy‘ =0, f(xr,y)=>5sin xcosy.
z=0 r=m y=0 y=m
6. u, T ey ‘y:(): uy‘y:ﬂﬁ: 0, f(x,y) = 3cos xsin Ty.




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Up| = up| = u‘ = u‘ =0, f(x,y)=2cos xsin 4y.
z=0 r=m y=0 y=m
= Uy, = = = O7 , = 3sin 3 .
ul _=wu o ‘y:O ‘y:F/Q flz,y) sin 3x cos y
u _ =ul = u‘yzoz uy‘y:ﬂﬁ: 0, f(x,y)=2sin xsin y.
o= — — =0, y) =T in 4y.
Ug| = U o u‘yzo u‘yzﬂ flz,y) cos x sin 4y
Up| = up| = uy‘ = u‘ =0, f(x,y)=>5cos 4xcos Jy.
z=0 r=m y=0 y=r/2
ul = u, :uy‘ :uy‘ =0, f(x,y)=7sin xcos 2y.
z=0 r=n/2 y=0 y=m
ul  =u :u‘ :u‘ =0, f(x,y)=>5sin 2xsin 4y.
z=0 r=m y=0 y=m
z = = = = O7 , =3 5 3
b z=0 b r=n/2 ‘y:O ‘y:ﬂ'/? f(ZL‘ y) COS DL COS Y
Up| = up| = uy‘ = uy‘ =0, f(x,y) = cos 2xcosy.
z=0 r=m y=0 y=m
ul = U ey ‘y:(): y‘y:ﬂ'/2: 0, f(x,y)=5sin 3xsin Sy
u =ul = uy‘ = u‘ =0, f(x,y)="7sin 2z cos Jy.
z=0 r=m y=0 y=r/2
Ug| = U ey uy‘yzoz uy‘y:ﬂ: 0, f(x,y)= cos xcos 2y.
Ug| T | = u‘yzoz uy‘y:ﬂﬁ: 0, f(x,y)=3cos xsin Jy.
— Ug = = = 07 ) = 25 in 4y.
ul _=wu o u‘yzo u‘yzﬂ flz,y) sin x sin 4y
u =ul = uy‘ = uy‘ =0, f(x,y)=>5sin 4xcos y.
z=0 r=m y=0 y=m
Ue| = ey ‘y:(): y‘y:ﬂ'/2: 0, f(x,y)=Tcos 5xsin y.
Up| = up| = u‘ = u‘ =0, f(x,y)=>5cos2xsin 2y.
z=0 r=m y=0 y=m




24, N ‘ — ‘ =0, flx,y)=3si _
ul = u s - s 0, f(x,y) = 3sin 5xcos 3y
25. u| =u| = u‘ = uy‘ =0, f(x,y)=3sin 4xsin y.
z=0 r=m y=0 y=r/2
26. u,| =u = u‘ = u‘ =0, f(x,y)=>5cos 3xsin 2y.
z=0 r=n/2 y=0 y=m
27. uy| =wu, = uy‘ = u‘ =0, f(x,y)="Tcos 2xcos y.
z=0 r=m y=0 y=r/2
28. u| = u, = uy‘ = uy‘ =0, f(x,y)=3sin 3z cos 4y.
z=0 r=n/2 y=0 y=m
29. u| =u :u‘ :u‘ =0, f(x,y)=T7sin xsin y.
z=0 r=m y=0 y=m
30. u, T ey uy‘yzoz u‘y:F/QZ 0, f(x,y) = cos xcos y.

3.2. KpaeBble 3aa41 BHYTPU U BHe Kpyroeoi obnacTu

P pumep 3.2.1. DemuTh KpaeBble 3a1a4un 118 ypaBHeHUs Jlamraca

1 0 [ Ju 1 Q%u
Au=——|r— —-=—==0 3.2.1
YT o (rﬁr)—l_r? p? ( )
¢ TPAHUYIHBIM yCIOBIEM
u  =gle) = 4sin® @ (3.2.2)

BuyTpu kpyra D = {r < a} ¢ TpeboBaHmeM OrpaHUYeHHOCTH PEIIeHNs P
r—0
lu(r, ¢)| < o (3.2.3)

unn BHe kpyra D, = {r > a} ¢ Tpe6oBaHmeM PeryIApHOCTU PeIleHns Ipu
r— 0o
lu(r, ¢)| < oco. (3.2.4)

Pewenue. UNmem gacTHOE pemenne ypaBHeHns (3.2.1), yaIoBIeTBOpAIO-
Imee yCIOBUIO MepUoANIHOCTI

du(r,0) _ du(r, 2m)

u(r,0) = u(r,2m), e E

(3.2.5)
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B BIJe
u(r, o) = R(r)®(p). (3.2.6)

Doxacrasum (3.2.6) B (3.2.1) u pasgernm mepeMeHHBIE

(2250
’ R'(r)
R (7“) + . <I>”(<,9)
= R0 = — () (3.2.7)

B pasenctse (3.2.7) cieBa (pyHKUNA 3aBUCHT OT r, CIPaBa — 3aBUCHT OT
¢. Tak Kak »To paBeHCTBO BBINOIHAeTCA B obxactu D (mwmm D,.), To »>Tn
(pyHKIIUU paBHBI KoHcTaHTe. OO03HAMUM >TY KOHCTAHTY A

R
R(;“) ()
Orcioza noxysaes OJLY r
R(r) + LR (1) = SR(r) =0, (3.2.8)
3"() + A\B(p) = 0. (3.2.9)

DoacrasuMm (3.2.6) B ycaoBus mepunoanasoctn (3.2.5), momytdnm
®(0) = ¢(27), ' (0) = @' (2m). (3.2.10)

Kpaeas 3aaa1a (3.2.9), (3.2.10) npeacrasaser cobon 3agady HlTypma-
JlnyBuana ompegeaeHns cOOCTBEHHBIX 3HAUMEHNN U COOCTBEHHBIX (DYHKIINIL.
Demmenne 3aga4n (3.2.9), (3.2.10) npusegeno B Dpuroxennn 1 (m. 1). Cob-
CTBeHHBIC 3HATCHNIA I COOTBETCTBYIOMINE IIM COOCTBeHHBIE ()Y HKIINN IMEIOT

caeaytomui Bug (91.31), (91.33), (21.34)

AN=0,  B(p) =1 (3.2.11)

A, = (n)Q, ®, () = A, cos np + B, sin np, n=1,0cc. (3.2.12)
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Teneps paccmorpum Y (3.2.8) mpu A=Xg=0u A =\, = (n)?

1
Ri(r) + ~Ri(r) = 0. (3.2.13)

/! 1 / n2
R (r)+ ;Rn(r) — ﬁRn(T) =0, n=1, 0. (3.2.14)

O6mne pemenns ypasaennn (3.2.13) u (3.2.14) HameHsr B Dpuioxe-
aun 4 (94.2) u (94.4) mpu v =n

R,(r)=Cpr"+ Dyr™", n=1,00.

Ecan pemaercs 3agada BayTpu kpyra D = {r < a}, u3 ycaoBus orpa-
HudeHHocTH perenns opu r — 0 (3.2.5) creayer Dy = 0, D, = 0. Jas
BHYTPEHHEN 3aJatl pelleHns ypaBHeHus (3.2.8) nMeoT Buj

Ry(r) = Cy, R,(r)=C,r", n=1,0c. (3.2.16)

Ecan permaercs sagada Bue kpyra D, = {r > a}, us ycroBus pery.sp-
HOCTH perreHns npu r — oo (3.2.4) crenyer Dy =0, C,, =0, n = 1, 00. Jas
BHCIITHEN 3aJatdil pelleHns ypaBHenus (3.2.8) uMeroT Bua

Ry(r) = Cy, R,(r)=D,r ", n=1,00. (3.2.17)
Urax, Mbl HauIn gacTHbIE pereHns (3.2.6)

up(r, ) = Ry(r)®,(v), n=0,00,

Dermenne swympennet kpaesoti 3adavu (3.2.1), (3.2.2), (3.2.3) 6yaem
ICKATh B BIJe CYMMBI HAll IeHHBIX YaCTHBIX PeIeHun U, (7, )

oo

ulr, o) = 3. un(r, ) =

5 C+ Z "(ancos ng + by sin ng),  (3.2.18)
n=0

npefmnoaarasg, 9To 3TOT (PYHKINOHAIBHBIN PAI MOKHO IBAYKABI MOWICHHO
mudepeHnnpoBaTh MO TepeMeHHBIM " U . B aToMm page KoahPuimeHTw
ag = 2Cy, a, = A, C,, b, = B,C,, — Heu3BeCcTHBI. JanjgeM HUX, II0JICTaBUB
(3.2.18) B rpanmdHOe yeaoBue (3.2.2)

g(p) = ?0 Z "(ay, cos ny + by, sin ne). (3.2.19)
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DoIyueHHOe BhIpajKeHIe MpeacTaBIgseT cCOoOO0I pasJoKeHHe N3BeCTHON
dyaxuun ¢g(¢) B pag Pypbe Mo TPUDOHOMETPUUECKON cucTeMe (YHKINI
{cos ny, sin ng}, n =0,00. OTcioga HAXO UM

1 27 1 27
(y = /9(99) cos npdp, b, = /9(99) sin npdp, n =0,
Ta™ 2 Ta™ 2

(3.2.20)

DeleHneM BHYTPeHHEN 3aJatdil ABIIeTCA GYHKINA u(r, ©), 38 aHHAT B
Buge paga (3.2.18), rae koddpPUINEHTE d,y, b, BEIUUCIAIOTCS IO GOPMYIAM
(3.2.20).

B mamen sagade xo>GPUIIEHTHI @, U b, MOXKHO HaAUTH He Npuderas
K nHTerpupoBaHmio (3.2.20). Docre moacranoBku (3.2.18) B rpanmHOE
ycaoBue (3.2.2) moxydnm

. 9 ao s .
4sin” p = 2(1 — cos 2¢) = ? Z "(ay, cos ny + by, sin ny).
CpaBHUBas B >TOM paBeHCTBe KO3 PUIIEHTHI TP O ANHAKOBBIX TPUTOHO-
MeTpUIeCKIX (PDYHKIUAX CIeBa I CIpaBa, MOy IIM

ag=4, ags=—-2a"% a,=0, n#£0, n#2, b,=0, n=T100. (3.2.21)

Doxacrasum (3.2.21) B (3.2.18), moaydnm peleHne BHYTpEHHEN 3a1a40

(3.2.1), (3.2.2), (3.2.3)
u(r, @) = 2(1 —a"?r? cos 2¢p).

Dermenne snewneti kpaesot 3adavu (3.2.1), (3.2.2), (3.2.4) 6y gem nckats
B Bl e 6€CKOHEYIHOU CYMMBI Hall IEHHBIX YaCTHBIX PelleHuil Uy, (7, )

u(r, o) = > up(r,p) = 50 Z "(ay, cos n + by, sin ny), (3.2.22)
n=0 =

mpedroJgarasd, 9To 3TOT (bYHKHI/IOHaJIBHLIfI pAod MOZKHO ABaZKIbI ITOYTJIEHHO

mudepeHnnpoBaTh MO TepeMeHHBIM " U . B aToMm page KoahPuimeHTw
ayg = 2Cy, a, = A,D,, b, = B,D, — Heu3BeCTHHI.
DangeMm nx, mojcrasus (3.2.22) B rpann<HOe ycaosue (3.2.2)

9(p) = % + > a "(a, cos ny + b, sin ny).
n=1
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13 »Toro Tpuronomerpuieckoro paga Pypbe Haxo M KodPPUITTEHTHI

n 27 n 27
a, = a—/g(go) cos npdy, b, = a—/g(@) sin npdp, n=0,00. (3.2.23)
Ty ™0

DelmeHmeM BHEIIHET 33,1841 ABIACTCS (GYHKINA u(r, @), 3aTaHHAS B BILIE
psaaa (3.2.22), rae xodPUIUEHTH G, U b, BBMUCIIIOTCA 10 GOpMYIaM
(3.2.23).

B mamen sagade ko>(pQUINEHTHL ¢, 1 b, MOXKHO HalTH, He mpuderas
K nHTerpupoBaHmio (3.2.23). Docre moactanHoBku (3.2.22) B rpaHuU<HOE
ycaoBue (3.2.2) moxydnm

(o.¢]
4sin?p = 2(1 — cos 2¢) = ?0 Z "(ay, cos ny + by, sin ny).

CpaBHUBasA B >TOM paBeHCTBe KO3 MUINEHTHI IPH 0 JNHAKOBLIX TPULO-

HOMeTPHIeCKIX (PYHKINAX CIeBa U CIIpaBa, MOJYIIM

ag=4, ay=—-2a* a,=0, n#0, n#2, b,=0, n=T100. (3.2.24)

Doxacrasum (3.2.24) B (3.2.22), moxydnmM perneHne BHemHen 3a a4 (3.2.1),
(3.2.2), (3.2.4)
u(r, o) = 2(1 — a’*r~*cos 2¢).

Omeem. DemeHneM BHyTpeHHen 3agaqn (3.2.1)-(3.2.3) aBagercs
u(r, @) = 2(1 — a™?r? cos 2¢p); (3.2.25)
pemeHneM BHermHen 3agaqdn (3.2.1), (3.2.2), (3.2.4) aBagercs

u(r, o) = 2(1 — a’*r~*cos 2¢). (3.2.26)

3agada 3.2.1. DemuTh KpaeBYIO 3amady Aad ypaBHeHus .Jlamrtaca
Au = 0 Buyrpu xkpyra D = {r < a} wim Bue xpyra D, = {r > a} c
T'PAHNIHBIMUI YCIOBUAMU.

1. u| =sinp+2cosp, D={r<aj.
2. u,| =2cos2p—sing, D.={r>a}l.
3. u,| =2cos2p—3sin3p, D={r<a}.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

(up, —u)| =3cosp+sinp, D, ={r>a}.

(u, + 3u) = sinp 4 cos 2, D ={r < a}.
u = 3sin‘yp, D, ={r>al.

u = 2sin? 20, D = {r < a}.

Ur| = 2sinp — 3cos 2, D.={r >a}l.

Ur| = 3cos 2¢p —2sinp, D ={r <a}.

(u, — 3u) = cosp - singp, D,=1{r>a}.
(u, + 2u) _ =cosp— singp, D= {r<a}l.

u| =4dsingp+cos2p, D, ={r>a}.

r=a

ul =3cos2¢p+sing, D={r<a}.

r=a

u| =sin’p, D, ={r>a}.

r=a

u| =2cos’p, D={r<al.

r—=

(up —u)| =3cosp—sing, D.={r>a}.
(ur +u)|  =sin2¢p+cosp, D={r <a}.
u|  =cos 3p+2sing, D.={r>a}.

ur| =2sin 2¢ —3cosp, D={r <a}l.

r=a

u.] =2cosp+sin2p, D, ={r>a}.

r=a

u.l =3cosp+2sin 2, D={r<a}l.

r=a

(u, —3u)| =sinp+cos2¢, D.={r>a}.

r=a
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23. (u, + 2u) = sin 2¢ + cosp, D ={r <a}.
24. u = 2cos’ ¢, D.={r>al.

25. w = 3sin 3p —cosp, D ={r <a}.

26. u, = 3sin 2 — cosp, D.={r > a}.

27. u, = singp +cosp, D ={r<a}l.

28. (u, — u) = sinp — cos 2, D.={r > a}l.
29. (u, + u) _ =cos 20+ sinp, D= {r <a}l.
30. u = 2sin? 20, D, = {r>a}.

P pumep 3.2.2. DemuTh KpaeBble 3aa4i 118 YPaBHEHUSA DYyacCOHA

1 0 ou 1 J%*u
Y r Or (r 37“) + 12 9p? Fr.e) ( )
C OJHOPOJHBIM TDaHITIHBIM YCIOBIEM
ul = 0: (3.2.28)

1) BuyTpu kpyra D = {r < a} ¢ TpeboBaHIeM OIPAaHUYEHHOCTU Delle-
s opu r — 0 (3.2.3) n

f(r, @) =r?cos 2¢; (3.2.29)

2) Bae kpyra D, = {r > a} ¢ Tpe6oBaHmeM PeryIApHOCTH PEIIeHUs DI
r— oo (3.24) n
f(r,) =r~%cos 2p. (3.2.30)

Pewenue.

3amMedaHue. DellleHIe 3a1a41 MOKHO ICKATh B BU € PA3IOKEHUI B PAT
o co6CTBeHHBIM (YHKIuAM omepartopa Jlamraca B obractn D (min D.)
¢ TpaHIYHBIM ycaoBueM (3.2.28), KOTOpBIe BBIPDAKAIOTCA tdepe3 (PyHKIII
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Deccera. Mul ke OyJeM HCKATh pellleHne B BILJe Pa3JOKeHHUI B PAI IO
cobCcTBeHHBIM (PYHKINAM TOH 9acTu onepaTopa Jlamraca, KoTopas 3aBICHT
TOIBKO OT MepeMEeHHON , a NMEHHO II0 COOCTBeHHBIM (PYHKIUAM 3aJatdn
Mrypma-Jdnysumrsa (3.2.9), (3.2.10) {®,(¢)}, n = 0, 00, KoTOpBIe HallIeHBI
panee (3.2.11), (3.2.12).

Urax, pemenne 3agaun (3.2.27), (3.2.28) umem B Buge (PyHKINOHATD-
HOTO Psija ¢ HemsBecTHBIMEI Koddduunentamu A,(r), B,(r), n = 0, oo,

u(r, ) = Ao(r) + i A, (r)cos ne + B, (r) sin nep, (3.2.31)

n=1

npenogarasd, 9TO eTo MOXKHO ABaXK bl nudgdepeHnnpoBaTh o r u ¢. 13-
BeCTHYIO MyHKUN f(x,y) ToxKe pasmoxnM B pai Pypbe

F(rg) = £5(r) + . Fi(r) cos o+ Fo(r)sin mp (3.2.32)

rae Ko3dPpuuueHTH U3BEeCTHHL:

1 2 1 2
,%0)=§;/fﬁmﬂd¢,eﬁﬁ)=;;/f0#ﬂamnwd%
’ ’ (3.2.33)

2
ﬁ@)Z%/f@@hmnwwx
0

Doxacrasum (3.2.31) u (3.2.32) B ypaBHenue (3.2.27), moxy<anM
1 d [ dAy(r) .
{;ﬁ;@ ar )+%“ﬁ+

P () ST+ o fwsner G239

* (1 d [ dB,(r) n?
R — —B,(r *(r) ¢ sin np = 0.
b5 () - )+ £ sin

B neBon wacTn paseHcTBa (3.2.34) Hamncaso pasmoxkeHne B pai Pypbe
(PYHKIINU, TOXKICCTBEHHO PABHOU HY.IIO, CI€IOBATETBHO, KOd(MQPUITNEHTHI
{-} paBuBI HYy.IIO:

r o dr

1 d(ﬁ%ﬁﬂ)z—ﬁﬁ%
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r n2
% . % (r%r()) _ ﬁAn(T) = —f(r), n=T1, 0, (3.2.35)
1 d { dB,(r n? s
" dr ( N )) bl = =aln), n=1iee

Docae nogctanoBkn (3.2.31) B ogHOpOAHOE TpaHnmYHOE yeaoBue (3.2.28)
TOIYHYNM TPAHNYIHBIC YCIOBUA MIA MCKOMBIX (pyHKUNN A, (r) u B,(r)

An(a)=0, B,(a)=0, n=0,o0c. (3.2.36)

B caydae paccMoTpeHus BHYTpeHHen 3aga4du B oO1acTu ) HYKHO 10-
6ABUTH YCIOBISA OTPAHNYICHHOCTH NCKOMBIX QyHKINN (3.2.3)

|4, ()] < M, |Bn(r)| <M, n=0,00, mpu r— 0. (3.2.37)

B caydae paccMoTpeHUs BHeIIHen 3ada4du B obOgacTtu [, HYKHO goba-
BUTH yCJIOBHE peryasapHocTn GyHKunn (3.2.4)

|4, ()] < M, |Bn(r)| <M, n=0,00, mpu r— oc. (3.2.38)

Kpaessre 3agaan gasa cucremsr O0Y (3.2.35), (3.2.36), (3.2.37) (un
(3.2.38)) maror BOo3MOKHOCTB Hanutu A,(r) m B,(r), mocie moacTaHOBKN
KOTOPHIX B (3.2.31) moaydaeMm pelIeHIe NCXOTHON 3aJatdil.

B mamen xokpeTHOn 3agate xKoadpduuneHTer fC(r), f3(r), n = 0, o0,
JTeTKO HaOTH, He mpuberas K NHTETPIPOBAHNIO B dopmytax (3.2.33).

Demmmm cHadaza eHympenHiowo 3adavy (3.2.27), (3.2.28), (3.2.29). Ber-
paxenne (3.2.32) B cayuae (3.2.29) mpumeT B

r? cos 20 = f5(r)+ > fr(r)cos np + f2(r)sin nep.
n=1

CpaBauBasg Ko>(pPUINEHTHI TPU O IMHAKOBLIX TPUTOHOMETPUYIeCKIX (PYHK-
IIIX B JEBOU U IPABOU YacTAX PABEHCTBA, MOTYIUM

fs(ry=r® filr)=0 mpu n#2. falr

=0 =1, 00.

)

Dro o3HadaeT, 4TO Bee 1Y B cucteme (3.2.35) ogropogasr kpome 1Y
s Ag(r). CaegoBaTeabHo, Bce KpaeBble 3agaqn (3.2.35), (3.2.36) mueror
HYJIeBBIC DEIICHIS, KPoMe KpaeBol 3amadn 1as Ay(r)

Ay(r)=0 mpu n#2, B,(r)=0, n=1,. (3.2.39)
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DermM KpaeByio 3a1ady mas Ag(r)

1 d [ dAs(r)\ 4 o,
;'5(7“ ar )_ﬁAQ(T)__“

As(a) =0, |As(r)|< M mpu r— 0. (3.2.41)

(3.2.40)

O6mree pemernne ognopogsoro Y (3.2.40) mveer B
A(r)=Cr* + Dr 2

Ono Hangeno B Dpmioxkernnn 4 npu v = 2 (24.4).

O6miee pemenne zHeoxuoponuoro Y (3.2.40) 6yzeMm uckaTh METOIOM
BapHaIl HOCTOAHHBIX (KO3(UIIEHT NpH cTapiiel TpomsBogron Aj(r)
nomKeH 6uITh paBeH 1 B (3.2.40)) B Buge

Ay(r) = CQ(T)T2 + DQ(T)T_Q, (3.2.42)
rae Cy(r) m Dy(r) HAXOAATCSA U3 CHCTEMBI

{ Ch(r)r? + Di(r)r=2 = 0,
Ch(r)2r — 2D, (r)r=3 = —r?,
OTcroga Haxo UM

2

r r N
Cy(r) = 1= Cy(r) = —g + CY,
(3.2.43)
=" = D P D
DQ(T)—Zi 2(T)—ﬂ+ 2.

Doxacrasuum (3.2.43) B (3.2.42), noxyunm obimee permenne 1Y (3.2.40)
Ao(r) = Cor? 4+ Dor=2 — (3.2.44)

3 yeaoBui (3.2.41) maxogmm

- a
D, = _
9 =0, Cy 17

Urax, pemmennem xkpaeson 3aga4n (3.2.40), (3.2.41) aBasercs

Ay(r) = ———. (3.2.45)



Docae mogcranosku (3.2.39), (3.2.45) B (3.2.31) HaX0AUM peIlIeHIIE BHYT-
pernen 3anaqn (3.2.27), (3.2.28), (3.2.29)

1
u(r, ) = E(aQTQ — ) cos 2¢. (3.2.46)

Temeps pemnm ¢Hewnow 3adauy. Boipaxenne (3.2.32) B caygae (3.2.30)
IpUMeT BH

r~2 cos 20 = fo(r)+ > fr(r)cos ng + f1(r)sin nep.
n=1

CpaBauM KO>(PPUIUEHTHI TPU O TNHAKOBBIX TPUTOHOMETPUYIECKNX (PYHK-
IIIX B JEBOU U IPABOU YacTAX PABEHCTBA, MOTYIUM

fsry=r7" fi(r)=0 mpu n#2, fi(r)

0, n=1,00.

Dro o3Hadaer, uTo Bee 1Y B cucteme (3.2.35) oxHopoansl, kpome 1Y
st Ay(r). CregoBaTenbHo, Bee KpaeBble 3a1a4m (3.2.35), (3.2.36), (3.2.38)
IMEIOT HYJEBBIC DEIICHNI, KpoMe KpacBoll 3agadn 1asa Ay(r)

A,(r)=0 mpn n#2, B,(r)=0, n=1, . (3.2.47)

DermM KpaeByio 3a1ady mas Ag(r)

1 d [ dAs(r)) 4 ,

i — A(r) = —

rodr (r dr ) r 2(r) b (3.2.48)
As(a) =0, |As(r)| < M mpu r — oo. (3.2.49)

O6miee pemenne Heoxroponuoro Y (3.2.48) 6yzeMm ucKaTh METOIOM
BapHaIl HOCTOAHHBIX (KO3(UIIEHT NpH cTapiiel TpomsBogron Aj(r)
TomKeH 6bITh paBeH 1 B (3.2.48)) B Buge

Ay(r) = CQ(T)T2 + DQ(T)T_Q, (3.2.50)
rae Cy(r) m Dy(r) HAXOAATCSA U3 CHCTEMBI

{ Ch(r)r? + Di(r)r=2 = 0,
Ch(r)2r — 2D, (r)r=3 = —r2,
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OTcroga Haxo UM

7“_3 7“_2 ~
Cé(?”) = - = CQ(T) = ? + CQ,
(3.2.51)
, r r? .
DQ(T) :Z = DQ(T) :§—|—D2

Doxacrasuum (3.2.51) B (3.2.50), noxyunm obimee permenne 1Y (3.2.48)

- _ 1
AQ(T) = CQT2—|—D27“_2—|— Z

3 yeaoBui (3.2.49) maxogmm

CL2

OQZO, DQ - —Z

Urax, permennem kpaeson 3aga4n (3.2.48), (3.2.49) asasercs

2,.—2

_1—a7“_

Ay(r) = —— (3.2.52)

Docae mogcranosku (3.2.47), (3.2.52) B (3.2.31) Hax0AUM peIICHITE BHEIII-

Hen 3aga4n (3.2.27), (3.2.28), (3.2.30)

1
u(r, @) = 1(1 — a*r™?) cos 2¢. (3.2.53)

Omeem. DellleHNe BHYTPEHHEN 3a a4

1
u(r, ) = E(aQTQ — 1) cos 2¢;

peleHe BHEITHEN 3a 1atn
1
u(r, @) = 1(1 — a*r™?) cos 2¢.

3amMedaHue. DellleHIEM BHYTPEHHEH 3a1atu

Au = —f(7”799)a D = {7“ < CL},




rae f(r, ) = r?cos 2, g(r, ) = 4sin? p, aBIIETCA CyMMa permenmi (3.2.25)

1 (3.2.46), norydenusx B Jpumepax 3.2.1 n 3.2.2:

r2(a® — r?) cos 2¢p

u(r, @) = 2(1 —a ?r?cos 2p) + T

DellleHNeM BHEITHEN KPaeBOU 3a a4
Au=—f(r,¢), D.={r>a}l,

Uu

= g(),

rae f(r,p) = r~2cos 2p, g(r,p) = 4sin®p, ABIgETCT CyMMa peIIeHI
(3.2.26) u (3.2.53), moxyueHHBIX B DpuMepax 3.2.1 u 3.2.2:

(1 —a*r72) cos 2¢p

u(r, @) = 2(1 — a*r~*cos 2¢) + 1

3agada 3.2.2. DemuTh KpPaeBYIO 3a1ady IS YpaBHEHUSI JyacCoHA
Au = —f(r,¢) ¢ OTHOPOTHBIMI TPAHUYHBIMI YCIOBUAMI BHYTPH Kpyra
D = {r < a} niu Bre xpyra D, = {r > a}.

1. f(r.p) =rsing, u‘ =0, D={r<a}.

2. f(r,p)=r""cos2p, u,| =0, D.={r>a}.

3. f(r,p) =ricosp, u, =0, D={r<a}.

4. flr,p) =r"*cosp, (ur—u)‘ =0, D.={r>al.

5. f(r,e¢) =rsin 2¢, (u, + 3u)

=0, D={r<a}.

r=

6. f(r,p) =r"cos 3¢, u‘ =0, D.={r>a}.

7. flr,p) =r’cosp, u‘ =0, D={r<a}.

8. f(r,p)=r"%sin 3¢, u,

=0, D.={r>al.

65



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

flrye) = r2sin 20, U, = 0, D={r<a}.

=0, D.={r>al.

r=a

flr,o) =r"tsing, (u, — 3u)

=0, D={r<a}.

r=a

flrip) =rcosp, (u,+ 2u)

flrye) = 3 sin 20, u‘ =0, D.= {r > a}.

flrye) = 3 sin 3¢, u‘ = 0, D={r<a}.

flrye) = 2 cos 4o, u‘ =0, D.= {r > a}.

flrye) = 2 cos 3, u‘ = 0, D={r<a}.

=0, D.={r>al.

r=a

f(ra 99) = T_Q sin ¥ (ur - u)

=0, D={r<a}.

r=a

flrop) =rsing, (u, 4 u)

flrye) = r 3 sin 3¢, u‘ =0, D.={r>al.

flrye) = 12 cos 20, U, = 0, D={r<a}.

flrye) = r~*cos 3o, U, = 0, D, ={r>a}.

f(r,go):r3cos<p, Uy, a:O, D ={r <a}.

flroo)=r""cosg, (u —3u)

=0, D.={r>a}.

r—=

f(rye) =rsin 29, (u,+2u)| =0, D={r<a}l.

r—=

flrye) = r73 cos 20, u‘ = 0, D, ={r>a}.

flrye) = 1% sin 20, u‘ = 0, D={r<a}.

flrye) = 3 sin 20, U, = 0, D, ={r>a}.
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27. f(r,p) =r’sin 3¢, u,| =0, D={r<al.

2. f(rp) = reosp. (u - u)

=0, D.={r>al.

29. f(r,p) =rcosp, (ur—l—u)‘ =0, D={r<a}.

30. f(r,p) = r?sin 4p, u‘ =0, D.={r>a}.

3.3. KpaeBble 3aa4n B KoNbLEBON obnacTy

P pumep 3.3.1. DemuTh KpaeByO 3aa4dy 118 YPaBHEHUSA DYacCOHA

9
Au:l 8(8u) 1 0“u
N

e TE + 2 3—992 =—f(r.¢) (3.3.1)

BHYTpU Koablla D = {1 < r < 2} ¢ TpAaHUYHBIMU YCIOBUSAMI

8_u
or

g(e), ul = hip), (3.3.2)

7“:1_
rie

f(rye) =rsin 2¢, g(e) =0, h(p)=3cos ¢. (3.3.3)

Pewenue. Demenne 3agadn 6ygeM ICKATh B BIAe PA3IOKEHNA B PAI IO
cobCcTBeHHBIM (PYHKINAM TOH 9acTu onepaTopa Jlamraca, KoTopas 3aBICHT
TOIBKO OT MepeMEeHHON , a NMEHHO II0 COOCTBeHHBIM (PYHKIUAM 3aJatdn
Mrypma-JTnysuras (3.2.9), (3.2.10) {P,(¢)}, n = 0, co, KOTOpBIE HAll CHEI
panee (3.2.11), (3.2.12):

oo

u(r, o) = Ao(r) + > A,(r) cos np + B, (r) sin ne. (3.3.4)

n=1

sBectusre pyuxuun f(r, ¢), g(¢) n h(y) Takke pasioXnM B TPUTOHO-
METPIIECKIIe PAIbL

flrop) = fo(r) + Z_:l fi(r) cos np + f2(r)sin np, (3.3.5)
g(ryp) = g5+ > g. cos nyp + g, sin ne, (3.3.6)

n=1
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h(r,¢) = hi+ Z_:l hi cos ne 4+ h; sin ny, (3.3.7)

Doxacrasum (3.3.4) u (3.3.5) B ypaBrenue (3.3.1) u npupaBHIeM KO>(-
(PUINEHTHI IPU OJUHAKOBLIX TPUDOHOMETPUYIECKNX (PYHKINAX. DOIYINM
Y nrs onpegenenns Hen3BecTHBIX A, (r) u B,(r)

e o B!

rdr
1 d [ dA,(r)\ n? c
; . % r dr - ﬁAn(T) - _fn(r)a n = 17 o, (338)

1 d [ dB,(r) n? .
LB Mg = — i), n=T.

Doxacrasum (3.3.4), (3.3.6) u (3.3.7) B rpanndnsie yciaosus (3.3.2), mo-
Iy SIIM

(3.3.9)

.9) HO3BOIAIOT HAHTH MCKOMBIE
Ao(r), An(r) m By, (r). Docae noncranoBkn ux B (3.3.4) moay<nM peleHe
IICXOJHOU 3a Jatil.

B Hammen koHKpeTHON 3a1ate JeT'KO HauTH KoadpduunenTsr f(r), f2(r),

go, gs, hS, he mocre noncranosknu (3.3.3) B (3.3.5), (3.3.6), (3.3.7)

fry=r, f(r)=0 mpu n#2, fi(r)=0, n=0,
92292207 n:()?m?
hi=3, hi,=0 mpu n#1, h(r)=0, n=1,0c.

OTcroga creayeT, 1To TOJIBKO ABe KpaeBbie 3a1a4n (3.3.8), (3.3.9) mueror
HEHYJIeBBIC PCIICHNsA, & IMEHHO 3a1atn 1us By(r) u A (r)

% . % (rd%y)) _ %BQ(T) =, (3.3.10)
By(1) =0, By(2)=0. (3.3.11)

68



1 d (rdAl(T)) ~Lam=o (3.3.12)

rodr
A1) =0, A;(2) =3 (3.3.13)

Bce ocTarbable KO3(PpGUITTECHTH
Ay(r)=0 mpu n # 1, B,(r) =0 mpu n # 2. (3.3.14)

Demmmm 3a1aqgy (3.3.10), (3.3.11). Obmiee pemenne oxnopoanoro 1Y
(3.3.10) mangeno B Dpmaoxkennn 4 npu v = 2 (D4.4)

B(r) = Cr* 4+ Dr 2,

O6miee pemenne Heoxuoponuoro Y (3.3.10) 6yzeMm uckaTh MeTOIOM
Bapuallli MOCTOAHHBIX B BIIEC

By(r) = CQ(T)TQ + DQ(T)T_Q, (3.3.15)
rae Cy(r) m Dy(r) HAXOAATCSA U3 CHCTEMBI

Ch(r)r* + Dy(r)r—? =0,
Ch(r)2r — 2Dy (r)r> = —r.

OTcroga Haxo UM

1 r ~
Cy(r) = 1 = Cy(r) = —1 + (5,
(3.3.16)
’ A A,
DQ(T)—Zi 2(7“)—%"‘ 2.

Doxacrasum (3.3.16) B (3.3.15), noxyunm obmee permenne 1Y (3.3.10)

3

BQ(T) = 627“2 + DQT_Q - %
I3 rparnueix yeaoBun (3.3.11) maxo i
6T 8
* 71707 P85
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Urax, pemmennem xpaeson 3aga4n (3.3.10), (3.3.11) aBagercs

By(r) = : (347“ + Tk (3.3.17)

Demmmv 3agaqdy (3.3.12), (3.3.13). Obmee permenne Y (3.3.12) maieHo
B Dpunoxernnn 4 opu v =1 (D4.4)

Al(T) = 017“ + Dﬂ“_l.

I3 rparnauex yeaoBun (3.3.13) mHaxo M

DermmenneM KpaeBon 3aga4n (3.3.12), (3.3.13) asasercs

6
A(r) = 5 (r + 7“_1) ) (3.3.18)
Docae moacrasazeM (3.3.14), (3.3.17), (3.3.18) B (3.3.4) moxy4um perme-
HIIe NCXOJHON 3aJatim.
Omeem.

1 /67 8 6
u(r, @) = s (3—4r2 + ﬁr_Q — r3) sin 2 + R (r + 7“_1) cos .

3agada 3.3.1. DemuTh KpaeByIO 3amady IS ypaBHEHUSI JyacCoHA
Au = —f(r,) BuyTpu xoabua D = {1 < r < 2} ¢ HeogHOPOIHBIMEI T'pa-
HUYHBIMU Y CIOBUAMII.

1. f(r,e) =rcos2p, u = 0, u, T 3 sin .

2. f(r,@) =r?sing, u, = 0, u T 2 cos 2.

3. f(r,e)=r"tcosp, u = 0, u T 2sin 2.

4. flr,p) =r"%sin 2p, u, = 0, u, = cosp.

5. f(r,e) =rsin 2¢, (u, — u) = 0, u T 3 cos .
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

flr,p) = 12 cos 20, (uy — u) -

flr, o) = r~'sin 2p, u‘ _ =3cosp, u,

f(ra@):T_QCOS% (1 _=28i1’12<p7 u‘ = 0.

f(TaQQ):TSiI’lQD, U‘_:?)COSQQO7 u‘ = (.

f(?“7 (}Q) = 7“2 COS 2(}9, Up _ = sin Y, Uy r:2: 0.

flr,p) = r~Lcos 20, u‘ _ =2sing, (u, +u) = 0.
flrye) = r~2gin ©, Uy = 2cosp, (u,+ u) = 0.
f(r, @) = rsin 2p, U‘ = 0, u, = 2 cos 2¢p.
flrop)=ricosg, u,| =0, u| =3sing.

f(r, 99) = r~'sin ¥ U‘ = 0, u = 3 cos 3.

f(?“, 99) = T_Q COS @, Uy = 0, Uy _2: sin 399

f(?“, 99) = rcose, (ur - u) r:1: O, u r:2: 2 sin 299
f(?“7 (}Q) = 7“2 sin @, (Ur — u) r:1: O7 Uy r:2: CcoSs 299
f(?“7 (}Q) = 7“_1 COSs ©, u‘ _1: 2sin ©, Uy B = 0.

f(ra 99) = 1 sin @Y, Uy _1: 3 cos ¢, u‘ = 0.

f(rip) =rcosp, u‘ = 4sin 2¢p, u‘ . =0.

f(?“7 (}Q) = 7“2 sin 299, Uy :1: 3 cos O, Uy r:2: 0.
flrye) = r~Lsin 2¢, u‘ = 3cos 3, (u, + u) = 0.
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24. f(r,p) =r"2cosg, u, = 4dsin 2¢, (u, + u) T 0.
25. f(r,p) =rcosp, u‘ = 0, u, T 4sin 2.

26. f(r,@) =r’sing, u, = 0, u T 4 cos .

27. f(r,o) =r"tcosy, u = 0, u T sin .

28. f(r.p) =r"?sing, u, = 0, u, T 2 cos 2.

29. f(r,p)=rcosp, (u,—u) = 0, u T 2 cos 2.
30. f(r,p) =r?sing, (u, —u) = 0, u, T 3sin 2¢.

3.4. KpaeBble 3a/1a4u B KpyroBoM CEKTOpE

P pumep 3.4.1. DemuTh KpaeByO 3aa4y 118 ypaBHeHus Jlamraca

1 9 ( du 1 0%

Au=—+—|r— — - —==0 3.4.1
Y or (rﬁr)—l_r? p? ( )
B KpyrooM cekTope D = {(r,¢) : 0 <r < a, 0 < ¢ < 7/2} ¢ rpaHnHBIME
Y CJIOBIAMIL

J
o =0, 2 = (3.4.2)
=0 899 p=m/2
u‘ _ =g(p) = 3sin 3p — sin . (3.4.3)
1 ¢ TpeboBaHIEM ONPAHUYICHHOCTH perneHns npu 1 — 0
lu(r, ¢)| < . (3.4.4)

Pewenue. Umem wacTHOe pemeHne ypaBHenns (3.4.1), ymoBiaeTBops-
IoIIee O THOPOTHBIM T'PAHNYIHBIM YCI0BIAM (3.4.2) U yCIOBHIO OTpaHITdeH-
rHoctu (3.4.4) B Buge

u(r, o) = R(r)®(y) 0. (3.4.5)
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Doxacrasum (3.4.5) B (3.4.1) u paszerum mepeMeHHBIE

1 d { dR(r) d*® R(r)
;”%Q”W 2t g e =0
y R(r)
R (7“) + . B <I>”(<,9)
= TR el (349

B pasenctse (3.4.6) caeBa QYHKINA 3aBUCHT OT T, CIIpaBa 3aBHCUT OT
. Tax xax >To paBeHCTBO BBINOIHAETCA B oO1acTu ), To 3TU QYyHKIINN
paBHBI KoOHCTaHTe. O603HAYNM >TY KOHCTAHTY A

R+
R(;“) O(p)
Oreiona moayacs OTY r
R(r) 4 TR (r) - %R(T) ~0, (3.4.7)
() + AB() = 0. (3.4.8)

Doacrasum (3.4.5) B 0o fHOPO IHBIE T'PaHUHBE YCa0BUA (3.4.2), moxrydnm
®(0) =0, ®'(7/2) = 0. (3.4.9)

KpaeBas sazgaga (3.4.8), (3.4.9) npeacrasasger cobon 3anaty Hltypma-
JlnyBuana ompegeaeHns cOOCTBEHHBIX 3HAUMEHNN U COOCTBEHHBIX (DYHKIINIL.
Demmenne 3aga4un (3.4.8), (3.4.9) npusegeno B Dpmiaoxkennu 1 (m. B) mpn
| = w/2. CobcTBeHHBIe 3HAUEHUS I COOTBETCTBYIONINE UM COOCTBEHHBIE
GyHKIIN nMeoT cregyiommn B (31.22), (31.23) upu [ = 7/2

A= (2n+1)2  @,(p) =sin(2n+ 1)z, n=0,cc. (3.4.10)

Temeps pacemorpum 1Y (3.4.7) mpu A = A,

(2n + 1)?

2

1
R (r) + ;R'n(r) — R,(r)=0, n=0,0cc. (3.4.11)
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Obmiee pemenne >Toro ypaBHEHNA HalleHO B DpuaoxeHnn 4 (94.4) mpn
v=2n+1
Ru(r) = Ar"t 4 B, r~ D),

I3 ycaosus orpannmdensoctu (3.4.4) mpu r — 0 cregyer, uto B, = 0,
n = 0,00. CaegoBaTeabHo, orpaHumyeHHble npu r — 0 pemrerus OY
(3.4.11) nmeroT BuA

Ra(r) = At (3.4.12)

Urax, Mbl Hammuin gacTHbIe pererns (3.4.5)

up(r, ) = Ry(r)®,(v), n=0,00,

Dermenne ncxoauon 3agaqn (3.4.1)-(3.4.4) 6yaem nckaTh B Buge CYMMBI
Hall IeHHBIX YaCTHBIX PelIeHni Uy, (7, )

u(r, o) = 3 un(r, @) = 3 A sin(2n + 1), (3.4.13)
n=0 n=0

npefmnoaarasg, 9To 3TOT (PYHKINOHAIBHBIN PAI MOKHO IBAYKABI MOWICHHO
nudpepeHnupoBaTh MO MePEeMeHHBIM I' U . DJen3BeCTHbIe Kod>(hDuiin-
eHTHI A, HamgeM U3 COOTHOIIEHUA, KOTOPOEe TMOIYYaeTCsa ITOCTIe MOaCTa-
HOoBKI (3.4.13) B rpanutHOe ycaoBue (3.4.3)

g(p) = X Ana® sin(2n 4 1)¢. (3.4.14)
n=0

DoIyueHHOe BhIpajKeHIe MpeacTaBIgseT cCOoOO0I pasJoKeHHe N3BeCTHON
dyaxunn g(p) B pag Pypee mo noxHon, oproroHaitbron Ha (0, 7/2) cuc-

TeMe coOcTBeHHBIX QyHKINI {sin(2n + 1)}, n = 0, 00. YcaoBue opToro-
HATBbHOCTH IMeeT CIeYIONII BI I

nkT

4

/2

)
/ sin(2n 4+ 1)¢ sin(2k 4+ 1)pdp =
0

YMHOZKIM JeByIo U npaByio dactn (3.4.14) Ha sin(2k 4+ 1), npounTer-
pupyem Ha (0, 7/2) n moxy-mm

/2

/ g(p)sin(2k + 1) dyp = %Aka%ﬂ. (3.4.15)
0
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DermenneM 3a1aqn ABageTcsa QYHKIUA u(r, @), 3aTaHHAsS B BHAC pAIa
(3.4.13), rae xoadunnmeHTH A, MOKHO HANTH, He Ipuberas K NHTETPUPO-
Baumio (3.4.15). Docae moacranosku (3.4.13) B rpanunaHoe yciaosue (3.4.3)
TTOTY TM

g((p) = 3sin 399 — sin Q= Z AnaQ”H sin(2n + 1)99

n=0
CpaBHuM KO>(OPUINEHTH IpH OJMHAKOBBIX COOCTBEHHBIX (DYHKIMAX
sin(2n + 1)y, noxyanm

Apja=—-1, Ad*=3, A,=0 mpu n#£0, 1. (3.4.16)

Doxacrasuum (3.4.16) B (3.4.13), moxydnM peIeHe NCXOTHON 3a Jatil.

Omeem.

1

u(r, @) = 3a"r*sin 3¢ — a”'rsin . (3.4.17)

3agada 3.4.1. DemuTh KpaeBYIO 3amady A1 ypaBHeHus .Jlamrtaca
Au = 0 BHYTpU KPYTOBOT'O CEKTOPa ¢ TPAHUTHBIMI YCIOBUSAMIL.

1. = = = 3sin 2¢ — si .
u‘@zo uSDLZFM 0, wu . 3sin 2¢ —sin 6
2. u‘ = u‘ =0, wu, =sin 3¢ — sin 6p.
=0 p=n/3 r=a ¥ ¥
3 ugp‘gpzoz u‘gpzﬂ/Qz 0, wu = 3 cosp — cos 3p.
4 ugp‘gpzoz ugp‘gpzﬂz 0, w = 2 cos 2¢ — cos .
5. u‘ = ugp‘ =0, u| =2sin(3p/2)—-sin(9/2).
=0 p=n/3 r=a
6. u‘ = u‘ =0, wu = 3sin4dp—4sin 2.
©=0 p=m/2 r=a
7 ugp‘gpzoz u‘@zﬂz 0, u, = 3cos(p/2) — cos(3¢/2).
8 ugp‘ = ugp‘ =0, wu| =3cos4dp+ cos p.
©=0 p=r/4 r=a
9. u‘ :u‘ =0, wu| =2sin 3p —sinp.
©=0 7 p=m/2 r=a v v
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

u‘ =ul =0, ur‘ = sin 2¢ + sin 3.
=0 =T r=a
ugp‘ =u =0, ur‘ = cos 6p 4 cos 2¢p.
©=0 p=r/4 r=a
ugp‘ C=u,l =0, u‘_ = 4 cos 6p 4+ cos 3.
©=0 p=m/3 r=a
u‘ = Up| = 0, ur‘ = sin(3¢/2) + sin(p/2).
p= =T r=a
u‘gp:(): s0=7r/4: 0, ur‘r:a: sin 8¢ + sin 4¢p.
ugp‘ = =0, u‘ = 2 cos(9¢/2) — cos(3¢/2).
©=0 p=m/3 r=a
u‘ = Uy, =0, ur‘ = 2sin 6@ + 4sin 2¢p.
=0 p=r/4 r=a
u‘gp:(): so—ﬂ/3: 0, u‘r:a: 3sin 6@ + sin 3.
ugp‘gpzoz s0=7r/2: 0, ur‘r:a: cos 3p + cos p.
ugp‘ _=u,l =0, ur‘_zcosgo—Qcongo.
=0 p=m r=a
u‘ = Uy, =0, u‘ = 3sin(9¢/2) — 2sin(3¢/2).
©=0 p=m/3 =a
u‘gp:(): s0=7r/2: 0, ur‘r:a: sin 6@ 4 4sin 2.
ugp‘ U= 0, u‘ = 2 cos(3¢/2) + cos(bp/2).
Y= Y= r=a
ugp‘ C=u,l =0, ur‘_ = 2cos 8p — 4 cos 4.
©=0 p=r/4 r=a
u‘ = Uy, =0, ur‘ = sin ¢ + 2sin 3.
©=0 p=m/2 r=a
u‘ =ul =0, u‘ = 2sin 3¢ — sin p.
=0 =T r=a
Uy s0=0: s0=7r/4: 0, u‘r:a: 3 cos 2¢ — cos 6¢.
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27. ugp‘ = ugp‘ =0, wu,] =2cos9p —4cos 3p.
©=0 p=m/3 r=a
28. u‘gp:(): ugp‘gpzﬂz 0, w = 5sin(p/2) — 2sin(3¢/2).
29. u‘gp:(): u‘gpzﬂm: 0, w = 2sin 4¢ — sin 8.
30. ugp‘ = u‘ =0, u| =3cos(3¢/2)— cos(9¢/2).
©=0 p=m/3 r=a

P pumep 3.4.2. DemuTh KpaeBYIO 3aJa4dy 118 YPpaBHEHUSA DYyacCOHA

1 8(8u) 1 O%u

Au=— i —I—T—Q-a—@Q: —f(r,e) (3.4.18)

;o
B kpyrosoM cextope D = {(r,¢): 0<r <a, 0 < ¢ < 7/2} ¢ ogHOpO -
HBIMI T'PAHIIHBIMI YCIOBUAMI

“‘gp:o: 0, g—z . (3.4.19)
u = 0 (3.4.20)

1 TpebOBaHIEM OTPAaHUYIEHHOCTN pe_HleHI/IH npu r — 0 (3.4.4), rae
f(r, @) = r*sin 5¢. (3.4.21)

Pewenue. Demenne 3agadn 6ygeM ICKATh B BIAe PA3IOKEHNA B PAI IO
cobCcTBeHHBIM (PYHKINAM TOH 9acTu onepaTopa Jlamraca, KoTopas 3aBICHT
TOIBKO OT MepeMEeHHON , a NMEHHO II0 COOCTBeHHBIM (PYHKIUAM 3aJatdn
Mrypma-Tonysuras (3.4.8), (3.4.9) {®,(¢)}, n = 0,00, KoTOpbIe HallJCHEI
panee (3.4.10).

Urax, pemenne 3anaqn (3.4.18)(3.4.21) umem B Buge HpyHKINOHATD-

HOT'O Psja ¢ Heu3BeCTHBHIME Koddduunertamu A,(r), n = 0,00
u(r, o) = > Ap(r)sin(2n + 1), (3.4.22)
n=0

npenogarasd, 9TO eTo MOXKHO ABaXK bl nudgdepeHnnpoBaTh o r u ¢. 13-
BeCTHYIO pyHKUN f(r, @) Toxe pas3goxnM B pag Pypwe

flryp) = é fulr) sin(2n + 1), (3.4.23)
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rae Ko3dppuuueHTHl U3BECTHBI

/2

[ £(r p)sin(2n + 1) dp, n=0,. (3.4.24)
0

fulr) ==

Doxacrasum (3.4.22) u (3.4.24) B ypaBuenue (3.4.18), moxyanm

5 {1 d (rdA;r(r)) . (2”; 1)2An(r) + fn(r)} sin(2n + 1) = 0.

(3.4.25)

B neBon gactu ypasrenus (3.4.25) manucaHo pasntoxerne B psai Pypbe

»dr

n=1

(PYHKITNU, TOXKJIeCTBEHHO PABHOU HY.JIIO, MO MOTHOU CHCTeMe COOCTBEHHBIX
Gyukunn. CaenoBaTeabHo, KodhuuueHTs! {-} paBHBI HYI:

1 d (rdAn(T)) ) )= £, n=0%.  (3.4.26)

rodr dr 72
Docae mogcranoBkn (3.4.22) B (3.4.20) u (3.4.21) moxyunm ycaoBus
Ap(a) =0, |A,(r)| <M mpu r — 0. (3.4.27)

Demmaem kpaesble 3a1a4n (3.4.26), (3.4.27), maxoaum A,(r), n = 0, oo,
MocJe MOACTAHOBKN KOTOPBIX B (3.4.22) moay<aeM peImeHIe NCXoTHOM 3a-
Tadm.

B mamen koHxpeTHOH 3agate xodddunueHTH f,(r), n = 0,00 Jerko
HalTH, He mpuberas K mHTerpupoBaHmio (3.4.24). Dasenctso (3.4.23) c¢
yaeroMm (3.4.21) mpumeT Bujg

risin 5p = 3 f.(r)sin(2n + 1)¢.
n=0

CpaBauBasg Ko>(pPUINEHTHI TPU O IMHAKOBLIX TPUTOHOMETPUYIeCKIX (PYHK-
IIIX B JEBOU U IPABOU YacTAX PABEHCTBA, MOTYIUM

fQ(T):TQ, fo(r) =0 mpum n # 2.

DTo o3HaUaeT, 9TO BCe KpaeBble 3anaqdn (3.4.26), (3.4.27) mpu n # 2 umeror
HYJIeBBIC DeIIeHIIT

Ap,(r) =0 mpu n # 2. (3.4.28)
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DangeM pemerne Ay(r) KpaeBol 3a1ati

1 d (rdAQ(T)) _ 5_2A2(r) = -1,

rdr dr r?

As(a) =0, |As(r)|< M mpu r— 0. (3.4.30)

(3.4.29)

O6mree pemerne ogaopogsoro OAY (3.4.29) mveer Bua
A(r)=Cr® + Dr™>,

OHO HallgcHO B Dpmioxernnnu 4 opu v =5 (D4.4).
O6miee pemenne Heoxuoponuoro Y (3.4.29) 6yzeMm uckaTh METOIOM
Bapuallli MOCTOAHHBIX B BIIEC

Ay(r) = C’g(r)r5 + Dg(r)r_5, (3.4.31)
rae Cy(r) m Dy(r) HAXOAATCSA U3 CHCTEMBI

C’é(r)r5 + D'Q(r)r_5 =0,
5C(r)rt = 5Dy (r)r 0 = —r2,

OTcroga Haxo UM

r r =

Cé(?“) = —1—0 = CQ(T) = ﬁ —|—CQ,
/ 7“8 7“9 _

DQ(T) = E = DQ(T) %‘I‘DQ

DoxacraBum Cy(r) u Do(r) B (3.4.31), moxyumm obiiee pemenne 1Y

(3.4.29) 4

AQ(T) = 62T5+D2T_5+ %

3 yeaoBui (3.4.30) HaxogmM
Dy=0, Cy=——1.

Urax, pemmennem kpaeson 3aga4n (3.4.29), (3.4.30) aBasercs QpyHKINA

4 1.5
Ay(r) = %. (3.4.32)
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Docae moacranoBku (3.4.28), (3.4.32) B (3.4.22) moxydnMm pelieHne nc-
XO THOU 3a JatIl.
Omeem.

u(r, o) = =(r* —a='r*) sin 5¢. (3.4.33)
3amMedanue. JellleHIEM KPaeBOU 3a a4

Au=—f(z,y), D={(r,¢): 0<r<a, 0<p<n/2},

d
u‘gp:OZ 0, % go:ﬂ'/?z
ul _=g(e).

rae f(r,p) = r’sin 5p, g(¢) = 3sin 3p — sin @, ABATETCA CyMMa perieHnil

(3.4.17), (3.4.33), nonydennsix B npumepax 3.4.1 n 3.4.2

L4

u(r, o) = 3a *r¥sin 3o — a"'rsin p + §(r —a~'r?) sin 5.

3agada 3.4.2. DemuTh KPaeBYIO 3a1ady II1 ypaBHEHUSI JyacCoHA

Au = —f(x,y) BHyTpI KPYTOBOT'O CEKTOPA ¢ PPAHNYHBIMI YCJIOBUAMI,

1. u‘gp:(): ugp‘gp:ﬂ'/llz u = 0, f(r,p) =r?sin 6p.

2. u‘gp:(): u‘gpzﬂ/:%: ur| = 0, f(r,¢)=rsin 6p.

3 ugp‘gpzoz u‘gpzﬂ/Qz u = 0, f(r,¢)=r1rcos 3p.

4 ugp‘gpzoz ugp‘gpzﬂz u = 0, f(r,e)=rcos 3p.

5. u‘gp:(): ugp‘spzﬂ/i%: Ur| = 0, f(r,¢)=rsin(9/2).

6. u‘gp:(): u‘gpzﬂ/Qz u = 0, f(r,p) =r?sin 6p.

7 ugp‘gpzoz u‘@zﬂz Ur| = 0, f(r,p) =r?cos(3¢/2).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

UQD‘ = ugp = U‘ = O7 f(r7 99) — T4 COS 899
=0 p=n/4 =
U = U = U = O7 r, — T3 Sin ‘
‘SD:O 4 30:77/2 ‘r:a f( <10) 2
U‘ = U = Ur‘ = O7 f(?”7 (}Q) = rsin 499
=0 po=m r=a
USD‘QDZOZ Uu S0:71_/4: Ur‘r:a: O7 f(?”7 (}Q) = 7 CoSs 299
UQD‘ = Uy = u‘ = O7 f(?“, 99) — 7“3 cos 399
=0 p=m/3 r=a
U‘ = ugp = Ur‘ = O7 f(?”7 (}Q) =7 SIH(Q}Q/Q)
=0 p=m r=a
Yomo™ =u| =0, r, ) = rsin 4.
‘30:0 p=r/4 ‘r:a f( 99) )
USD‘ - = U‘ = 07 f(ry 99) = 7“4 COS(?)(}Q/Q)
»=0 §0:7T/3 r=a
Yomo™ =uy| =0, r, o) = r’sin 4.
‘@ZO Plo=rn/4 ‘r:a fr e) ©
Y=o =u =0, r,@) = rsin 3.
‘30:0 p=n/3 ‘r:a f( 99) %)
USD‘QDZOZ S0:71_/2: Ur‘r: = O7 f(?”7 (}Q) = 7 COS ¥.
USD‘ = Uy = ur‘ = O7 f(?“, 99) — 7“3 coS 399
=0 p=m r=a
U‘ = ng = U‘ = O7 f(r7 <10) — TQ SIH(SQ}Q/Q)
=0 p=m/3 =a
Ym0~ =uy =0, r, o) = r’sin 2.
‘30:0 p=r/2 ‘r:a f( 99) )
Ug@‘ = U = u‘ = O7 f(?”, 99) — 7“4 COS((}Q/Q)_
=0 po=m —a
u@‘gpzo_ ¥ @:71'/4: ur‘r:a: O7 JC(T7 (}Q) = r COS 499
U‘ = Uy = Ur‘ = O7 f(r7 99) — T3 sin 399
=0 p=m/2 r=a
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25. u‘ = u‘ =ul =0, f(r,e)=r'sinp.
=0 p=m r=a
26. ugp‘ = u‘ =ul =0, f(r,o)=rcosbyp).
=0 p=mr/4 r=a
27. ugp‘ = ugp‘ =u, =0, f(r,p)=rcos 6p.
©=0 p=m/3 r=a
28. u‘ = ugp‘ =ul =0, f(r,e)=r’sin(5p/2).
=0 p=m r=a
29. u‘ = u‘ =ul =0, f(r,g)=rsin 8y,
=0 p=r/4 r=a
30. ugp‘ = u‘ =u, =0, f(r,p)=r"cos(9p/2).
©=0 p=m/3 r=a

3.5. KpaeBble 3aa4u B KpyroBoM UMAUHAPE

P pumep 3.5.1. DemuTh KpaeByO 3aa4y 118 ypaBHeHUs Jlamraca

1 0 [ Ou 1 d*u  O%u

S o (rﬁr)—l_r? 8992+822 ( )
BHYTpH Kpyrosoro uminsipa D ={(r,¢,2): r<a, 0 < p <27, 0< 2z < b}
C PPaHITHBIMI yCJIOBUAMII

ou . (372
b= g1(z) = 2sin (—Qh ) : (3.5.2)
_ _ VT duj - _ _
o _=mem =30 5 =a)=0 (3.5.3)

I YCIOBHEM ONPAHNYIeHHOCTI pelleHus upu r — 0
lu(r)] < oo, (3.5.4)

rjJe V) — [IepBBIN KopeHb ypaBHeHus Ji(v) = 0, a Jy(-) u Ji(-) — pyHKunn
Deccelra COOTBETCTBEHHO HYJIEBOT'O U IePBOTO MOPAJKOB.

Pewenue. Tak xax rpanm<ase ycroBns (3.5.2), (3.5.3) He 3aBuCcAT 0OT
mepeMeHHON ¢, perieHne 3agadn (3.5.1)-(3.5.4) Taxkxke He 3aBHCHT OT @,
T.e. u(r, z). Torga ypaBuenne (3.5.1) mpuMeT B

1 9 ([ Ou O?u
Bu=r g lrg) + g =

o 0. (3.5.5)
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Da306beM 3aJady Ha ABe TaKIM 00pa3oM, YTOOBI B OMHOU 3ajatie I'pa-
HUYHBIC VCJIOBHUA MO MepeMEeHHOU 1 OBLTH OTHOPOIHBIMI, a B APYTOU — T'pa-
HUYHBIC VCJIOBUA O TEPEMEHHOU 2 OBLIN OTHOPOTHBIMI:

L.

Au=0, D={(rg,z): r<a, 0<p<27, 0< 2z<h}, (3.5.6)

du
o =0 (3.5.7)
- —3J (W) Ouj - _ =0 3.5.8
ul = g2(r) =30y — E gs(z) = 0. (3.5.8)

I1.

Au=0, D={(rg,z): r<a, 0<p<27, 0< 2z<h}, (3.5.9)

ou . (372
e g1(z) = 2sin (—Qh ) : (3.5.10)
ou

OteBNAHO, pelleHNe NCXOIHOU 3aJadl paBHO cymMMe permenuil u'(r, z)
safgadn (3.5.6)—(3.5.8) u permenus ul(r, 2) sagadm (3.5.9)—(3.5.11), T.x. ypas-
HeHIe JNHEeITHO I IPaHIIHBe YCIOBUA JNHEITHBI

u(r,z) = ul(r, z) + uH(r, z).

Demmmy cHavata 3agaqy 1 (3.5.6)(3.5.8) MeTog0M pasgereHNus mepeMeH-
HBIX. DYyIeM HCKaThb YacTHOe pemieHne ypasHeHus (3.5.6), yaoBIeTBODS-
[oIIee OJHOPOHOMY TPAHIMYIHOMY YCI0BHIO (3.5.7) I yCIOBIIO OTpaHITdeH-
Hoctu (3.5.4) B Buge

u(r,z) = R(r)Z(z). (3.5.12)

Doxacrasum (3.5.12) B (3.5.6) u pasgeanM mepeMeHHBIE

" R(r)
1, . R(r)+— 7" (%)
;( R(r) Z(z)+ Z"(2)R(z) =0 = R0 = — 70 (3.5.13)
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B pasenctse (3.5.13) caeBa QyHKINS 3aBHCHT OT r, CIpaBa — OT Z.
Tax Kax paBeHCTBO BBIOTHAETCA B oOgacTu ), To >Tu GYHKINU PABHBI
KoHcTanTe. O603HAYNM KOHCTAHTY —A

R'(r) + Rly) _ 2
R(r) Z(z) 7
Orcroga moxytaem O/Y
R'(r) + LR (1) + AR() = (3.5.14)
Z"(2) = XZ(z) = 0. (3.5.15)

Doacrasuum (3.5.12) B o1HOpOAHOE TpaHIdHOE yeaoBue (3.5.7) u ycaoBme
OTpaHIIeHHOCTH pemieHns (3.5.4), moxy <M

R'(a) =0, |R(r)| < oo mpu r — 0. (3.5.16)

KpaeBas 3anaqa (3.5.14), (3.5.16) npeacrasaser cobon 3agady [Irypma-
JInyBuiaga onpenenreHns coOOCTBEHHBIX 3HAMCHUN U COOCTBEHHBIX (DYHKIIHI.
Dangem cHadara obmee pemerne Y (3.5.14). Creraem 3aMeHY IepeMeH-

HOll « = /A7, Torga dyuKuua npumet Bug R(r) = R (%) = R(z). Depe-
canTaeM IPOM3BOHBIC B ypaBHeHnn (3.5.14) mocie 3aMeHBI epeMeHHON
dR(z) dR(z) dr : d*R(z) =
= = A; =RA.
dr dv  dr RV, dr? K

Ypasuenne (3.5.14) mpumet Bua Y Deccers HyIeBOro mopsaaka

R+ R+ R(x)=0. (3.5.17)

X

O6rmee pereHne >Toro ypaBHEHNS
R(x) = AJy(x) + BNy(z),

rae Jo(r) — dpyuKOna Decceas HyaeBoro mopsagka, No(x) — GyHKIIA Del-
MaHa HyJIeBOro mopaika. BepHeMcs K MepBoHAYAIbHON IIepPeMeHHO, ITOIY-
4uM obImee perrenne ypasHerus (3.5.14)

R(z) = AJy(VAr) + BNy(VAr). (3.5.18)
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I3 ycaoBus orpanmdenHoctn pemmenus (3.5.16) npu r — 0 caeayer
B = 0, nockoabky (QPYHKINII DenMaHa No(\/Xr) — o0. U3 rpanugHOrO
VCJIOBUSA TIPU © = @ TOJAyYaeM YpaBHEHUe MIII HaXO0XKIeHUA COOCTBEHHBIX
3HAYCHU

Jy(VXa) = 0.

Tak kak Jy(x) = —.J1(v), ypaBHeHIe IPIMET B
Jl(\/X a) = 0.

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

Un
VA, = —, n=1, 00, (3.5.19)
a
rjie v, — Hyaun QYHKOUN Deccels mepBoro mopsaika, T.e. Ji(v,) = 0,

n =1, oc.
CooTrBeTrcTByfomIne cobcTBeHHBIe (QyHKINN Haxoaum m3 (3.5.18) mpn

A=\, uB=0

a
Teneps pacemorpum 1Y (3.5.15) mpu A = A,

Ro(r) = Jo (V"T) . (3.5.20)

ZNz2) = MZn(2) =0,

Oobmee pelreHne >Toro ypaBHEHII MOXKHO 3alllCaTh IO-Pa3HOMY
Z(z) = A,eVini 4 BpeVin®,

Janbdo B BUIe

Zn(z) = A, sh \/)\le—l—BnCh \/)\le

JIydime B KadecTBe pyHIAMEHTATHHON CICTEMBI PelleHn BRIOpaTh (PYHK-
NN, VIO0BICTBOPSIIONIIE OTHOPOIHBIM TPAHNYHBIM ycaoBIaM (3.5.8), T.e.

Zu(2) = Aysh /A 2+ Bych A, (2 — 1) =

N Gt}

a a

UpZ

= A, sh

(3.5.21)

B sTom BbIPpaZKCHNN

sh \/)\le T 0, 83 (Ch <\/)\7n(z — h)))




B nanpHeuIeM BbIACHUTCSA, ITO IpeICTaBIeHIIe OOIIeT0 PeleHns B BI e
(3.5.21) ympomaeT pelieHne 3a 1atm.
Tax, MBI HAIIIN CYeTHOE MHOXKECTBO YaCTHBIX perreHnn Bua (3.5.12)

up(ryz) = Ry(r)Z,(2), n=1, 00,

Demmenne Bcen 3agadn (3.5.6)(3.5.8) 6yaem nckatb B Bie QYHKINO-
HAIBHOIO PAIa %

u(r.2) = 3 un(r.z) =

n=1
npejnoaarasg, 9To ero MoxkHO AuddepeHnupoBaTh ABa pasa IIo IIepeMeH-

7””(2_ h)) T (”ZT) , (3.5.22)

HBEIM 7 1 2.
Doxacrasum (3.5.22) B rpanndsbie ycrosus (3.5.8), moaymm

ga(r) =§Bnc Vgh (VZT), (3.5.23)
gs(r) = ZA hynh %Jo( ar) (3.5.24)

[na sraxox geHus KodpuiineHToB A, u B, BOCIOIb3yeMCI OPTOTOHATb-
HOCTBIO cO6CTBeHHBIX GyHKunN Ha [0, a] ¢ Becom r

/Jo (Vnr) J() (E) rdr = 5nk
0 a a

VT
YMHOZKIM 06e JacTn paBeHcTBa (3.5.23) Ha Jy (L) r 1 OIpOUHTerpu-
a

pyem mo r Ha [0, a], moxyunm

/92 )Jo (Vkr) rdr = Z B, ch vuh /Jo (Vn ) Jo (Vkr) rdr =
a
h 2
= Bk ch VL a—JO (l/k)
Taxum obpazowm,
2 a
By = /QQ(T)JO (”’”) rdr. (3.5.25)
l/kh a
a’ch —JO (vg) 0
a
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Ananorntno, u3 (3.5.24) MoxKHO HANTH

2 VT
A= — /93 JO( i )rdr. (3.5.26)

ach — VkJO (vg) 0
a

Doacrasum (3.5.25), (3.5.26) B (3.5.22), moxy4nm permmenune 3agadn (3.5.6)
(3.5.8) B BIIe QYHKIMOHAIBHOTO PsIA.

B mamem crygae xoadgduumenTtsl A, nm B, MoXKHO HanlTu, He IpHIOe-
ras K nHTerpuposaHnio (3.5.25), (3.5.26). Docre moacranoBku (3.5.22) B
rpaHntHble yeaoBus (3.5.8) moxyuanu (3.5.23) u (3.5.24) B Buge

3.0 (V;r) Vult ( ; ) (3.5.27)

> nh n
0=3 A, ch 2. P g, ( T) (3.5.28)
a

a a

vir
CreBa B paBercTBe (3.5.27) Jo( ! ) = Ry(r) — mepBasg coOGCTBeHHAS
dpyuriug. CpaBHUM Ko>(P@PUINEHTHI IPU OTMHAKOBBIX COOCTBEHHBIX (DYHK-

OUAX B JE€BON U MPABOM YacTAX paBeHCTBa (3.5.27), moxy<mM

h
Beh =3 B,=0 mpn n#1. (3.5.29)

a

I3 (3.5.28) moxy-mm

A, =0, n=1,00. (3.5.30)

Doxacrasum (3.5.29) u (3.5.30) B (3.5.22), moxyunMm pelreHne 3a1aqn
(3.5.6) (3.5.8)

ul(r, z) = ’ ch vz = h) Jo (Vlr) : (3.5.31)

a a
ch —

Temeps pemnm 3agady II (3.5.9)(3.5.11) MeTomOoM pa3jgercHHs mepe-
MEHHBIX. DYyJIeM HCKaTh 9aCTHBIE peIIeHns ypaBHeHns (3.5.9), yaoBieTBo-
PSIFOIIITE OTHOPOAHBIM T'PaHUYHBIM yeaoBuaM (3.5.11) u ycaoBuio orpasun-
qeHHocTH (3.5.4) B B e

u(r,z) = R(r)Z(z). (3.5.32)
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Doacrasum (3.5.32) B (3.5.9) u pasgeanM mepeMeHHBIE

%( R\ Z(2)+Z"(2)R(r) =0 =
R'(r) + Rly) _ 2 _
N R(r) Z(z)
Orcroga noxygaem OY
RH(T) i %RI(T) B )\R(T) - 07 (3533)
Z'(z) + A2(z) = 0. (3.5.34)

Dociae mogcranoBku (3.5.32) B oiHOPO AHBIE TpaHNIHBIE yeaoBus (3.5.11),
TIOJTY “IIIM

Z(0)=0,  Z'(h)=0. (3.5.35)

Demmenne 3aga+n Hltypma-JInysumrs (3.5.34), (3.5.35) npuseero B Dpu-
moxennn 1 (m. B). CoOCTBeHHBIE 3HAYEHIS I COOTBETCTBYIOIINE M COHCT-
BeHHBIC (yHKUNN npu | = h umetor caeayomun Busg (21.22), (91.23)

2 1
@:%7 =05

n =0, co.

. m(2n+1)z

Z,(z) = _—
(z) = sin 5

Temeps pacemorpum 1Y (3.5.33) mpu A = A,

?

R'(r) + %R;(T) — \JRa(r) = 0. (3.5.36)

CaeraeM 3aMeHY He3aBHUCUMOU TepeMeHHOU ¥ = +/\, r, Torma (QpyHK-

nus npumetr Bug R,(r) = R, (\/ZZ\_) = R(z). DepectnTae IpoU3BO JHELE

B ypaBHeHnn (3.5.36) mocae 3aMeHBI TepeMEHHON

dR(z) dR(x) dx _z dQR(ZL‘) z
dr de  dr _R\/)Tn’ dr? FAn.
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Ypasuenne (3.5.36) mpumer Bug Y Deccelas dncTo MHIMOTO apry-
MeHTa HYJeBOT'O MOPIIKa

R+ — R(x) =0.

SN

O6rmee pereHne >Toro ypaBHEHNS
R(z) = Cly(z) + DKy(x),

rae Iy(x) — pyuaxuns Hudernsa wyresoro mopsagka, Ko(x) — ¢yuxuns Maxk-
JOHAIbIa HYJIeBOrO IMOpAJKa. BepHeMcs K MepBOHAYAILHON IIepeMeHHOI,
moxydnM obimee permerne ypaBHeHns (3.5.36)

R, (r) = Colo(V A1) + DuIo (VA 7).

I3 ycaoBus orpanmdenHoctn pemmenus (3.5.16) npu r — 0 caeayer
D, = 0,n=1,00, mockoabky ¢pyuknus Maxnonarbaa Ko(v/A, ) — oo.
Taxum obpazom

RWQ:QQWEM:CM«ﬂQ%Q%.

Tax, MBI HAIIIN CYeTHOE MHOKECTBO YaCTHBIX perreHnn Bua (3.5.32)

up(r,z) = Ry(r) Z,(2) = Cply (W) sin W

Dermmenne Been 3aga4dn (3.5.9)-(3.5.11) 6ygem nckath B Buge QyHKIINO-
HAIBHOIO PAIa

up(r, z)

0 72n+1)r\ . 7(2n+1)z
= o | DT gy PR 5.
nZ::oC 0 ( 5 )sm 5 (3.5.37)

nmpeamogarasg, ITO €ro MoXKHO nuddepeHInpoBaTh ABaKIBI IO IIepeMeH-
HBIM " I 2. JojacTtaBuM (3.5.37) B rpanndnoe ycrosue (3.5.10)

x o + 1 o + 1
::2*%5(”(22 M)ﬁnﬂ(zz)z. (3.5.38)

91(2)
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Mns Haxox geHns kod>Gp@uimeHToB C), BOCIOIb3YEMCA OPTOTOHATBLHOC-
THIO COO6CTBeHHBIX QyHKUUN Ha [0, h]

h
2 1 2k + 1 h
[onTEAH L g mORE Ve, 5,0
" 2h 2h 2
2k +1
YmuozIM 06€ qactn (3.5.38) Ha sin W I IPOUHTEeTrpUpyeM Io

z Ha [0, h], momyHdnm

h
. m(2k+ 1)z, m(2k+1)a\ h
0/91(2) sin sz = Ci1y (T 7

OTcroga Haxo UM

T2k + 1)z

Cp = ( Qk—l—l ) /91 ) sin 57, )
Iy | —————

k=T. (3.5.39)
2h

Doacrasum (3.5.39) B (3.5.37), moxayunum permenne 3agadn (3.5.9)-(3.5.11)
B Buje (PyHKIIMOHAILHOTO PALA.

B mamem cayvae kosdpdunnenTsl C),, MOKHO HalTH, He nNpuberas K WUH-
Terpuposaan (3.5.39). Docae noacranosku (3.5.37) B rpaHItHOE yCIOBHE

(3.5.10) moxyunm (3.5.38) B BuAC

3rz 7(2n+1)a\ . 7(2n+4 1)z
2 — = C,ly | ————— _— 3.5.40
S Z% 0( 2h )8”1 2h (3:5.40)
. 37z
CaeBa B paBeHCTBe smﬁ = Z1(z) — cobcTBennas Qyuxuus. Cpas-

HUM KO>(PPUIUEHTHI TPU OJNHAKOBBIX COOCTBEHHBIX (DYHKIIUAX B JEBOU U
IpaBoll JacTAX paBeHcTBa (3.5.40), moxymm

3ma

I
Clo(%

) =2, C,=0 opu n# 1. (3.5.41)

Doacrasun (3.5.41) B (3.5.37) noayuny pemenne u'(r, 2) zagaqm (3.5.9)-
(3.5.11):

2 3rr\ . 3wz
ul(r, 2) = 3= 1o ( o7 ) sin —,—. (3.5.42)
o ()
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DemmenneM ncxoason 3agaqdn (3.5.1)-(3.5.4) aBageTcsa cymMMa peIIeHNN

(3.5.31) m (3.5.42).

Omeem.
3 vi(z — h) vir 2 3rr\ . 37z
u(r, z) = o ch - Jo( » )—I— 3a IO(Qh)Smﬁ'
L W (5
a 2h
(3.5.43)

3agada 3.5.1. OemuTh KpaeBYIO 3amady A1 ypaBHeHus .Jlamrtaca
Au = 0 BHyTpnu Kkpyrosoro nminaipa D={(r,¢,z): r < a,0 < ¢ < 2m,
0 < z < h} ¢ 3aJaHHBIMU TPAHUTHBIMU YCIOBUAMI, TA€ [i; U V; — HYJIH CO-
OTBETCTBEHHO PYHKINN DeCCels HyIeBOT0 U IepBoro nopaakos Jy(u;) = 0,

Jl(l/i) = 0.

1. uf =2sin(nz/h), u

= Dlmr/fa), ul_=0.

2. u| =sin(37z/(2h)), wu e Jo(par/a), wu.| =0.
3. ul  =2cos(37z/(2h)), w. = Jo(par/a), u‘ = 0.

4. u| =cos(mz/h), wu.

= Jo(par/a), u,

r=a o= :=h

5. u, = 3sin(27z/h), wu T Jo(virfa), w = 0.

6. u, = 2sin(57z/(2h)), wu T Jo(vor/a), u, = 0.

7. u, = cos(bmz/(2h)), wu, e Jo(vsr/a), wu = 0.

8. u = sin(37z/h), u T 0, u‘ = Jo(pur/a).

9. u = sin(37z/(2h)), wu T 0, wu, = Jo(par/a).
10. w = cos(bmz/h), wu, T 0, u. = Jo(par/a).
11. w = cos(bmz/(2h)), wu, T 0, u‘ = Jo(psr/a).
12. wu, = sin(37z/h), u T 0, wu = Jo(var /a).




13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Ur| = sin(37z/(2h)), wu T 0, wu. = Jo(vir/a).
Ur| = cos(3mz/(2h)), wu. T 0, wu = Jo(var /a).

u = 4sin(27z/h), uL:O: 3Jo(per/a), uL: = 0.

u = 3sin(bmz/(2h)), uL:O: 2Jo(pr/a), u. _ =0
u = 3cos(bmz/(2h)), wu. T 3Jo(psr/a), u‘ =0
u = 5cos(3mz/h), wu, T 2Jo(psr/a), u, =0
Ur| = 5sin(3wz/h), wu T 2Jo(ver/a), wu = 0.

Ur| = 3sin(wz/(2h)), wu T 5Jo(vsr/a), w. = 0.
Ur| = 2cos(mz/(2h)), wu, T 2Jo(virfa), u = 0.

_=2sin(mz/h), u_ =0, u| _=Jusr/a).
= 3sin(77z/(2h)), wu T 0, u. = 2.Jo(piar/a).
= 2cos(mz/(2h)), wu, e 0, u‘ = 3Jo(pr/a).
_=5cos(mz/h), w =0, w| =2J(ur/a).

Up| = 2sin(mz/h), w e 0, u = Jo(vsr/a).

up| _ =3sin(mz/(2h)), w| =0, w =2J(nr/a).

up| =2cos(572/(2h)), w| =0, u| _=3Jo(vsr/a).
_ =sin(57z/h), “L:o: 2Jo(p2r/a), uL: = 0.
_=sin(mz/(2h). u| _ =20(usr/a), u| _ =0,

92



P pumep 3.5.2. DemuTh KpaeByO 3aa4y 118 YPaBHEHUSA DJYacCOHA

1 0 ( 8u) 1 0%u  O%u
Au=—+ —|r—

r Or \ Or
BHYTPH KpyroBoro mminaapa D={(r,¢,z): r < a, 0 < ¢ <27, 0 < z < h}
C OJHOPOJHBIMI TPAHIIHBIMI YCIOBUAMI

du

+ 3 . 8—992 + ﬁ = —f(r7 z) (3.5.44)

— =0 3.5.45
orlr=a ( )

du
U 220: @ z:h: O7 (3546)

vor .

rae f(r,z) = z(z — 2h).Jy (L), V9 — BTOPOH KOpeHb ypaBHeHus Ji(v) = 0,
a

a Jo(+) m Ji(-) — PyHKOUN Deccels COOTBETCTBEHHO HYJICBOTO U IIEPBOTO

TOPAIKOB.

Pewenue. Tak xak f(r,z) 1 Ko>(pPUIIEHTH ypaBHEHUA He 3aBUCAT OT
epeMeHHON (, perreHne 3aga4n (3.5.44)(3.5.46) Takke He 3aBHCHT OT ¢,
T.e. u(r, z). Ypasuenne (3.5.44) npumer Buj
1 u 2u
Au=> % (rg—r) + % = —f(r ) (3.5.47)

Demmenne 3a1aqn (3.5.47), (3.5.45), (3.5.46) M0&KHO NCKaTh B BUIe pas-
JMOZKEeHNA 110 COOCTBEeHHBIM (DYHKIUAM omeparopa .lamraca B obractu D ¢
rpaHnaHbIME yeroBuaMu (3.5.45), (3.5.46), an6o mo co6CTBEeHHBIM (DYHK-
MIIAM TOH JacTH omepaTopa Jlamraca, KOTopas 3aBHCAT TOIBKO OT IIepe-
MEHHON Z, T.e. 0 COOCTBeHHBIM QYHKIIAM 3a1a4n (3.5.34), (3.5.35). Msr
OygeM HCKaTh pelleHne B BHE Pa3JoKeHHS II0 COOCTBEHHBIM (OyHKIIIIAM
TOI YacTH olepaTopa .lamraca, KoTopas 3aBUCAT OT IMepeMEHHON 7, T.e.

Vnr) (3.5.20) sagaun Irypma-
Jluysuas (3.5.14), (3.5.16). Uraxk, nmem perieHne B Buge psaga

u(r, z) = é Za(2) Ty (”Zr) , (3.5.48)

npenogarasd, ITO eTo MOKHO MBaK Ikl AuddepeHTnpoBaTh o r un 2. 13-

o cob6cTBeHHBIM QyHKIuAM R, (r) = Jy (

BeCTHYIO QYHKIIIO f(r,2) Takke PasJokKNIM B AL MO dTOH CHCTEME COO-
CTBEHHBIX (DYHKIIIN

flr,z) = é ful2) o (VZT) : (3.5.49)
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r1e xodddunueHTs f,(2) Terko HaxoaaTcA. Bocmoabsyemcs opToOroHATD-
HOCTBIO cO6CTBeHHBIX GyHKunN Ha [0, a] ¢ Becom r

a 2
/Jo (Vnr) J() (E) rdr = 5nk%=]02(yn)
0

a a

VT
YMHOZKIM 06e JacTn paBeHcTBa (3.5.49) ma Jy (L) r 1 OIpOUHTerpu-
a

pyem mo r Ha [0, a], moxyunm

CL2

2

/af(r,z)Jo (VZT

0

)rdr = fu(2) =T (vn).

B mamewm caydae xoapuuneHTs f,(z) MOKHO HaOTH He mpuberas K
MHTerpupoBanmio. Beipaxenne (3.5.49) umeer Bup

vor

Flr,2) = 2(= — 2h) Jy (7) _ é f() (1/27“) |

CpaBauBasg K0>(QQPUIINEHTHI TP 0 TMHAKOBBIX COOCTBEHHBIX (DYHKIIAX,
HaXO0, UM

fo(z) = z(z — 2h), fn(2) =0 mpu n # 2. (3.5.50)

DoacraBum (3.5.48) u (3.5.49) B ypaBuenue (3.5.47) 1 BOCTIOIB3yeMCS
TeM, 9TO .J (E) — pemerne ypasaerus (3.5.14), noxytanm
a

5 {1 - % (T%Jo (””T)) Z.(2) + CZZZQ” 7, (”ZT) + ful2)Jo (”a’“)} PR

n=1 1T a
0 n dQZn n n
.S {—)\nJO (” T) Zo(2) + S22, (” T) + ful2) (” T)} —0e
=l a dz a a
o3 0 (1Y Z,6) 4 pe | (20) =0
= | dz? a ni® 0\ ) T
Orcroga cregyetT, 910 Ko>hPuineHTs 7, (2) yaosrerBopsaor 1Y
d*Z, 2\ 2
- (%) Zo(z) = —ful2), n=T,. (3.5.51)
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Doxacrasum (3.5.48) B rpanngnbie ycroBus (3.5.46), moayanM yCJIOBHS

dZ,(h)
dz

Z,(0) =0,

=0, n=1,x. (3.5.52)

Ecan pemmnts kpaesbie 3agaqn (3.5.51), (3.5.52), mantn Z,(z), n = 1, oo,
I TOACTaBUTE B (3.5.48), MOIYHINM pelmeHne NCXoTHOM 3a Tati.
B mammewm caydae Bce kpaeBsle 3a1at41u (3.5.51), (3.5.52) npu n # 2 nmeroT
TpUBHATBHEIC pelteHns Z,(z) = 0. DemuM KpaeBYIO 3a1a€1y Ipu n = 2
V3

AR (—)2 Zoy = —z(z — 2h), (3.5.53)

Z,(0) = Z4(h) = 0. (3.5.54)

Obmiee perieHe COOTBETCTBYIOMIECT0 OAHOPOAHOTO ypaBHeHns (3.5.53)
yI00HO 3ammncaTh B BUIe

—h
z()(Z):AQshg_quh%.

YacTHoe pemerne HeoaHopoauoro Y (3.5.53) Haizem MeToToOM MO 1I-
bopa B BHIe

Z(2)=Az*4+ Bz +C. (3.5.55)
Doacrasum (3.5.55) B (3.5.53), moxyamm
2% 2 2
2A — (—) (Az°+ Bz+C) = —z"+ 2hz.
a

OTcroga Haxo UM

2 2 4
A:(ﬁ), B:—Qh(ﬁ), C:Q(ﬁ).
V9 V9 V9
Urax, obmmee permenne 1Y (3.5.53)

_h 2 2
Zo(z) = Aysh ”;—Z+BQ ch MJF(E) (22 —2hz 42 (ﬁ) ) . (3.5.56)

a V9 V9

Doxacrasuum (3.5.56) B rpanntnble yeaoBus (3.5.54), nangem Ay u By

2 (afr)"

Ay = By=——"""_.
2 =0, : ch(vyh/a)
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DemmenneM kpaeson 3aga4n (3.5.53), (3.5.54) aBagercs pyHKINA

Zy(z) = > (0/va)’ ) valz =) (1)2 (22 —2hz+2 (1)2) . (3.5.57)

ch(vyh/a) a 2 2

DermenneM ncxoguon 3aga4dn (3.5.44)-(3.5.46) aBasercs pysrumst u(r, z),
3aganHas dopmyton (3.5.48), rae Zy(z) samaercsa (3.5.57), Z,(z) = 0,
n # 2.

Omeem.

2 2 2 _ 2
u(r,z) — (g) _ a ch VQ(Z h) _|_22_2h2_|_2(ﬁ) JO (@)
vy U2 ol (VQh) a vy a
2
a
(3.5.58)

3agada 3.5.2. DemuTh KpaeBYIO 3a1ady IS YpaBHEHUSI JyacCoHA
Au = —f(r,z) BuyTpun kpyrosoro mminaipa D = {(r,p,z) : r < a,
0<¢p<2m, 0 < 2z < h} ¢ OTHOPOJAHBIMU T'DAHIUYHBIMI YCIOBUAMI, T'€
ft; I V; — HYJII COOTBETCTBEHHO (PYHKINH DeCCeIa HYIeBOIO I IePBOTO MO~
psaxoB Jo(p;) = 0, Ji(v;) = 0.

L. f(r,z) =z(z = h)Jo(par/a), u‘r:a: u _ =u = 0.

2. f(r,z) = z(z = 2h)Jy(pur/a), u‘r:a: u _ Fu| = 0.

3. flr,2) = (27 = B*) Jy(par/a), u‘r:a: Ui = = 0.

4. f(r,2) = 2422 = 3R) Jy(por/a), wu T U = 0.

5. f(r,z) =(2=h)z(z = h/2) Jy(vir/a), u, Ty == 0.
6. f(r,z)=((z=h)?+h)Jy(vaer/a), u, R 0.
7. f(r,2) = (h* = ) Jy(vsr/a), wu, T =ul = 0.

8. f(r,z)=2%(2x — h)Jy(par/a), u‘r:a: u _ =u = 0.
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f(r,z) = z(2h — 2).Jy(par/a), u T Fus = 0.
flr,2) = 2 =30/ To(gurfa), u| _ =u.| _=u|_ =0
f(r,z) = (h3 — 23)J0(,ulr/a), u‘r:a: Uo| == 0.
f(r,z)=(h - Z)ZQJ()(I/QT/CL), w| _=u| == 0.
flr,2) = 2z = 3h/2) To(vsr [fa).  u, =y _=u =0
Flro2) = (22 =) Do(wr/a), | =w| =u| =0
flryz)=z(z — h)QJ()(,LL:gT/a), u _=wu_ =ul = 0.
f(r,z) = 22(2 — 3h/2)Jy(usr/a), u‘ _ T Fus = 0.
flrz) = (h* = 2%) Jo(psr /), U‘r:az x| =wu| = 0.
f(r,z) = (22 — 223/3h)J0(M3r/a), u =) = = 0.
flryz)=z(z — h)QJO(Vgr/a), wl =u =ul = 0.
f(r,z) =z2(2h — 2).Jy(vsr/a), wu, T = 0.
Flro2) = (2" =) Do(mrfa), | =w| =u| =0
f(r,z)=(h - z)zQJo(,ulr/a), u _=wu_ =ul = 0.
Fr2) = (== B 4 B rfa), o] =l =] =0
f(r,z) = (22 — hQ)JO(,ulr/a), u = =u = 0.
f(r,z) = 22(2 — h)QJO(,ugr/a), u =) =us| = 0.
f(r,z)=z(z = h)Jo(ir/a), wu, T == 0.




27. f(r,z) = z(z = 2h) Jy(vir/a), u, T _ T = 0.

28. f(r,z) = (b’ =2 J(pr/a), wu, T T = 0.

29. f(ryz)=(2—=h)z(z = h/2)Jy(p17/a), u‘r:a: u _ =u = 0.
30. f(r,2) = (3h/2 — 2)z%0o(pyr/a), u T _ T = 0.

3.6. KpaeBble 3aa4u BHYTpM U BHe Wapa

P pumep 3.6.1. DemuTh KpaeBble 3a1atdn 1id ypaBHeHus Jlamraca B
cdeputieckon cucTeMe Koopanaat (r, ¢, 0)

1 0 ou 1 0 ou 1 0%u
Au=—-— 2—) 7-—(' 0 ) —=0 (3.6.1
YT ar (r or +r2 sing 90\ 90) T 12 sin? g p? ( )
¢ PPAHUYHBIM yCIOBHEM
ul = g(f) = cos 20 + cost : (3.6.2)

1) BayTpu mapa D = {r < a} ¢ Tpe6oBaHmeM OTPaHIICHHOCTH P EIICHIIS

|u(r, ¢,0)] < oo mpu r — 0; (3.6.3)
2) BHe mapa D, = {r > a} ¢ TpeboBaHUeM DeryJIAPHOCTH pPeIleHIs
(3.12)
1
u(r,,0) =0 (—) opu r — oo. (3.6.4)
r

Pewenue. Tak xax rpanmdsoe yciosue (3.6.2) He 3aBUCHT OT mepe-
MEHHOIl ( pellleHle 3a1a4dl TaKikKe He 3aBHCAT oT ¢, T.e. u(r,f). Torza
ypasaenue (3.6.1) npumeT Bujg

1 0 ( ,0u 1 o (.  Ou
A“‘??'E(r E)er-%(sme%)_o. (3.6.5)

Nmem gactrOe pemenne 1Y (3.6.5), yaoBreTBopsiomiee ycroBuio (3.6.3)
JUIST BHYTPEHHEN 3a1a4n min yeaoBuio (3.6.4) mis BHEIIHeN 3a,1at1, B BILIE

u(r,8) = R(r)Y (0). (3.6.6)
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DoxacrasuMm (3.6.6) B ypasrenue (3.6.5) u pa3geanM mepeMeHHBIE

R'(r) 1 d ( . dY)
/! R [E—
Fo+2== G a\™%m) _
R(r) Y(0) '
2

Dorxyuanm OIY

2 A

R'+-R - 5R=0, (3.6.7)
r r

1 d /. dy
L (811’19 %) +AY(6) = 0. (3.6.8)

Dpu paccMOTpeHnn BHyTpeHHen 3a1atn u3 (3.6.3) caeayer, 410
IR(0)] < . (3.6.9)

Dpu paccMoTpeHnn BHeImHen 3a1atn u3 (3.6.4) caeayer, 410

R(r)=0 (%) opu r — oo. (3.6.10)

Ypasuenne (3.6.8) paccMOTPIM BMeCTe € €CTeCTBEHHBIM YCIOBIEM OT'Da-
HUYEHHOCTH peleHns Ha ocax @ =0u 6 =7

1Y (0)] < oo, 1Y (7)| < 0. (3.6.11)

Demmm 3a a1y Hltypma-JInysumrs (3.6.8), (3.6.11).

CaeraeM 3aMeHY HE3aBUCHMOU HepeMeHHOU x = cosf, Torga (QpyHKIUI
npmver Bug Y (A) = Y(arccos #) = Y (x). DepectnraeM Opom3BoIHbE B
ypaBaeHnn (3.6.8) mocie 3aMeHBI epeMeHHON

dY () dY(z) dv dY

= - — = —(—sin#).
do P TR
d
Otcioga creayer, 9To oneparop Aud@epeHnnpoBaHns g B YpaBieHn
d
(3.6.8) mpu 3amMeHe HepeMEHHON HATO 3aMEHUTDH Ha d—(_ sin #). YpaBHeHne
x
8) mpmmet Bua OAY nas moamroMOB Jlexanapa
d dY (x) -
— (1 —a? AY (7) = 6.12
(=A%) v - (3.6.12)
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a ycJIoBH orpaHndeHHocTHn pemenns (3.6.11) 3anumyrcs B Buge
Y (£1)] < oc. (3.6.13)

CobcrBernbIME 3HadYeHIAMN 3agadn (3.6.12), (3.6.13) aBasorcs

An=n(n+1), n=0,00, (3.6.14)

a COOTBETCTBYIOIINE UM CcOOCTBEHHBIE (I)YHKIJ;I/II/I — ITOJIMHOMBI ﬂemaﬂﬂpa

- 1 i
V(@) = Pa(a), Pu(a) = 5o (e = 1)", n =

0, oc.

Bosspaasck K mepBOHAYATBHOU MEepEMEHHOU, HTOJYYUM COOCTBEHHBIE

dyaxnnn 3agaqn (3.6.8), (3.6.11)

Y, (6) = P,(cosf), n=0,o00. (3.6.15)
Dacemorpum Y (3.6.7) mpu A = A,

n(n+1)

2

2
R (r) + ;R;l(r) — R,(r)=0, n=0,0c.

Obmiee pereHne >Toro ypaBHEHNA HalIeHO B Dpuiaoxkennn 4 (m. 6)),
OHO nMeeT caeayiomui Bug (D4.6)

R, (r) = A" + By~ b,

Dpu paccMOTpPEHNN BHYTPEHHEH 3aJadil U3 YCIOBHA OTPAHNYEHHOCTH
npu r = 0 (3.6.9) caeayer, uro B, =0, n =0, 00, T.c.

R,(r)=A,r".

Dpu pacCMOTPEHNN BHEITHEN 3a,1a91 U3 YCIOBUA PErYIAPHOCTH IPH 1 — 00
(3.6.10) caenyet, uro A, =0, n =0,00, T.c

R,(r)= B,r~ 1),

Urax, qacTable perenns (3.6.6) HAIEHBI, IX 0Ka3aJ0Ch CICTHOE MHO-
ZKeCTBO

up(r,0) = R,(r)Y,(68), n=0,o00.
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Temeps pemnM cHadaza eHympenniot 3adauy (3.6.5), (3.6.2), (3.6.3).
DeleHne OygeM HCKaTh B BHAe CYMMBI HalJeHHBIX YaCTHBIX peIIeHNI,
mpeAmogarasg, 9TO PAJ MOXKHO IOWICHHO A @epeHInpoBaTh IBazKIbI

mo r u 6,
u(r, ) = > u,(r,0) = > Ar"P,(cosb). (3.6.16)

Dem3BecTHBIEC KO3(MMUUNEHTH A,, Hall1eM I3 TPaHNYIHBIX yeaoBui (3.6.2).
Doacrasum (3.6.16) B (3.6.2), moxytnm

g(0) = i Ana"P,(cosb). (3.6.17)
n=0

BocmoabsyemMcs 0pTOrOHATBHOCTHIO MOJMHOMOB Jlexanapa Ha [—1, 1]

1 T
2
_/1 Py(x)Py(x)dx = 0/Pn(cos )Py, (cos8)sin db = 6, 1

YMHOZKIM JeByI0 I mpaByio dacti (3.6.17) va Pj(cosf)sinf u npoun-
TerpupyeM Ha [0, 7], moxydnm

r 2
O/Q(Q)Pk(cos 6)sin 6 do = Akaka ey kE=0,o.
OTcroga Haxo UM
2k+1 7 .
Ap = 2—: /g(Q)Pk(Cos 0)sinfdd, k=0,occ. (3.6.18)
a
0

Demmennem BHyTpeHHen 3agadn (3.6.5), (3.6.2), (3.6.3) aBasercs QyHK-
nus u(r,d), 3aganHas B Bujie (PpyHKUNOHATbHOTO psaga (3.6.16), rae xoad-
uuneHTH A, BRUHCIIIOTCA 10 dopmyre (3.6.18).

B mamen 3azgatde Ko>pduiuneHTH A, MOXKHO HalTH, He mpuderas K WUH-
TerpupoBaanio (3.6.18). Docae moacranoBku (3.6.16) B (3.6.2) moxyunm

cosf + cos 260 = Y A,a"P,(cosb). (3.6.19)
n=0

DpeacTaBuM JIeBYIO 1acTh B BIe Pa3JoKeHI [0 MoInHoMaM Jlexkanapa
cosf+4cos 20 = cosO+2cos’H—1 = APy(cos8)+ BP(cosf)+CPy(cos) =
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1
:A-1+BCOSQ+C§(3COSQQ— 1).

CpaBauM K0d>(OPUIINEHTH! MPHU OIUMHAKOBBIX CTEMeHAX cosf B MOTYUIeH-
HOM paBeHCTBe

1 3
—14cosh+2cos’l = (A— 50) 4+ BcosO + §CC0829.

Doayunm CJIAY arsa onpenerenus A, B u C.

acleso o (ac2l
2 3
B =1, = B=1,
3 4
—C =2 C=_
2 ’ 3

DasencTso (3.6.19) npumer Bup

1 4 o0
—§P0(COS 6) 4+ 1- Pi(cosf)+ §P2(COS 0) = > A,a"P,(cosb).
n=0

OTcroga Haxo UM

1 4
Apa® = -3 Aja=1, Aya®= 3 A, =0 mpn n #{0,1,2}. (3.6.20)

Doacrasum (3.6.20) B (3.6.16), moxydnM peleHne BHYTPEHHEH 32,1440

1 4
u(r,6) = —§P0(COS ) + a_erl(Cos 6) + §a_2T2P2(COS ) =

1 2
=-3 +a Y cost + ga_2r2(3 cos? f — 1). (3.6.21)

Temeps pemnm enewniow 3adauy (3.6.5), (3.6.2), (3.6.4). Demenne Gy-
JeM ICKaTh B BHE CYMMBI HallJeHHBIX JaCTHBIX PeIIeHNI

u(r,0) =" uy(r,0) = > Bnr_(”H)Pn(Cos 6). (3.6.22)
n=0 n=0

Dem3BecTHBIC KO3MDUINEHTH B, Hall1eM I3 IpaHn<HbIX yeroBni (3.6.2).
Doacrasum (3.6.22) B (3.6.2), moxytunm

g(0)=>" Bna_(”H)Pn(Cos 6).

n=0
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I/ICHOJIBB}/'H OpPTOT'OHAJBHOCTD IMOJMHOMOB ﬂemaHﬂpa, HaXO0 INM

B =

(2k + 1)a*t! 7
+ ) /g ) Pr(cos ) sin 6 db. (3.6.23)
0

Demmennem BHemmHen 3a1a4du (3.6.5), (3.6.2), (3.6.4) aBasgeTcsa QpyHKINA
u(r,d), 3agannas B Buie QYHKIIOHAIBHOTO pafa (3.6.22), rae koaddunn-
eHTBI B, Berucasorcs mo gopmyram (3.6.23).

B mamen 3azgatde Ko>puiuneHTs B, MOXKHO HalTH, He Opuderas K UH-
TerpupoBaanio (3.6.23). Docae moacranoBku (3.6.22) B (3.6.2) moxyunm

cosf + cos 20 = > Bna_(”H)Pn(Cos 6).
n=0

JleBy10 1acTh paBeHCTBA peICTAaBUM B BIIe PA3TOKEHNA IO MOJITHOMAaM
Jlexxannpa

1 4 o0
—§P0(COS 6) 4+ 1- Pi(cosf) + §P2(COS 6)=> Bna_(”H)Pn(Cos 6).
n=0
OTcroga Haxo UM
~1 1 —2 34
Boa™ = —3 Bia™* =1, Bya™” = 3 B, =0npun # {0,1,2}. (3.6.24)

DoacraBum (3.6.24) B (3.6.22), morydnM pelieHne BHEIIHEN 3a 1at1
1 2 -2 4 3 3
u(r,0) = —gar Py(cosO) + a“r *Py(cosf) + ga r°Py(cosf) =
= —gar + a*r % cosf + 3a r~3(3cos’ 6 —1). (3.6.25)

Omeem. 1) Demerne BHyTpeHHen 3aga4n (3.6.21):

1 ~1 2 59 2
u(r,0) = ~3 +a rcost + 30T (3cos™ 6 —1);
2) permmeHie BHemmHen 3a1a4n (3.6.25):

1 2
u(r,0) = —gar_l + a*r % cosf + 3a r~3(3cos’ 6 —1).
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3agada 3.6.1.
Au = 0 ¢ KpaeBBIM YCJIOBHEM U
nin BHe mapa D, = {r > a}. Dpu pemenun 3anad BOCHOIb30BaTHCA (POpP-
My gami: cos 20 = 2cos?f — 1, cos 30 = 4cos®0 — 3cos 0, Py(x) = 1,
Pi(x) = x, Py(x) = (322 —1)/2, Py(x) = (52 — 32)/2, rae P,(x) —

ITIOJINMHOMBI ﬂemaHﬂpa.

1.

N T S S G S G
o T e

© o N o e L N

g(#)=2—cos @+ cos 20, D.={r>al.
g(f) =3cos’ § —cos 20, D={r<al

§) =2cos § —3cos 30, D.={r>a}l.

(9)

g(f) =2+3cos @ —sin’ 0, D.={r>al.
g(f) =cos® O+ 3sin” 0§, D= {r <a}.
g(#)=3—cos 0 —2cos 20, D,={r>a}.
g(f) =cos § —3sin? 0, D=1{r<al
g(#)=3—cos 20, D.={r>a}.

g(0) =1+sin” §4cos 20, D ={r <a}.
g(f) =2cos @ —sin® 0, D, ={r>a}
g(f)=5—cos@+3cos’ 0, D=1{r<a}
g(f) =14 cos 30, D.={r>a}

g(0) =2cos 20 —cos 8, D={r<a}
g(#) =cos @ —cos 30, D.={r>a}
g(0) =cos* §+2cos 30, D={r <al.
g(f) =cos 30 +2cos 8, D.={r>a}.
g(0) =cos 30 —cos 20, D ={r < a}.
g(0)=2—cos 30, D.={r>a}.
g(@)=142cos 20 —cos 0, D={r<a}l.
(9)

(9)

=1+2sin? 0 +cos 30, D={r<al.
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21. g(#)=3cos —2cos 30, D.={r>a}.
22. g(#)=3—cos 20 —cos 30, D={r<a}.
23. g(0)=2cos20+cos0+1, D,={r>a}l.
24. g(#)=4cos @ —cos 30, D= {r<a}.

25. g(0)=3+cos 30, D,={r>a}l.

26. g(#)=3cos 30 —cos b, D= {r<a}.

27. g(0) =sin® 0 4+ cos 30, D, = {r > a}.

28. g(0)=2cos20 -1, D={r<a}.

29. g(#)=cos30 -1, D.,={r>a}.

30. g(0) =sin? @ —cos 20, D ={r <a}.

P pumep 3.6.2. DemuTh KpaeBble 3aJa4unl A18 YpPaBHEHUI JyaccoHa B
cdeputieckon cucTeMe Koopanaat (r, ¢, 0)

2
Au:l. 9 ( 3u) 4+ - 1 0 (sm@au)—l— L 3u —f(r,0)

r2 or \ Or rZsing 06 00 2 sin” 6 399
(3.6.26)
C OJHOPOJHBIM I'DAHNTIHBIM YCIOBIEM
u  =0: (3.6.27)

1) BayTpu mapa D = {r < a} ¢ Tpe6oBaHmeM OTPaHIICHHOCTH P EIICHIIS

lu| < oo mpu r — 0 (3.6.28)
i

f(r,0) = r*cos0; (3.6.29)
2) Bue mapa D, ={r>a} ¢ TpeboBanmeM peryasapHocTH pereHns (3.12)

1
u(r,,0) =0 (—) opu r — 00 (3.6.30)

. r
f(r,0) =r"tcos 0. (3.6.31)

Pewenue. Tak xax mpaBas dacts Y (3.6.26) He 3aBHCHT OT mepe-
MCHHON (p, pellleHne 3a1adn TakKe He 3aBHCHT oT ¢, T.e. u(r,d). Torma
ypaBaenne (3.6.26) npumer Buf
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1 0 [ ,0u 1 o (. ,0u
A — 55 (7“ E) + Sed 50 (811’19%) = —f(r,0). (3.6.32)

DellleHne 3a a1 MOKHO ICKATh B BIAE PA3J0KEHIA B PA [0 COOCTBEH-
HBIM QYHKIIAM omeparopa Jlamraca B obractn D (mwmm D, ) ¢ TpaHIYIHBIM
ycaoBueM (3.6.27), KoTopble BBIpAKaOTCA deped QYHKINN Deccels (CM.
Dpuroxenne 3).

Mer Ke OygeM HICKaTh pellleHHe B BIJe Pa3loKeHHA B PAJ IO COO-
CTBeHHBIM (DYHKIUAM TOHI YacTH omepaTopa .Jlamraca, KoTopas 3aBHCHT
TOIBKO OT IepEeMEHHON ), a MMEHHO IO COOCTBEHHBIM (DYHKIIAM 3aJatdn
Mrypma-JTnysuras (3.6.8), (3.6.11), KoTopsle HallAeHBI paHee B DpHUMepe
3.6.1 (3.6.14), (3.6.15).

Urax, pemenne 3agaun (3.6.32), (3.6.27) umem B Buge (PyHKINOHATD-
HOT'O psfa ¢ Heu3BeCTHBIMU Koddduinentamu R, (r), n =0, 00

u(r,0) = ni::o R, (r)P,(cosh), (3.6.33)

npeamnoaarasg, ITo ero MOXKHO ABaxK bl AunddepeHupoBaTh mo r u 6.
sBectryo Qpyukunio f(r,#) Toxe pazzoxnM B pai Pypbe Mo MOITHO-
MaMm Jlexanapa

fr,0) = i::o fu(r)Py(cos ), (3.6.34)

rae Ko3dppuuueHTHl U3BECTHBI

2n

fulr) = (3.6.35)

1 T
2+ /f(?“, 0)P,(cos®)sinfdf, n=0,oc.
0

Doxacrasum (3.6.33), (3.6.35) B AY (3.6.32) u yuTeMm TO, 9TO MHOTO-
wieHs! Jlexanapa P,(cos#) aBrsooTcs co6CTBeHHBIMI (DYHKIMAMI 32,1840

(3.6.8), (3.6.11), T.ec.

1 d (. d
5 (811’19 7 . (Cos 9)) = —n(n+ 1)P,(cosH).

B pesyabraTe moaydanm

g {:—2 - % (ﬁdP;;(T)) - ”(”rj DR, () + fn(r)} P,(cos8) = 0.
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B 1eBoll wacTH paBeHCTBa HaINCAaHO pa3/oiKeHNe (yHKINH, TOKIeCT-
BeHHO paBHOI HY.IIO, B pal Pypbe o MOIHON CHCTeMe COOCTBeHHBIX (PyHK-
uun P,(cos#), n =0, 00, cregoBaTeabHo, Ko>OPUINEHTEL {-} paBHBI HYTHO:

:_2 . % (ﬁd}i;r(?”)) _ W}zn(m — _fu(r), n=0,2. (3.6.36)

Docae moactanoBkn (3.6.33) B rpanmuHoe ycaosue (3.6.27) momyunm

TPAHIYHOE YCIOBHE MIA NCKOMBIX K03(duuneHToB R, (1)
R,(a)=0, n=0,00, (3.6.37)
B caydae paccMoTpeHus BHYTpeHHen 3aga4du B oO1acTu ) HYKHO 10-
6ABUTH YCIOBIA OTPAHNYICHHOCTH NCKOMBIX (QyHKIH (3.6.28)

|R.(r)] < oo mpu r— 0, n=0,00. (3.6.38)

B cayvae paccMoTpeHnsa BHemHell 3ajadn B obractn D, HyzKHO goba-
BUTH ycaoBHe peryaapHocTn (3.6.30)

1
R,(r)=0 (—) npu r — oo, n =10,00. (3.6.39)

”

Kpaessre 3axa4n (3.6.36), (3.6.37), (3.6.38) (mmm (3.6.39)) marooT BO3-
MOKHOCTH HanTn R, (r), mocte moIcTaHOBKI KOTOPHIX B (3.6.33) momydaem
pellenye NCX0IHON 3a Jatd.

B mamen koHxpeTHOH 3ajgate Kod(puunmeHTH f,(r) MOXKHO HaNTH, He
npuberas K nHTerpuposasuio (3.6.35).

DaccMoTpuM CHadata exympennion 3adauy (3.6.32), (3.6.27), (3.6.28),
(3.6.29). Bripaxenue (3.6.34) B cayuae (3.6.29) npumeT Bujg

12 cos’ 6 = i::o fn(r)P,(cosb). (3.6.40)

JleBy10 acTh paBeHCTBa BRIPpA3UM tepe3 MOJINHOMBI JlexaHpa:
3cos?f —1
5 )

CpaBanM Ko>(PpPUIUEHTHI TPU O IMHAKOBBIX cTeneHax cos #, moryuanm CJIAY

C
A- == A=
2 0

B:O7 = B =

cos’ ) = APy(cos0)+BP(cos0)+CPy(cosf) = A-14+B cos +C

?

o | =

?

3C
=1,
2

2
C=_.
3
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Orcroga moxygaem (3.6.40) B caeayromeM BiIe
1 2 >0

2 (§P0(COS 6) + §P2(COS 9)) = > falr)Py(cosb).
n=0

Daxoanm Kod>pduuneHTs f,(r)

r? 22

folr) = 3 fo(r) = ER fo(r)=0 mpu n # {0,2}.
Bcee xpaessre 3agaqn (3.6.36), (3.6.37), (3.6.38) mMeroT HyIeBBIe pelre-
aust npu n # {0,2}
R,(r)=0 mpu n # {0,2}. (3.6.41)

DemmmM cHavaIa KpaeByIo 3agady m1is Ro(r)

1 2 / 7“2
Ry + ;Ro =-73 (3.6.42)
|Ro(r)] < oo mpu r — 0. (3.6.44)

Obmee pemenne ogropoauoro 1Y (3.6.42) mangeno B DpuaoxeHnn 4
(m. 6)) mpu n =0 (24.6)

Ro(T) =Cy+ D()T_l.

Obmee pemenne zHeogropoaroro Y (3.6.42) (AY moxxHO mMeTH KO-
>QQUUIEHT IpH cTapiliell TPOU3BOIHOU PABHBIN eIUHIIe) OyJeM HCKAThH
MeTOJOM BapHalllll TOCTOSHHEIX B BILIe

Ry(r) = Co(r) + Do(r)r_l, (3.6.45)

rae Co(r) m Dy(r) HAXOAUM 13 CHCTEMBI

{06(7“) + Dy(r)r~' =0,
— D}(r)r=* = —r%/3.

OTcroga Haxo UM

l 7“3 7“4 ~
CO(T) = —3 = CO(T) = —E + CO,
l 7“4 7“5 _
DO(T) = 3 = Do(T) = B —|—D0
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DocTaBIM MOTyUIeHHBIE BRIpakeHns B (3.6.45), moxy4dnm obrmee pere-

aue 1Y (3.6.42)
4

Ro(r) = Co+ Dor~' — g—o. (3.6.46)

Dociae mogcranoBkn (3.6.46) B rpanngnbie ycrosus (3.6.43), (3.6.44) mouy-
IUM peleHne KpaeBon 3agaqn (3.6.42)(3.6.44)

Ro(r) = 61—0(a4 _ oy, (3.6.47)

DalngeM pelleHne KpacBoll 3amadn 1as1 Ry(r)

2 2-3 22
R+ ~-R,— —Ry = —— 3.6.48
2+ Ay — — 5 h 5 ( )
Rola) = 0, (3.6.49)
|Ra(r)] < oo mpu r — 0. (3.6.50)

Obmee pemenne ogropoanoro 1Y (3.6.48) mangeno B DpmioxeHnn 4

(m. 6)) mpu n =2 (24.6)
RQ(T) = 027“2 + DQT_3.

Obmee pemenne zHeogropoaroro Y (3.6.48) (AY moxxHO mMeTH Ko-
>QQUUIEHT IpH cTapiliell TPOU3BOIHOU PABHBIN eIUHIIe) OyJeM HCKAThH
MeTOJOM BapHalllll TOCTOSHHEIX B BILIe

Ry(r) = CQ(T)TQ + Dg(r)r_3, (3.6.51)
rae Cy(r) m Dy(r) HAXOAUM U3 CHCTEMBI

{ Ch(r)r? + Dh(r)r=> =0,
2C,(r)yr — 3D4(r)r—* = —2r?/3.

OTcroga Haxo UM

2r r? ~
Cy(r) = 1 Cy(r) = I + CY,

270 27 -
DIQ(T):F = DQ(T):E—FDQ
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DoAcTaBIM MOIyYIeHHBIC BhIpakeHne B (3.6.51), moxy4unm obrmee perme-
aue 1Y (3.6.48)

7“4

- 57
Dociae mogcranoBku (3.6.52) B rpanngnsie yerosus (3.6.49), (3.6.50) moury-
IUM peleHne KpaeBon 3agaqn (3.6.48)-(3.6.50)

a2r? — A

21

Docae noacranosku (3.6.47), (3.6.53), (3.6.41) B (3.6.33) moxy4nm pe-
meHne BHyTpeHHen 3a1aqn (3.6.32), (3.6.27), (3.6.28), (3.6.29)

Ry(r) = é’g(?“)?“? + Dg(r)r_3 (3.6.52)

Ro(r) = (3.6.53)

1 1
u(r,0) = —(a* = r"YPy(cos0) + —(a*r? — r") Py(cosf) =
60 21
Loy 4 Lo 9o 4 2
:@(a —r )—I—E(a r®—r%)(3cosH —1). (3.6.54)

Temepp pacemoTpuM  enewnioro 3adauy (3.6.32), (3.6.27), (3.6.30),
(3.6.31). Brpaxenue (3.6.34) B cayuae (3.6.31) npumeT Bujg

r~tcos’h =Y fn(r)Py(cosb).
n=0
JleByI0 TacThb paBeHCTBaA BRIPA3UM tepes MOINHOMEL Jlekanapa
1 2 o<
pt (§P0(COS 6) + §P2(COS 9)) = > falr)Py(cosb).
n=0

Daxoanm Kod>pduuneHTs f,(r)

r—4 24

fo(r) = —, falr) = 5 fa(r) =0 mpu n # {0,2}.

Bcee xpaessre 3agaqn (3.6.36), (3.6.37), (3.6.39) mMeroT HyIeBBIe pelre-
aus opu n # {0, 2}

R,(r)=0 mpu n # {0,2}. (3.6.55)
DemmuyM cHavaIa KpaeByo 3anady mas Ro(r)
2 r=4
R —— (3.6.56)
3.6.57
Ry(2) =0, ( )
Ry(r)=0(1/r) mpun r — oc. (3.6.58)
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Obmree perenne Heogaopoaaoro Y (3.6.56) umem MeTo 10M BapHannm
MTOCTOSHHBIX B BU e

Ro(r) = Co(r) 4+ Dy(r)r™, (3.6.59)
rae Co(r) m Dy(r) HAXOAUM 13 CHCTEMBI

{06(7“) + Dy(r)r~' =0,
— Dj(r)r=2 = —r=*/3.

OTcroga Haxo UM

I 7”_3 7”_2 _
CO(T) = —? = CO(T) = — 4 CO,
I 7”_2 7“_1 _
DO(T):? = Do(T):—?—FDO

DoacTaBuUM MoIyUIeHHBIE BRIpakeHns B (3.6.59), moxytdnm obrmmee perme-

aue 1Y (3.6.56)
—2

Ro(r) = Co(r) + Dy(r)r—" — % (3.6.60)

Docae nmoacranoBkn (3.6.60) B (3.6.57) u (3.6.58) moxyduMm pereHne Kpae-
Bou 3a1a4n (3.6.56)(3.6.58)

Ry(r) = - (3.6.61)

DaingeM pelleHne KpacBol 3amadn 1as1 Ry(r)

2 2. 2r 4
Rl +ZR, - —2332 -7 (3.6.62)
r r 3
Ry(a) = 0, (3.6.63)
Ry(r)=0O(1/r) mpu r — oc. (3.6.64)

Obmree pernenne Heogaopoaaoro Y (3.6.62) nmem MeTo10M BapHannm
MTOCTOSHHBIX B BU e

Ry(r) = Cy(r)r? 4+ Dy(r)r™?, (3.6.65)
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rae Cy(r) m Dy(r) HAXOAUM U3 CHCTEMBI

{ Ch(r)r? + Dh(r)r=> =0,
2C%(r)r — 3D, (r)r~—* = —2r=4/3.

OTcroga Haxo UM

290 L
Cé(r)—— 15 = CQ(T)_%—FCQ,
2 2r ~
DIQ(T) = E = DQ(T) = B —|—D2

DoacTaBuIM MOIyUIeHHBIE BRIpakeHns B (3.6.65), moxytdnm obrmee perte-

aue 1Y (3.6.62)

_ _ -2

Ro(r) = Co(r)r + Dy(r)r=® + %. (3.6.66)

Docae noacranoskn (3.6.66) B (3.6.63), (3.6.64) moxyunm perieHne KpaeBoil

3agaqn (3.6.62)(3.6.64)

Ro(r) =~ " (3.6.67)

DelmeHne BHOITHEN 33,1441 HOIY UM noce moacTanoBk (3.6.55), (3.6.61),

(3.6.67) B (3.6.33)
u(r,6) = é(a‘lr_l — 74 Py(cos ) + é(r‘Q —ar ) Py(cos ) =

1 1
= é(a_lr_l — T_Q) —I— E

Omeem. 1) Demenne BHYTPEHHEN 3a,1a51

(r=% —ar™)(3cos’§ — 1). (3.6.68)

1 1
u(r,0) = @(&4 —rh + E(aQTQ — 1" (3cos?H — 1);

2) pelmeHIe BHEIIHEN 3a,1a40

1 1
u(r,0) = é(a_lr_l —r )+ E(T_Q —ar™?)(3cos? 0 — 1).
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3amMedaHue. DellleHIeM BHYTPEHHEH KPAaeBOU 3adatn

= g(0),

rae f(r,0) = r?cos?f, g(f) = cos 20 + cos 6, ABITETCI CYyMMa PelIeHUIN
(3.6.21) u (3.6.54), moxyuenubx B DpumMepax 3.6.1 m 3.6.2

Uu

u(r,0) = ~3 +a " 'rcosb + ga_QrQ(S cos?f — 1) + @(&4 ~

1
—I—E(aQTQ — 7“4)(3 cos’ 0 — 1).

DellleHNeM BHEITHEN KPaeBOU 3a a4

Au=—f(r,0), D.={r>a},

= g(0),

rae f(r,0) = r~tcos?0, ¢(0) = cos 26 + cos ), aBIgeTca cyMMa pelIeHNN

(3.6.25) u (3.6.683)

Uu

u(r,0) = —gar_l +a’r2cosh + §a3r_3(3 cos?f — 1) + 6(a_1r_1 _ 7“_2)—|—
1 -2 -3 2
-I-E(T —ar~?)(3cos" 0 —1).

3agada 3.6.2. DemuTh KpaeBYIO 3a1ady IS YpaBHEHUSI JyacCoHA

Au = —f(r,0) ¢ 0IHOPOIHBIM KpaeBBIM ycloBeM u| = 0 BHyTpH mapa
D = {r < a} wmm Bre mapa D, = {r > a}.

1. f(r,0) =5r"cos 30, D,={r>a}.

2. f(r,0) =5r*cos 30, D={r<al}.

3. f(r,0)=3r""cos 20, D,={r>al.

4. f(r,0) =3r*cos 20, D ={r <a}.

5. f(r,0) =5r"%(cos 8 + cos 30), D, = {r>a}.

6. f(r,0) =5r%(cos § —cos 30), D={r<a}.

7. f(r,0) =9r"%2+cos 20), D.={r>a}.
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

f

r

8r(2 —cos 20), D= 1{r <al.

?

S~y

“(cos § —2cos 30), D.={r>al}.

r

?

S~y

r¥(cos 4 2cos 30), D ={r <a}.
(24cos ), D,={r>al.
2r(2—cos 0), D={r<a}.

r

?

r

S~y

?

f

r,

S~y

9 %cos 20, D.={r>al.
3r¥(sin? 0 +3), D={r<al.
3r~ (Cos 20 — 1), D.={r > a}l.
Or
or~

r

?

S~y

r

?

S~y

r

?

r

S~y

(cos 260 +2), D={r<a}l.

?

S~y

r (Cos 30 —cos 0), D.={r>a}l.

S~y

r*(cos 30 +cos ), D={r<al.
(3 —cosh), D,={r>al.
(2 —cos 20), D ={r<a}.

r

?

(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)
(r,9)

S~y

S~y

r

?

r

S~y

sin? 9, D.={r>al.
r’(3+cosf), D={r<al

?

S~y

r

?

S~y

Ycos 30 +2cos §), D,={r>al.

r

?

S~y

r

?

Sr-
9r%(cos 20 —3), D= {r <a}.
3r1(24sin* 0), D.={r>al.
(2+cos0) D ={r<a}.
13+ cos20), D.={r>al.
r*(cos 30 +cos 0), D= {r <a}.
(54cos ), D,=1{r>al.
=3r¥(cos 20 +3), D={r<al.

S~y

r

?

r

f
f

?

r

?

S~y

r

?

S~y

r

?

r

f

?
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3.7. MeTos KOHOPMHBIX OTOOpaXKEHUI peLLEHUS KpaeBbIX 3a/a
anst ypasHenus Jlannaca

Ounpepgenenne. Bzanmuo o1HO3HAUHOE 0TOOPAKEHIe OTHON ILIOCKON
obaactu D eBKINg0Ba IPOCTPAHCTBA HA APYTYIO (G HA3BIBACTCA KOHPOPM-
HbIM, €CIN OHO OCYHUIECTBIACTCA € MOMOIIBI HEMNPePBIBHON (DYHKIIN
w = f(z) 1 B Kax g0l ToUKe 06JaTaeT CBOUCTBAMU MOCTOAHCTBA PACTS-
JKEHNN U COXpaHEeHNsA yIioB [7].

Teopema 7.1. Besikas oqHoMMCTHASA (T.e. B3alMHO OJHO3HAYHAA) aHa-
ANTHYeCKas B OQHOCBI3HOU obaactn D QyHkmua w = f(2z) KOMILIEKCHON
nepemennonn z € €' copeprmaeT KoH(pOpMHOe oToOpazKeHne obaactu D € (
Ha obracTs f(D) Tou &e CBI3ZHOCTH.

Teopema 7.2 (npunyun coomeéemcmeus epanuy). DyCTb w = f(z) —
OTHOJINCTHOE KOH(POPMHOE 0TOOpaXKeHne o THOCBI3HON oO01acTn D ¢ rpaHn-
ment D Ha OTpaHIIeHHYIO O THOCBA3HYIO 061acTh G ¢ rpanunien 0G, rae 0D
1 OG — 3aMKHYTBIe KyCOUHO-TIagKie KOHTYpBI. Toraa f(z) HempepbIBHO
npogomKaeTcs Ha JD 1 ocyImecTBIIeT B3aIMHO OTHO3HAYIHOE 0TOOpaiKe-
HIle 3aMKHYTHIX o01acTeil D n G ¢ coxpaHeHIeM HAIpPaBIeHHA 06XoTa II0
TpaHMUIIe.

Teopema 7.3 (npunyun cummempuu). IycTb w = f(z) — ogHOIUCTHOE
KOH(OPMHOE 0TOOpaKeHne 0JHOCBA3HON obJacTu [) Ha OTHOCBA3HYIO 00-
macTh (G, a rparnna D conepXKUT TIpAMOINHENHBIN 0Tpe30oK I (min 1yry
OKPY2KHOCTI ), KOTOPBI 0TO6PaKaeTCsA B Y-IPAMOINHENHBIN OTPE30K NI
Iyry okpyxHOCTH. Tora CymecTByeT aHAINTHYCCKOe TpoJoaKeHne f(z)
B obaacTh D*, cuMMeTpudHyto obaactu D oTHocuTeabHO [, KoTOpOE CO-
BepInaeT KOH(pOpMHOe oToOpaxkeHue obaactu D* Ha G¥, cUMMeTPUYHYIO
obracTn G OTHOCUTETBHO 7.

Teopema 7.4. Dycrb f(z) = u(x,y) + iv(r,y) — ogHO3HAYTHASL, aHAII-
Tudeckas B obaactu D gyaxnusa, torga u(x,y) u v(zr,y) — rapMOHHUIECKHe

B D.

Teopema 7.5 (UHGaAPUGHMHOCTIL OMHOCUMEALHO KOHPOPMHBIE OMO-
opasrcenut). Dyctb u = u(x,y) = u(z) — TapMoOHIYeCKas B OJTHOCBI3HON
obractu D QpyHKINI n z = (W) — 0IHOJINCTHOE KOH(DOPMHOE 0TOOpazKe-
e obractun G Ha obaacts D. Torga caoxuas GyeKunt u = u(p(w)) —
rapMoHnvHa B G.
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3aMedaHue. 3ajatdy JenMaHa MOXKHO CBeCTH K 3agate [Jupuxie as
COTPAZKEHHON TapMOHIYIeCKON (pYHKINN v(z), T.K. 13 yeaoBui Komm-Dumva-
Ha CIeayeT

ou v z
8—7_1 z€aD % -edD g(z) = U(Z) zE@D_z{g(Z)ds
DermaeM 3aga1y Jupuxie
Av = 0, z€ l)7

o= J 9105

3aTeM IO I3BECTHON MapMOHNYeCKON QYHKINN v(x,Yy) HAXOAUM €€ COIP-

JKEeHHYIO
z

u(x,y) = /vxdy — vydx + const.

20

P pumep 3.7.1.Dantn o6pas G obractu D npu oTobpakeHnn w=w(z) :

1) D={z: z€€ Imz <2} npu orobpaxkennn w = (1 + i)z + 1;

2) D={z: z€€ 0<Rez< 2, Imz < 0} opu orobpaxernn
w=1/z;

3YD={z: z€ |2-3i| >3, Imz >0} npu orobpakennn w = 1/z;

4y D={z: zel 0<Imz—Rez < 2} upu orobpaxkennn w = 1/z.

Pewenue. 1) Jluneninas GyHKUNA W = az + b ocyImecTBIsgeT KOHPOPM-
HOe OTOOpazKeHIe pPacHIpeHHoN KoMILIekcHoill miockoctn @ = €U {oo}

na (. CoracHO MPUHINIY COOTBETCTBIA I'DaHMNII (Teopema 3.9) mpn xoH-

dopMHOM oTOOpaxkeHnn HaiieM obpas rpaHnusl AB obmactn D (cwm.
=t
Duc. 3.7.1 (a)). DapameTputdeckne ypaBHeHNA rpaHuisl AB : {z _ o Tae

napaMeTp ¢ m3MeHgeTCI oT +oo go —oo. Ob6pas rpamunsl A'B' @ w =
=(14+2)(t+22)+1=(t—=1)+2(t+2) = ult)+2v(t), T.e. mapamMeTpudec-
(T+i)(t+i2) + 1= (t = 1) +i(t+2) = u(t) +iv(t), T.e. mapamerp
u:t—

! !
Kue ypaBuenus A'B’ : e mo-npekKHeMy ¢ U3MeHIeTCAa OT 400

v=t4+2’
10 —oco. NeKIoany napaMeTp, MOIYIIM ypaBHeHHe OpAMONI v — u = 3.
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o
&

Puc. 3.7.1 (a).

Omeem. G ={w:w €l Imw-—Rew < 3},

2) Oyukuns w = 1/2 o61agaeT cIeIVOMNIMI CBOICTBAMIL.

a) dynxnng w=1/2 oaHoImcTHA B pacmmuperHoil miockoctn €'U{oc}=C
1 xKordopMHO oTobpaxaer € Ha €',

6) Oyuxuna w = 1/z ABIgeTCA CYNEPHO3UINEN CHMMETPHNI OTHOCH-
TeIBHO OKPYZKHOCTH €JMHITHOTO PAINyca ¢ HeHTPOM B Hadale KOODINHAT
(mHBepcHm) 1 CHMMETPUI OTHOCHTEIBHO NEHCTBUTEIBHON ocu: wy = 1/Z,
W = V_Vl.

Ounpepgenenne. [[Be TOYKU z] U Z9 HABBIBAIOTCA CUMMEMPUUHLIMUY (UH-
6EPCHLIMU) OTHOCUTEIBHO OKPYZAKHOCTH |z| = R, ecanm mexaT Ha OJHOM
Tyde, BRIXOIAMeM 13 Touku 2 = 0 u |z] - |22] = R?. DTu Toukn cBa3aHbl
cooTHomeHneM z; = R?/Zy = R%29/| 2|

B) Dpu oTobpaxkennn w = 1/z 06pa3oM J060N OKPYKHOCTH SABIACTCS
OKPYKHOCTDB, eCIN IPAMYIO JIMHII0 Ha pacImpeHHon miockoctn € pac-
CMaTPUBaTh KaK OKPYZKHOCTD, IPOXOIAIITYI0 Yepe3 6€CKOHeTHO yIaIeHHY IO
TOUKY 2z = 0OO.

r) Oyukuns w = 1/z cemenicrBo npsameix Re z = & = 1/2a orobpaxaer
B oxpyxHOCTH (U — a)? + v? = a? rae w = u + v, a ceMeilcTBO TPAMBIX

Im > = y = 1/2b oTobpazxaer B okpyxHOoCcTH u? + (v + b)? = b2,
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y @ 1 u @
W= —
0 EI a v
0 12a x
u
Yy 1
1/2b W= —
VA
— v
0 X
Puc. 3.7.1 (6).

Damgem o6pa3 rpaHuiel obractu D npu oTobpaxenun w = 1/z.

Yy

NG B 2 1 y W
0 2 X W = ; Zcr

/ — /
EYA B

7
/E/ “% /0 /y/2 i u

Puc. 3.7.1 (B).

Crauara pacCMOTpUM V'IaCTOK TI'PaHUOBI Ha ﬂefICTBHTeﬂbHOﬂ ocnu

BC:{x:t

y=0" napaMeTp ¢ uamenseTcs oT 2 1o 0. DapaMeTpudecKkue ypas-

U= 1/t , Tae 2 >t > 0, mpuieM nMeeT MeCTO COOT-

HeHUA obpaza B'C' : {

v =

BeTcTBUA TOdek B=2 & B'=12uC =0 & (C'=oc.

x=0

y=1"’

pameTp t MeHseTcs orT 0 10 —oo. DapamMeTputecKne ypaBHeHHs obpasa

cp U=
le=-1/t"

00Kk C =0 & C("=ccunu kb =00 & EF =0,

DapaMeTpudeckKne ypaBHeHus dacTu rpanunbl C'E : { rjae Ia-

rae 0 > t > —oo, nputieM UMeeT MeCTO COOTBeTCTBIE

['pannna AB npunaitexuT mpaMon x = 2. YuuTbiBag, 4To * = Re z,

3alllllleM 3TO ypaBHeHIEe B BIIE 5(2 + Z) =2 u 3amenum z = 1/w, rjae

wW=u-+v:
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Loy n=22= 1(1+1)—2$ Lw W) = 2ww =

1\2 1\2
= u:2(u2—|—02) = (u——) 1t = (—) .
4 4
Otcroga cregyeT, UTO mpaMad T = 2 0ToOpaxkKaeTCI B OKPYKHOCTD
1\? 1
(u — Z) 1t = (Z) . Oyaxnua w = 1/2 ABIgeTca KOMIO3UIUEN IBYX

OTOOpaKEHUN: CUMMETPHUU OTHOCUTEIbHO ¢IUHUYHON OKPYAKHOCTH U CUM-
MeTPHUI OTHOCUTEIbHO MEUCTBUTEIBHON OCH, CIeIOBATEIbHO, TOYKHU T'pa-
Hunbl AB, mexamue B Im 2z < 0 10MKHBI 0TOOpa3uTCA B BEePXHIOK MOTY-
mIockocTh Imw > 0, kak m3o6paxeno Ha Jduc. 3.7.1 (B).

Omeem. G ={w:w €l Rew>0, Imw>0, |w—1/4]>1/4}.

3) Dangem o6pas rpannusl obractn D npu otobpakennn w = 1/z (cu.

Duc. 3.7.1 (r)).

X 73 / ///

Puc. 3.7.1 (r).

r=t
DapaMeTpudecKle YPaBHCHNI JacTU IpaHunbl A B nMeioT Buj { y=0"
rge —oo < t < 0, ee obpas Tak Ke JIeKUT Ha ACHCTBUTEILHON OCH
A'B - { u = 1/t
v =
ToOdueK A= -0 & A=0uB=0 & B =—x.
Yacte rpanunst BC'E 3anaercsa ypaBuenueM |z — 3i| = 3 u oTobpaxa-

eTCs Ha KPUBYIO, olpefeadeMyl0 YpaBHeHIEM

, Tme —oo < t < 0, mpuieM UMeOT MeCTO COOTBETCTBUA

1 .
‘——3@' =3 & |1 -3iw|=|3w| & ‘w+3‘=IW|-
w 3
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DociaeqHee ypaBHEHIE 3a1a€T TEOMETPIIECKOE MECTO TOUEK KOMILICKC-
Holl mIocKocTn (€, PaBHOYIAICHHBIX OT ToueK —i/3 u 0, To eCTb IPAMYIO
Imw=-1/6.
r=t

y=0 rae 0 < t < +o00 orobpaxkaerca s B F'

Yacte rpannner EF : {

{u - é/t ,rae 0<t < +oo, npuiem F=0 < EF'=+occu F=4o00 < F'=0.
v =
DpuHNMas Bo BHIMaHNe OpUHINN cooTBeTcTBuA rpanni (Teopema 3.9)

¢ COXpaHeHHeM HallpaBIeHUs 00X0/a, TOLYIIM OTBeT.
Omeem. G={w:wel —-1/6<Imw <0}

4) Dangem obpas rpaHnusl obractn D npu oTobpakennn w = 1/z (cu.

Duc. 3.7.1 (x)).

Y v
O ® B ®

21

' u
E!

Bl‘
-1/2

Puc. 3.7.1 (a).

r =t

y=t’ —o0 < t < 400 oToOpa3uTca B Ops-

YacTs rpanunst ABC' : {

bt U =1/2t
MonABC.{U:_l/Qt,

KoopauHaT, npuieM A=oc <+ A'=0, B=0 < B'=00, (= < C'=0.

—o0 < t < 400, IPOXOIAIIYIO Yepes3 Havalo

Yacte rpannnusl FFH — npavas, 3alaHHasg ypaBHeHHeM Yy — r = 2.
YunteiBasg, 9To y = Imz m x = Rez, 3anumem >To ypaBHeHUe B BUIe

1

2—(2 —Z) — 5(2 + Z) = 2. DangeMm o6pa3 >TON OPIMOI IPH OTOOPAKEHII
i

w=1/z

1 (l_l)_l(l+l):2 & (W) - (Ftw) = 2w

2i\w W 2\w W 21 2

& —v—u=20u’+v}) & (u—l—l)Q—l—(U—l—l)Q—1
B 4 1) &
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DTO OKPYAKHOCTD € HeHTPOM B Touke —(141)/4 pamyca v/2/4. Dpunn-
Mas BO BHIMaHIE IIPUHINI COOTBETCTBUA IPAHIIl ¢ COXpaHeHIeM HaIlpaB-
JTeHNsA 00XoJa, MOLYTIIM OTBET.

Omeem. G ={w:w el |w4 (14+1i)/4] > v2/4, Imw+ Rew < 0}.

3aga4a 3.7.1. Dantu o6pas G obaactu D npu oTobpaxkernn w=w(z).
1. ) D={z:z2€ Rez>1}, w=(14i)z+1;

2)D={z:z2€l 0<Rez<1/2, Imz>0}, w=1/z.
2. ) D=A{z: 2z Imz>1}, w=(2-1i)z+1;

2 D={z:z2€e 0<Imz<1l, Rez>0}, w=1/z.
3. 1) D={z:2€C€ Rez< -1}, w=(1-10)z+1;
D={z:2€elC —-1<Rez<0, Imz>0}, w=1/z.
4. 1) D=A{z: z€€ Rez<2}, w=(1+i)z+1;
D={z:2z€eC |z—i|>1, |z-2i| <2}, w=1/z.
5. ) D=A{z:z€e Imz< -1}, w=(2-10)z+41;
D={z:z€elC |z-1|>1, |=-2|<2}, w=1/z.

D={z:2€elC —-1<Rez<0, Imz<0}, w=1/z.

7. 1) D=Az:z€ Imz>1}, w=2+1)z+1;
D={::ze€C 0<Imz<1/2, Rez<0}, w=1/z.
8. 1)D={z:2€C Rez< -1}, w=(1+4+0z+1;

2)D={z:z€ |z41i|>1, |z4+2i <2}, w=1/z.
9. ) D={z: 2€C Rez<2}, w=(1-10)z+41;
D={z:2€€ 0<Rez<l1l Imz>0}, w=1/z.
10. 1) D={2:2€€ Imz< -1}, w=(1+2i)z+1;

)
)
)
)
)
)
)
)
)
6. 1) D={z:2€C Rez>1}, w=(1-10)z+1;
)
)
)
)
)
)
)
)
2)D={z:2€l O0<Rez+Imz<1}, w=1/z
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:2€C Rez>1}, w=(142i)z+1;
cz€eC |z4+1>1, |242|<2}, w=1/z.
cz€eC Imz>1F, w=(1-2i)z+41;
c2€C —1<Imz<0, Rez>0}, w=1/z.
:2€C Rez< -1}, w=(1-20)z+41;
:2€C —1<Rez4+Imz<0}, w=1/z.
:2€C Rez<2}, w=241i)z241;
c2€C 0<Imz—Rez<1}, w=1/z.
cz€C Imz< =1}, w=(1+0z+41;
c2€C —1<Imz—-Rez<0}, w=1/z.
:2€C Rez>1}, w=(1-2i)z+1;
cz€e@ |z—il>1, Imz>0}, w=1/z.
cz€eC Imz>1F, w=(142)z+41;
c2€C —1<Imz<0, Rez<0}, w=1/z.
:2€C Rez< -1}, w=(1+42)z+1;
:2€C 1<Rez<2, Imz>0} w=1/z.
:2€C Rez>2}, w=2-i)z24+1;
cz2€e€C |z=1>1, Rez>0}, w=1/z.
cz€eC Imz< =1}, w=(1-0z41;
cz€e@ |z=2i>2, Imz>0}, w=1/z,
:2€C Rez>1} w=241i)z4+1;
2@ |z=2>2, Rez>0}, w=1/z.
cz€eC Imz>1F w=(141i)z+1;
cz2€e€@ |z4i>1, Imz< 0}, w=1/z.
:2€C Rez< -1}, w=2-1i)z2+1;
2z €@ |z42i>2, Imz< 0}, w=1/z,
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24. 1) D={z: z€l Rez>2}, w=(1-2i)z+1;

D={z:2€elC -2<Imz<-1, Rez>0}, w=1/z.

25. 1) D=A{z:z€C Imz< -1}, w=(2+4i)z+1;
D={z:2€lC 2<Rez<4, Imz>0}, w=1/=z.

26, 1) D={z:z€C Imz>1}, w=(1-1i)z+4+1;
D={z:2€elC —-1<Rez4+Imz<1}, w=1/=z.

D={z:2z€l |z24+1]>1, Rez<0}, w=1/z.
28 1) D={z:z€ Imz< -1}, w=(1-2i)z+1;
2) D={z:2€€ O0<Rez<l1l, Imz<0}, w=1/z.

2. 1) D={z: 2€€ Rez>2}, w=(2+1i)z+1;
2)D={z:z2€ |z4+2]>2, Rez<0}, w=1/z.

)

)

)

)

)

)

27. 1) D={z: z€€ Rez>-1}, w=(1+0)z+1;

)

)

)

)

)

30 1) D={z:z2z€C Imz<2}), w=((2—-1i)z+1;
2)D={z:z2€e 0<Imz—-Rez<1}, w=1/z.

P pumep 3.7.2. Dantn apobHO-THHENHYIO QYHKINIO W = W(2), KOH-
popMHO oTOOpaKaoINyo 061acTh [ Ha obdacTh G U VIOBICTBOPSIIONIYIO
TOTIOJHUTETBHBIM VCIOBUAM:

)D={z: z€el |z|<1l}, G={w: wel Rew< -1},
w(i) = -1, w(0)=-2;

2) D={z: z€l Rez>0, Imz2<0}, G={w: wel |w| <2,
Imw >0}, w(0)=-2, w(—i)=0;

3) D={z: z€C Rez<0, Imz>0}, G={w: wel |w|<l1,
Imw > Rew}, w(0)=+2(1+14)/2, w(-1)=0.

Pewenue.

Onpepenenne. OyHKIUA
b
W:%, rme ¢ # 0, ad—bec+#0,

Ha3BIBACTCI dPOOHO-AUHETIHOT.
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IpobHo-TuHeNHAS (PYHKINA 00IagaeT CIeTYIOMUMI CBONCTBAMI.

a) [pobHo-iuHenHas (GYHKIISA OCYIIeCTBIACT B3ANMHO-OTHO3HAYHOE
(ogHOMICTHOE) U KOHPOPMHOE OTOOpakKeHUe PaCIIIpPeHHOU KOMILIEKCHON
niockoctn € = C'U {oo} na (.

6) IpobHo-1nHeNHAA PYHKIISL 0TOOPaKaeT OKPYKHOCTH B OKPYKHOCTS (ec-
U CIUTATH IPAMYTO THHUK OKPYKHOCTBIO 6€ CKOHEYHO GOIBIION0 PaIImyca ).

B) [IpobHOo-IuHeNHAA QYHKINA He U3MeHsAeT IBOMHOe OTHOIIEHIe TIOBIX
MOTMAPHO PABINIHBIX TOUEK.

Ounpepgenenne. /J60tiHbiM (AH2APMOHUNECKUM) OMHOULEHUEM T THIPEX

TOYEeK 2, 21, 29, £3 Ha3bIBacTCA BbIpaXKeHUE
L — 29 L — Z3

: : (3.7.1)
21— R9 X1 — X3

1) Bocmoap3yeMmcst 3TUMI CBONCTBAMII IIPU PEIICHII TIePBON 33,14,

DycTh ToUKa 2 = i oTobOpaKaeTcsa B TOUKY w; = w(i) = —1, a Touka
29=0 ¢ wy=w(0) =-2.

Dpu APOOHO-TNHETHOM OTOOPaKEHNU Hapa TOUYeK, CUMMETPUYHBIX OT-
HOCHTEIBHO OKPYZKHOCTH (ILIN IPAMON ), IEPEXOAUT B Hapy TOUYCK, CIMMeT-
PUYHBIX OTHOCUTEIBHO 06pasa 3TOM OKPYKHOCTH (ILIN IPAMON). DaccMOT-
PUM TOUKY 23 = OO0, CHMMETPUIHYIO TOUKe 29 = () OTHOCUTETbHO TPAHUIIHI
|2] = 1 obmacTu D.

Y v
1_/// @ w=w(z) D)
— b
//—1 0 1 X 2 —1/0 u
Z
Puc. 3.7.2 (a).

Touka z3 = 00 JOMKHA 0TOOpaKATHCA B TOUKY Wy = w(oo) = 0, cum-
MEeTPUIHYIO TOUKe Wy = —2 OTHOCHUTeIbHO I'paHuilbl Rew = —1 obxactn
G (cm. Duc. 3.7.2 (a)).

DPeaNnoJoKIM, ITO TOYKa 7 — IPOU3BOJIbHAI To4uka obgacTu D, a w
— ee ob6pa3, TOTJAa [O CBONCTBY COXpaHEHNsA ABOMHOIO oTHomreHuns (3.7.1)
IO.LY IIM

Z—O‘Z—OO W—I—Q‘W—O

i—0 i—0c =142 —-1-0
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Docae mpeodPa3oBaHUA >TOT0 BBIPAKEHUA MOJYHYUIM HCKOMOE OTOOpa-
JKeHue

w+2 oz 2
—_— = & W= - .
w ? 1z —1
Omeem. w=2/(iz — 1).
2) Dycrk Touka z; = 0 orobpamkaerca B Touky w; = w(0) = =2, a
TOUKa 29 = —i <> W9 = w(—i) = 0. 3aMeTuM, 9TO CBONCTBO COXPaHCHIS
yraoB B Touke 21 = 0 m w; = —2 BBITOJHAETCA.

y @ w=w(z) v ‘s @)

Puc. 3.7.2 (6).

DoTpebyeM, ITOOBI TOUKaA 23 = OO OTOOpakKalach B Wy = w(oo) = 2
(cBOMCTBO COXpaHeHNA YIIOB Oy 16T BBIIOTHEHO). ckomas 1pobHO-TnHeTHAA
(PYHKIINA HAXOIUTCA U3 CBOICTBA MHBAPUAHTHOCTHU JIBOUHOTO OTHOINICHUS
MOTIAPHO Pa3JIMTHBIX 9eTBIPEX TOUCK Z, 21, 29, 23 (3.7.1)

z+1 z—o0 w—-0 w-—2 z+1 2w 2(z +1)

0+7 0—o00 —2-0 -2-2 1 W — 2 z—1

Omeem. w=2(z+1)/(z —1i).

3) Beibepem Tpu Toukm z; = —1, 2y = 0, z3 = o0 Tax, ITOOBl IpH
mocTe10BaTeIbHOM 06X0Me BIOJb TPAHUIBI 001acTh [) ocTaBarach CleBa.
DoTpebyeM, 9TO6BI IpOOHO-THHENHAA QYHKINI W = W(z) 0TO6pa3mIa 5TI
Touku B wi = 0, wy = \/5(1 +1i)/2, wg= —\/5(1 +1)/2 = —wy (cM. Duc.
3.7.2 (8)).
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y, @ vt @
V2 (1+1)/2

X //71 1 H
-1 0 X VI (1+1)2
o /

Puc. 3.7.2 (B).

3aMeTHIM, UTO CBOHICTBO COXPaHCHNS YINIOB B YIMIOBBIX TOYKaxX OyJeT

BBITTOIHEHO. BOCHOIb3yeMca NHBAPUAHTHOCTBIO IBOIHOIO OTHOIIEHNS I10-
MapHO Pa3JMYHBIX 9eTBIPpEX TOUCK Z, 21, 29, 23 (3.7.1)

2 —0 2—00 @ W—Wy W+ Wy (W — wo )Wy 241

: = : = = & = .
—1-0 —-1—-00c 0—wy 04wy - Wo (W 4 wy) WEWTT

V2(1+i) 2+1
2 11—z

Omeem. w =

3aga4da 3.7.2. DanTn Apo6HO-IMHENHYIO (QYHKINIO W = W(z), KOH-
popMHO oTOOpaKaoINyo 061acTh [ Ha obdacTh G U VIOBICTBOPSIIONIYIO
JOTIOJHUTETBHBIM VCIOBUM.

I. ) D={z:z€ Imz>1}, G={w:wedl |w|<2},
w(i) =2, w(2i)=0.
2) D={z:z2€d Rez>0, Imz>0},
G={w:wel |w|<2, Imw>0},
w(l) =0, w(0)=-2.
2. ) D=A{z:z2€ Rez>1}, G={w:wel |w|<2}
w(l)=2i, w(2)=0,
2) D={z:z2€ Rez<0, Imz <0},
G={w:wel |w|<3, Rew>-Imw},

w(—1) =0, w(0)=3v2(1—1)/2.
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)D={z:2z€C |z|<1l}, G={w:wel Imw<1},
w(0) = =2i, w(l)=1.

2) D={z:z2€d Rez>0, Imz <0},
G={w:wedl |w|<4, Rew>Imw},
w(l) =0, w(0)=—-2v2(1+1).

)D={z:2z€C |z|<1l}, G={w:wel Rew>1},
w(0) =2, w(l)=1.

2) D={z:z2€ Rez<0, Imz>0},
G={w:wedl |w|<5 Rew >0}
w(=1)=0, w(0)= -5,

)D={z:z2€C |z|<3}, G={w:wel Imw>2},
w(0) = 4i. w(3i) = 2i.

2) D={z:z2€d Rez>0, Imz>0},
G={w:wel |w|<1l, Imw<O0},
w(i) =0, w(0)=-1.

)D={z:2€C Imz>2}, G={w:wel |w|<2},
w(2i) = 2. wi(4i) = 0.

2) D={z:z2€ Rez<0, Imz <0},
G={w:wedl |w|<2, Rew <0}
w(=1)=0, w(0)= -2,

1)D={z:2€C€C Rez>1}, G={w:wel |w|<3},
w(l)=3i, w(2)=0,

2) D={z:z2€d Rez>0, Imz <0},
G={w:wedl |w|<3, Rew<Imw},
w(1) =0, w(0)=3v2(1+1i)/2.

D={z:2z€C |z|<2}, G={w:wel Imw< -2},
w(0) = —4i, w(2) = —2i.
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2) D={z:z2€ Rez<0, Imz>0},
G={w:wel |w|<4, Rew< —Imw},
w(=1) =0, w(0)=2v2(-1+1).
9. 1) D={z: 2z € |z|<2}, G={w:wel Rew> 1},
w(0) =2, w(2)=1.
2) D={z:z2€d Rez>0, Imz>0},
G={w:wel |w|]<5 Rew>-Imw},
w(i) =0, w(0)=5v2(1-1i)/2.
10. )YD=A{z:z€e |z]>2}, G={w:wel Imw> 3}
w(oo) = 6i, w(2i) = 3i.
2) D={z:z2€C Rez<0, Imz <0},
G={w:wedl |w|<1l, Rew>Imw},
w(=1) =0, w(0)=+2(1+1i)/2.
11. ) D=A{z:z€el Imz>3}, G={w:wel |w|<2}
w(3i) =2, w(6i) = 0.
2) D={z:z2€C Rez>0, Imz <0},
G={w:wedl |w|<2, Rew >0},
w(—i) =0, w(0)=2i.
12. ) D={z:z2€C Rez>2}, G={w:wedl |w|<3},
w(2) =3i, w(4)=0,
2) D={z:z2€C Rez<0, Imz>0},
G={w:wedl |w|<3, Imw>0},
w(—1)=0, w(0)=3.
13. )D=A{z:z2€e |z]<3}, G={w:wel Imw< —4},
w(0) = —8i, w(3) = —4i.
2) D={z:z2€C Rez>0, Imz>0},
G={w:wedl |w|<4, Rew <0},
w(l) =0, w(0)=—4,
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14.

15.

16.

17.

18.

19.

)D={z:z2€C |z|<3}, G={w:wel Rew>2},
w(0) =4, w(3)=2.

2) D={z:z2€C Rez<0, Imz <0},
G={w:wedl |w|<5 Rew>0},
w(=1)=0, w(0)= 5,

)D={z:z€C |z|<1l}, G={w:wel Imw>2},
w(0) = 4i, w(i) = 2.

2) D={z:z2€C Rez>0, Imz <0},
G={w:wel |w|<1l, —Rew>Imw},
w(l) =0, w(0)=+v2(-1+1)/2.

)D={z:2€C Imz>1}, G={w:wel |w|<3},
w(i) =3, w(2i)=0.

2) D={z:z2€C Rez<0, Imz>0},
G={w:wel |w| <2, Rew< —-Imw},
w(=1) =0, w(0)=+2(=1+1).

1)D={z:2€C€ Rez>3}, G=A{w:wel |w|<2},
w(3) =2i, w(6)=0.

2) D={z:z2€C Rez>0, Imz>0},
G={w:wedl |w <3, Rew< —Imw},
w(l) =0, w(0)=3v2(1-1)/2.

D={z:2z€C |z|<2}, G={w:wel Imw< -4},
w(0) = —8i, w(2) = —4i.

2) D={z:z2€C Rez<0, Imz <0},
G={w:wel |w|<4, —Rew>Imw},
w(—1) =0, w(0)=2v2(1—1).

)D={z:z€C |z|<4}, G={w:wel Rew> 3},
w(0) =6, w(4) = 3.
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20.

21.

22.

23.

24.

2) D={z:z2€C Rez>0, Imz <0},
G={w:wedl |w|<5, Rew <0}
w(l) =0, w(0)= 5.
)D={z:z€l |z|<4}, G={w:wel Imw>3},
w(0) = 6, wi(4i) = 3.
2) D={z:z2€C Rez<0, Imz>0},
G={w:wedl |w|<1, Imw <0},
w(i) =0, w(0)=1.
)D={z:2€C Imz>2}, G={w:wel |w|<3},
w(2i) = 3, wi(4i) = 0.
2) D={z:z2€C Rez>0, Imz>0},
G={w:wedl |w|<2, Rew>0},
w(l) =0, w(0) =2,
1)D={z:2€C Rez>4}, G={w:wel |w|<3},
w(4) =3i, w(8) =0,
2) D={z:z2€C Rez<0, Imz <0},
G={w:wedl |w|<3, Imw<O0},
w(—1)=0, w(0)=3.
)D={z:z€C |z|<3}, G={w:wel Imw< -2},
w(0) = —4i, w(3) = —2i.
2) D={z:z2€C Rez>0, Imz <0},
G={w:wel |w| <4, Rew< —-Imw},
w(1) =0, w(0) =2v2(—1+1).
)D={z:z2€C |z|<3}, G={w:wel Rew>d4},
w(0) =8, w(3) = 4.
2) D={z:z2€C Rez<0, Imz>0},
G={w:wedl |w|<)5 Rew<Imw},
w(—1) =0, w(0)=>5v2(1—1)/2.
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25.

26.

27.

28.

29.

30.

)D={z:z2€C |z|>3}, G={w:wel Imw<4},
w(oo) =0, w(3¢) = 4i.

2) D={z:z2€C Rez>0, Imz>0},
G={w:wel |w|<1l, Rew<Imw},
w(l) =0, w(0)=v2(-1+1)/2.

)D={z:2€C Imz>-1}, G={w:wedl |w|<1},
w(—i) =1, w(0)=0.

2) D={z:z2€C Rez<0, Imz <0},
G={w:wedl |w|<1l, Imw>Rew},
w(—i) =0, w(0)=v2(1-14)/2.

1)D={z:2€C Rez<2}, G=Aw:wel |w|>1},
w(2) = -1, w(0) = 0.

2) D={z:z2€C Rez>0, Imz <0},
G={w:wedl |w|<1, Imw <0},
w(—i) =0, w(0)=1.

)D={z:2z€l |z|>1}, G={w:wel Rew< -1},
w(l) = -1, w(co)=-2.

2) D={z:z2€C Rez<0, Imz>0},
G={w: wedl |w|<1l, Rew <0},
w(=1)=0, w(0)=1.

)D={z:2€C Imz<1}, G={w:wel |w|>1},
w(i) =1, w(0)= o0,

2) D={z:z2€C Rez>0, Imz>0},
G={w:wel |w|<2, Imw>Rew},
w(l) =0, w(0)=+2(-1-1).

1)D={z:2€C Rez<1l}, G=A{w:wel |w|>2},
w(l) =2i, w(0)=oc.
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2) D={z:z2€C Rez<0, Imz <0},
G={w:wedl |w|<2, Imw >0},
w(—1)=0, w(0)=-2.

P pumep 3.7.3. DanTn Kakyo-1m60o GyHKINIO W = W(2), KOHQOPMHO
oTobpaKaryio 061acTb D Ha noaymiockocTb G={w: w € ' Imw > 0}:

)D={z:2€C€ Rez>0, z¢[i,i+2], 2¢[3+1, +o0+1]};
2YD={z:z2€el z¢{|lz|=1, Imz—Rez<0}}.

Pewenue. Crenennas ¢pyuknua w = 2", n €N ob1agaeT cJIeIyIOMINMI
CBOIICTBAMII.

a) CremenHas QyHKINA OAHO3HAYHA 1T AHATITIYHA B PACIIIPEHHON KOMII-
mexcHon maockocTn @ = C'U {0},

6) Ob6macTaMm OJHOINCTHOCTH ABIAKTCA KINHBbI Dj = {z: zeq

2rk 2m(k +1 -

—<argz < Q}, k= 0,n— 1. Kaxnas uz obaacten D oTobpa-
n

KaeTcs Ha IIOCKOCTD € Pa3pe30M I0 MOJOKNTEeIbHON IeNCTBUTEILHON OCH

G={w:wel w¢][0,]}, ecan cunTaTh NTaBHOE 3HAYMECHNE apIyMEHTA

ompeneleHHBIM B npefnerax (0 < arg z < 27.

B) B Touke z = 0 HapymaeTcs JoKaIbHaAsA OTHOJIICTHOCTH, T.K. €€ IPO-
m3BoHAA W = nz""! o6pamaeTca B HOIb (Touka z = 0 — ToYKa BEeTBICHNA).

B qacTHOCTH QyHKINA W = 2% 0IHOIICTHO U KOHPOPMHO 0TOGpaKaeT
obmactu Dy =4{z: 2€C€ Imz>0}uD={z: z€C Imz <0} na mioc-
KOCTH € pa3pe3oM 10  MOJOKHUTEIBHON  JelCTBUTEILHON  OCH

= {w: w w o0|}. CooTBeTCTBEHHO OMHO3HAYHAA HY-
G e 0, C 3

JeBasg BeTBb KBaJPaTHOT'O KOPHA 2z = W = \/|W|elargw/2 oToOpakKaeT
G wa Dy, a ogHO3Ha4YHAasA MepBasg BeTBb KBAJIPATHOT'O KOPHA 2 = W =

= /|w]| e (e v+2m/2 gro6pamaer G Ha D,

1) DaccMOTPUM KOMIO3UIIIO OTOOpasKeHI Wi = (2 —i), wo = (2 —i)%,
W9 — 9

W3 = W = /W3, KoTopasd IpejcTaBlIeHa Ha Juc. 3.7.3 (a), rge moa
; p p ;

’
Wo — 4
CIIMBOJIOM \2/_ IIOHNMaeTCA HYJeBad BeTBL KBaJPaTHOI'O KOPHA.

132



7
0l 1 23 X 0l 123 ol 4 9 u,
W9 — 9
W3 = v W = JW3 y
A ®
— — @
0 75 20 u
Puc. 3.7.3 (a)
z—1)2=9
Omeem. w = °* ( :
\I (z—1)2—4
2) Cradala HangeM APOOGHO-IMHENHYIO (QYHKIO, 0TOOPAKAIIYIO OK-
pyXKHOCTH |2| = 1 Ha menicTBUTeIbHYIO 0ch ImW = 0 Tak, 9TOOB TOYKH
21 = —V2(1+4)/2, 2 =1, 2z3 = V2(1 +4)/2 oTo6pasmmncs coot-
BEeTCTBEeHHO B Toukn w; = 0, Wy = 1, w3 = oo (cm. Duc.3.7.3 (6)).

Bocnoabsyemcs ¢cBouCcTBOM ApoOHO-THHeNHON (HYHKIUN COXPAHATDH JBOI-
HOe OTHOIICHIIE TTONAPHO PAa3JIMYHBIX 9eTBIpeX TOUeK Z, 2, 29, 23 (3.7.1)

=]1-w &

z—1 z-2z w—1 w—o z—1 221
00—

—=1"2,—23 0-=1 21—1‘z—|—21

(2 —21)(z1 4+ 1)
(z+21)(1—21)

& W
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y

Y2 (1+1)/2

/; VT (1+1)2 .
jl X
W= VW
1] — v
@ W
0 1 u 20 u
Puc. 3.7.3 (6).

[ajgee npuMeHdeM HYIeBYIO BeTBb KBaAPaTHOI'O KOPHI W
= /W] e!®8%/2 rre 0 < arg W < 27. OKOHYATETBHO TIOTyaeM

Omeem. w = 2\]

(= + VE(L+ 0)/2)(L = VE(L+)/2)

(= -

V2(1+i)/2)(1+ V2(1 +1i)/2)

\2/%

3agada 3.7.3. DalTn Kakyo-In60 QYHKINIO W = W(z), KOHGOPMHO

oTobpaxkaroryio obracts D Ha moaymaockocts G={w: w € €' Imw > 0}.

CuMBOIOM [z, 29] 0603HATAETCA OTPE30K MPIMOU, COEAUHARONINNI TOYKN 2]

i Zo.
1. D={:z
2. D=A{z
3. D=1{z
4. D=A{z
5. D=1z
6. D={z
7. D=1z
8. D=1z
9. D={z

10. D={z
11. D={z

2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el

Imz >0, z¢&][1,1+i]}.

- ¢ 0.1}

S [-o00], = ¢ [L+oc]}.
g {]e=1. 0<arg:<r)).
g el =1, |age| < 7/2}}
Rez <0, z¢&[-1414,i]}.

- g [0.1])

¢ [—i00,0], = ¢&[i,+icc]}.
Rez <0, z¢&[-00,-2], z¢[-1,0]}.
Imz >0, z¢&]0,i], z¢][2i,+icc]}.
Imz<0, z€[-1,-1—-1]}.

134



12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z
D={:z

2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el
2z el

S g [-1.0))

2@ [—oo—1), = ¢ [0, 4]},

2 ¢ [0,v2(1 +14)/2]}.

zg€{|z|=1, —rm<argz<0}}.

Rez >0, z€li,1+1]}.

- g [ 0]).

z & [—ico,—i], z & [0,+ic0]}.

z€{|z|=1, Imz—Rez>0}}.
z€{|z|=1, Rez<O0}}.

Imz—Rez>0, z¢[0,V2(=1+1i)/2]}.
Imz <0, z¢&[—ico, =2¢], z¢&[-i,0]}.
2[00 —1i, —i], z&[l—1i, +oo—1i]}.

Re >0, z2¢][0,1], z¢][2, +o0] }.

Imz>0, 2¢[1,14+4, z&[1+4+2¢ 1+ic0]}.
Imz+4+Rez>0, z¢[0,V2(1+1i)/2]}.

2 €0, V2(=141)/2] ).

z€{|z|=1, Rez+Imz>0}}.

Rez <0, z2¢[-0c0—1,=2—1], 2¢[-1—1, —1] }.
zg[1—ioco, 1], z¢&[1+1, 14+ ic0]}.

P pumep 3.7.4. DanTn Kakyo-1m60 GYyHKINIO W = W(2), KOHQOPMHO

oToOpaxKaroIyo obdracTs DD Ha obaacTh G :

1) D=A{z: €l

2)
3)

1)

G={w:weCl
D={z:z€C
G={w:weCl
D={z:
G={w:
D={z:z€C
G={w:weCl

—2<Imz—Rez < -1},

lw| <1, Imw>0};
—2<Imz< -1, Rez <0},
|lw| <1, Rew <0, Imw > 0};

2EeQ |241—-1i>V2, |z+2-2i] <2V2},
wel Rew<0, Imw<O0};

2+ 1| >1, |24+2| <2, Imz <0},
|lw| <1, Imw > 0};
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5 D={z:2€€ |z+1+i>V2, Rez+Imz <0},
G={w:wel Rew<0, Imw<O0}.

Pewenue. Poxazarerbias GyHKINT w = e° = e’e” = e”(cosy +isiny)
obIagaeT CIeIYIOMUMI CBONCTBAMI.

a) PokasarerpHas QyHKONA oJHO3HauHa 1 aHainTudHa B () 2 = o0
ABIACTCA CYIIeCTBEHHO 0COOON TOYKOLL.

6) Ob6racTAMH OJHOINCTHOCTH ABIAIOTCA mojockl Dy = {z : 2z € €
27k < Imz < 2n(k+ 1)}, k € Z Kaxgas us obracten Dy oTobpaxa-
eTcsA Ha ILIOCKOCTH € Paspe3soM IO IMOJOKUTEIbHON JeHCTBUTEILHON OCH
G={w:wel w¢][0,x]} CooTBeTCTBeHHO KaiKIas OTHO3HATHASI
BeTBBb OOpaTHON QyHKINn z = Lnw = In |w| + i(argw + 27k), k € Z (npn
dukcunpoBanHoM k) oTobpaxaer G Ha Dy, ecan cunTaTh TIABHOE 3HAYTCHIE
apryMeHTa ompeeleHHBIM B npegesax 0 < argw < 27.

B) Ppavas Rez = & = a B obractu Dy, oTo6pakaeTcsa B OKPYKHOCTD C
BBIKOJIOTON ToUYKon |w| = e, Rew # e a npsavas Imz =y = b B obracTn
Dj. oTobpaxkaeTca B IVI W = exeib, -0 < xr < +00.

1) Pacemorpum xommosnunio orodpaxernni (cm. Puc. 3.7.4 (a)). Cha-

™2

Jaga MPUMEHNM JHHeIHOe 0ToOpaKeHne Wi = (z + Qi)e_m/4T — ¢ABUC

Ha 27, IOBOPOT BOKPYT Havdala KOOpPAUHAT IO YaCOBOU CTpelKe Ha YOl
7/4 u pacTazenne ¢ koaduunenTom 7v/2/2.

Yy , 2
® @ w; = (z+ 2@')6_”/4% v, @
L — 7 in/? —
NS NN i F E
N
A B C
79 t
Wo — 1
W= 1
w
@ <—2> v @
/ &7
B' ' .,A" B" C{/
NIANNNN e N YA/

Puc. 3.7.4 (a).
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3aTeM IpUMeHIM IoKa3aTeIbHyI0 PYHKIN Wy = V1, KoTopad 0oToOpa-
KaeT npamyio ABC B aya A'B'C', a wacts rpannust EFH B aya E'F' H'.
Pocaenaee npobHO-1HHEenHOE 0TOOpakeHne w = (wg — 1)/(wy + 1) oTo6pa-
KaeT Toukn H' = A' =0, B' =1, (' = F' = 00 COOTBETCTBEHHO B TOYUKH
A"=—1,B"=0,C" = 1.

B nTore noxytaem
exp[m(1 —i)(z+2i)/2] -1
exp[m(l —i)(z +20)/2]+ 1

2) PaccMoTpuM KOMIO3UINIO 0TOGpaKeHNN, M306pakeHHY Ha Pic.

Omeem. w =

. N
3.7.4 (6). CrHauara OpUMEHIM JINHENHOe oTobpaxkeHme wi = (2 + 3@)5 —
CABUT Ha 3i, pacTsaKeHne ¢ KodhuuueHToM 7 /2.

N
wy; = (2 +3i)=
@ 2
y — U W)
p 0 X g v
72 k Ui
, 4 Blins
_21- /s
/ 0 u,
— oM
w=e v ®
—
E=A'
u
Puc. 3.7.4 (6).

3aTeM IpUMEHIeM MoKa3aTeTbHYI0 PVHKINID W = "', YacTb rpaHulibl
AB oTobpakaeTcs B TOYKH Jy4a, apyMeHThI ¥ KOTOPBIX PaBHBI 7 /2, nen-

cTBUTeIbHO, AB : {Ul :7;/2, o <t <0 o AB : ow = el
U =
—oo <t < 0.
Orpesok BC oTobpa3uTcsa B TOUKN eINHUYHOU OKpyXKHOocTH — BC' :

=0 .
{gl . /2 <t< 7w & BC: w=¢" 71/2 <t < 7 Orpesox
1:

U = t
5 0>t > —x OTO6pa31/ITCH B TOYKHM JyYa, Y KOTOPBIX

C’E:{
V1 =7

apryMeHTHI paBHEI T < C'E': w=ele'™, 0>t > —oc.
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B pesyabTaTe moxydaem

Omeem. W = exp ((z + 3@)%) :

3amedanue. Poaydennoe BeIpakeHne MOKHO MTPeoOpPa3oBaTh

S 6(z—|—3z)7r/2 — 6Z7T/2€Z37T/2 — —iGZF/Q.

OTCIO,H& creayer, tI’l"Oﬂ_MO}KHO OBLIO paccCMOTpPETh CICAVIOITYIO KOMITIO3HUIIIIO

OTOOpaKeHN: Wi = 52, Wy = eV, W = —IWs.

3) PaccMoTpuM cieqyoImyo KOMIO3NINIO 0TOOPaKeHNN, M306paKeH-
uyio Ha Puc. 3.7.4 (B). CHavara mpomsBegeM MOBOPOT BOKDYT Hadasa

—im/4; . 3arem mpuMe-

KOODIUHAT 0 YacOBON CTpelke Ha yroa w/4 wy = e
HUM (DYHKINIO Wy = 1/wWy, pacTsaxeHne ws = 227wy U mOKa3aTeIbHYIO

GYHKIIIO W = exp (W;3).

. 1
y @ wip = e "/t Wy = —
Wi
2 — —
A7
/
21
A 52 /0 X
wy = 2v/27ws w=e"?
) ® Us Wy «— v W
7/
o ... . u o, ... U 0 u
vyt _in/2) 3

-i2Y27, 777 7

Puc. 3.7.4 (B).

B nTore nmoxyvuaem .
2\/%6”/4) (%(1 + i))
— | =exp | ————| .

Omeem. w = exp
2 2
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3amedanue. MoxHO 66110 OB 001aCTE D 0TOOPa3uTh Ha moaocy {w :
wel —m<Imw<—7/2} ¢ moMomBbO APOOGHO-TUHENHON (DYHKIIII, UCTOTb-
3yA CBOWICTBO COXPAaHEHUSI IBOMHOTO OTHOINEHUSI HeThIpeX Todek. Pampn-
Mep, 0TOOPa3uTh TOUKN 21 = 44, 29 = —4, 23 = —2 B Toukn W = —7(1+41),
Wy = (1l —1i), Wy = —im/2.

4) PaceMoTpuM CIeAVIONIYI KOMIO3ULINID OTOOPaZKeHNIl, N300pakKeH-
ayto Ha Puc. 3.7.4 (r). Cravara npumennM GyHKImo wy =1/z, 3aTem mpo-
m3Be1eM ¢ ABur Moaymoaocsl {wy: w1 €C —1/2<Rew;<—1/4, Imw;> 0}
BIpaBo Ha 1/2, MOBOPOT BOKPYT HAYAIA KOODAUHAT IPOTUB TaCOBOI CTPe.-
KNI Ha yTrold 7/2 U pacTsaKeHne ¢ KO>XPPUIMEHTOM, PaBHBIM 47, Wy =

= (w + 1/2)ei™ %47 = (wy + 1/2)4i.

Y @) Y @
1 N
W1 = — \
VA
-4 0 x " "
\\ SRR
2 4
wy = | W —|—1 471 = e
2 = 1 5 e W =e
) . ®
e S v
s in s
E % /f% /
//
A B C'l'; ErAr Br
//0 //u2 oL /40 41 u
Puc. 3.7.4 (r).

Teneps npuMeHNM TOKa3aTeTbHYIO QYHKIINIO W = €2,

I'panumna AB : {u2 =1

— —o0 < t < 0 oTobOpasurca B TOUKHN Jayia
AB : w=¢€, —o <t < 0. I'panuna BC : {U2=t :
0TO6Pa3NTCA B TOUKHN eJMHITHOI okpyxHOocTH B'C' @ w=¢€, 0 <t < 7,
322 ::;, 0 >t > —o0 oTobOpa3uTca B TOUKH
ayda C'E': w=ele™, 0>t > —o0, y KOTOPBIX apIyMeHT paBeH 7.

a oTpe3ok rpanunsl C'E :
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B pesyasTaTe momytaem
1 1
Omeem. w = exp (4m’ (— + 5)) :
2

3ame4daHue. PoaytueHHoe BhIpaKeHIe MOKHO IpeoOpa3oBaTh
. l l . . .
W = 6471'2(2—1—2) — 6471'2/2 6271'1 — 647”/2.

OTciona cregyeT, ITO MOKHO OBLIO PACCMOTPETD CIeIVIONIVIO KOMIIO3UITNIO
oTobpakeHun wi = 1/z, wo = dmiwy, w = "2,

3amedaHue. MoxHO ObLTO 6B 001acTh [) 0TOOPA3NTh Ha MOIYIIOIOCY
{w: wel 0<Imw<m, Rew < 0} ¢ nomommpo 1po6HO-IHHETHON
(PYHKITNU, UCTOIB3YA CBOICTBO COXPAHEHUI TBOMHOT'O OTHOIICHUA YeThIPeX
Todex. Pampmmep, oTobpasuts Toukn 21 = —(1 4+4), 29 = =2, 23 = —4 B
Toukn Wi = —1, wy = 0, w3 = 7.

5) Cravata oTo6pasuM obmtacte D = {z: 2 € € |z +1+i| > V2,
Rez + Imz < 0} Ha mosocy mmpunuon 7/2 {wy: wy €€ 0<Imwy <7/2}
C TOMOMIBbIO KOMIIOBHINI oToGpazeHmii wi = e ™4z wy = 21/wi.
3aTeM mpomsBeAeM CABHT IMOTOCHI W3 = Wy — (7 U HPUMEHHIM [OKa3a-
TeIbHYI (QYHKIN W = €“3, xorTopas oTobpaxkaeT moiocy {ws : wsg € €
— 7 <Imws < —7/2} Ha o6nacte G ={w: we € Rew<0, Imw <0}
(cm. Puc. 3.7.4 (m)).

Y @
in/4 v, @ \/§7T
Wi = ¢€ z N Wy =
0 Uy Wi
1 X — —
“12v2
W3 = Wy — IT w=e"
— —
v, @ Us @ v @
itz 7 . -
oy u
—im/2) 3

e 9 e s —?;1[ / %

Puc. 3.7.4 (o).
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B urore [IoJayvaceM

Omeem. w = exp (M — iﬂ) :

2
3ame4uanue. PorytdenHoe BeIpazKeH1e MOKHO IPeoOpPa3oBaTh
W = eﬂ(l—i)/z—iﬂ' — 671'(1—1')/,2 e—iﬂ' — —Gﬂ(l_i)/z.
OTtcioga caeqyeT, 9T0 MOKHO OBLIO PACCMOTPETH CJIeIYIOMYI0 KOMIIO3UIIIIO
oTobpaxennnn wy; = 1/z, wog = 7w(1 —i)wy, wg = "2, w = —ws.

3amedanue. MoxHO 66110 OB 001aCTE D 0TOOPa3uTh Ha moaocy {w :
wel —7m<Imw< —7/2} ¢ nomorpio 1pobHO-THHENHON QYHKINN,
NCTIOIB3YsA CBONCTBO COXPAHEHUSI MBOUMHOT'O OTHOIICHUS YeThIPpEX TOUEK.
Panpumep, oro6pa3ute Toukn z; = 1 — i, 29 = —2i, 23 = —2 B TOYKHU
W) = —in/2, Wy = —mw(1 4 1i), w3 = 7(1 —3).

3aga4da 3.7.4. Panrtn xaxyo-in6o QyHKIIIO W = W(z), KOHPOPMHO
oToOpaKaroIyo obdractsb D Ha obracTh G.
1. D=A{z:z2€el 1< Rez<2},
G={w:wedl |w|<1l, Rew>0}.

2. D={z: 2l 1<Imz<2 Rez>0}
G={w:wel |w|<1l, Rew>0, Imw < 0}.

3. D={z:z€C |z—1i|>1, |z—2i <2},
G={w:wel Rew>0, Imw > 0}.

4. D={z:z€C |z—-1]>1, |z=2| <2, Imz> 0},
G={w:wedl |w|<1l, Imw>0}.

5. D={z:z€l |z—1]>1, Rez> 0},
G={w:wel Rew>0, Imw > 0}.

6. D={z:2€C 1<Imz <2}
G={w:wedl |w|<1l, Rew <0}

7. D={z:2€l 1<Rez<2, Imz>0}
G={w:wel |w|<1l, Rew<0, Imw < 0}.

8 D={z:z€l |z-1]>1, |z-2|<2},
G={w:wel Rew>0, Imw<0}.

141



9. D={z:z€C |z—i|>1, |z—2i]<2, Rez>0},
G={w:wedl |w|<1l, Rew <0}

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:
D={::
G={w:

zel |z—i|>1, Imz >0},
w el Rew<0, Imw > 0}.

el —-2<Rez< -1},
wedl |w|<1l, Imw>0}.

ze€C 1<Imz<2, Rez <0},
wel |w/<1l, Rew<0, Imw>0}.

zel |41 >1, |z+42i] <2},
w el Rew<0, Imw < 0}.

zel |z4+1]>1, |z+2] <2, Imz >0},
wel |wl <1, Imw<O0}.

zel |z4+1]>1, Rez <0},
w el Rew<0, Imw < 0}.

zeC —-2<Imz< -1},
wel |wl <1, Imw<O0}.

ze€C 1<Rez<?2, Imz <0},
wedl |w/ <1, Rew>0, Imw >0},

SeC 1> 1 |42 <2),
w el Rew<0, Imw > 0}.

zel |z+1i|>1, |24+2i <2, Rez >0},
wedl |w| <1, Rew >0}

zeC |z+1i|>1, Imz <0},
w el Rew >0, Imw < 0}.

z€C 1<Imz—Rez <2},
wedl |w| <1, Rew >0}

zeC —-2<Imz< -1, Rez >0},
wedl |w/<1l, Rew>0, Imw < 0},
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23. D={z:z2€el -2<Rez< -1, Imz >0},
G={w:wedl |w|<1l, Rew< 0, Imw < 0}.

24. D={z:z€C |z-1]>1, |z=2|<2, Im=z <0},
G={w:wedl |w|<1l, Rew <0}

25. D={z:2€C |z—1—-i|>V2, Imz+Rez>0},
G={w:wel€ Rew>0, Imw > 0}.

26 D={z:2€l 1<Rez+Imz<2},
G={w:wedl |w|<1l, Rew <0}

27. D={z: 2@ |z—1—i|>V2, |z-2-2i|<2V2},
G={w:wel€ Rew>0, Imw > 0}.

28. D={z:2€C |z—=141i|>V2, |z-242i|<2V2},
G={w:wel€ Rew>0, Imw < 0}.

2. D={z:z2€C |z—1i|>1, |z—2i <2, Rez<0},
G={w:wedl |w|<1l, Imw<O0}.

30 D={z:2€C |z+1—-i|>v2, Imz—Rez>0},
G={w:wel Rew<0, Imw > O0}.

IIpumep 3.7.5. Pantu o6pas G obaactu D npu oToOpaKeHUN C IMO-
Mormmbio Gyaknnn zZKykoBckoro w = (2 + 1/2)/2:

)D={z:z€C |z|<1, =2¢[-1,-1/2], = ¢&][i/2,i]};
2YD={z:z€e |z]>1, z2¢&]1,2], =z ¢&][—ioco,—i]}.

Pafntn xakyfo-HIOYIb QYHKOINIO W = W(2), KOHQOPMHO OTOOpazZKa-
myio 06aacTh D Ha BePXHIOK TOIymIockocTe G ={w: w € €' Imw > 0} :

3) D={z: 2€C |z|<1, Imz—Rez <0, 2&[V2(1-4)/6,v2(1—-i)/2]};
4) D={z: z€C |z|>1, Imz—Rez <0, z2¢[V2(1—14)/2,vV2(1—14)]}.

Pewenue.
Onpepenenune. /[poOHo-pannoHaIbHas (PYHKINI BIIA

s (+3)
w=—|z24+—
2 z

HasbIBaeTCA Pynryueti 2Kyroscroeo.
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Dyuknna zZKykoBckoro obaagaeT caeIyOMIMI CBOICTBAMIL.

a) @yukunsa ZKykosckoro anarntuyasa Bcogy B € kpoume Touex z = 0,
Z = 00, B KOTOPBIX IMeeT IOJIOCHL IePBOTO MOPAIKA.

6) ®yuxnna ZIKKyKoBCKOro I0OKAIbHO OTHOINCTHA BO BCEX TOYKAX Pac-
mmuperHoil miockocTn €U {oo} = €', xpome Touex z = %1, B KOTOPEIX
w' = 0.

B) O61acTAMN OTHOINCTHOCTH SBIAIOTCI obxactu |z| < 1, |z| > 1,
Imz >0, Imz <0,

r) O6pazoM OKPYKHOCTH |z| = r ABAAETCS SIINIC ¢ POKYCAMI B TOIKAX
(1,0) u (=1,0). Ppu r — 1 smmnnc BeIpoxIaeTcs B paspes z € [—1,1],
IPOXOJUMBIN ABazK bl mpu m3MeHennn 0 < ¢ < 27,

1) Obpasavu aytden arg z = « ABIAKTCA BeTBH IHIepOOT ¢ (HOKycaMI
B Toukax (1,0) u (—1,0) n acumnroramn v = futga. Ppn o — 0 rumep-
6oJa BBIDOKTaeTcAa B paspes [1,+00], IpoxoIuMbIll IBaK IbI TPU U3MeEHe-
aun 0 < r < 4o0o. Ppu o — 7 runep6oia BEIpOK 1aeTca B paspes [—oo, —1],
IIPOXO JUMBIN JBaZK bl

e) Bepxasaa n Huxuaa noaymiockoctu Dy = {z: z € € Imz > 0},
Dy={z: z2€e€ Imz <0} orobpaxkatorcs ¢pyukumen zIKykoBcKoro Ha
nrockocTn ¢ paspesamn Gy ={w: w el w¢[—o0,—1], w¢[l,+o0]}.

x) Kpyr eamamtunoro pagmyca ¢ HeHTPOM B Hadale KOODIIMHAT
Ds={z:z2€ |z|<1}uerosuemuocrs Dy={z:z2€ |z|> 1} oro-
Opaxaiorcs (QyHKmumen ZKyKoBcKoro Ha  ILIOCKOCTB € pPa3pe3soM

Go={w: wel w¢[-11]}.

1) Paccmorpum obracts D = {2z : z € ' |z| <1, =z & [-1,-1/2],
z & [i/2,i]}, n3obpaxennyio va Puc. 3.7.5 (a).

1 1
v W
“—
_f'l' EI‘ Hr lf.‘lr
5 -1 o@B' 1 u
Y 3.
C Wy
Puc. 3.7.5 (a).
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Dyuxinsa 7ZIKykoBckoro orodpaxkaeT Kpyr |z < 1 Ha MIOCKOCTH ¢ pas-

. =0
pesom [—1,1]. Pangem o6pas wactu rpaunuis BC : z_ Lo 1/2<t<1.
it+1/it i(t* —1)

Ob6pa3 3ajaeTcsa ypaBHCHUEM W = YR 1/2<t<1m

npejcTaBaieT cobonl oTpe3ok MHUMon ocu B'C’, mo xoTopomy mpoxoaaT

ABaK bl B IPOTUBOMOJOKHBIX HAIpPaBIeHUAX NPU ABUKEHUN IO T'PaHUIe.
r =t

y=0" —1 <t < —1/2 3anaercs ypaBHe-

O6pa3 gactu rpanunsr K : {
t+1/t 241

HIIEM W = =57 —1 <t £ —1/2 u npexacraBiaser cobol OT-

pesox E'F' orpunarenbHON TeNCTBUTEILHON OCH, KOTOPBII IPOXOJUTCS
OBaKIbI B Pa3HBIX HalpaBlIeHHAX. B urTore, obpasom obmactu D saBis-

ercsa 006macTh (G, IpeICTaBIAIOMAI COO0N TOYKN KOMILIEKCHON ILTIOCKOCTI
¢ paspesamn, nm3odpaxenHas Ha Puc. 3.7.5 (a).

Omeem. G ={w: wel w¢[-5/4,1], w¢&[-3i/4,0].

2) Paccmorpum obmactes D={z: z€C |z|>1, 2¢[1,2], & [—icco, —i]},
m306pakenuyo Ha Puc. 3.7.5 (6).

Y 1 1

@ w=; (Z + ;) y ®

—
A F | B A
2 X O ofc 15 u
A
&
Puc. 3.7.5 (6).

dyuaknusa zZIKykoBckoro orob6pakaeT BHEITHOCTD KPYTa |z| > 1 Ha maoc-
. r=t
KOCTh C pa3pe3oM [—1, 1]. Pangem o6pas rpanunsi AB {

y=0"
t+1/t 241
+/: + , 1<t<2m
2 yAs - =

IpeJCcTaBIgeT cOO0U OTPE30K MOJTOKUTEILHON AencTBuTeabHon ocu A B,
IPOXOINMBIN ABaKIbI B MPOTUBOMOIOKHBIX HAIPABICHUAX IPU IBUKEHNN

1 <t < 2. Obpa3 3agaeTca ypaBHCHIEM W =
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no rpanuie. O6pas wactu rpanuis C'E : { —oo < t < —1 3ajga-

it+1/it  i(t* —1)

2 2t
co0OI MHUMYIO TOIYOCh [—i0co, 0], KoTopas MpoXoanTcs ABazkK Ikl B TPOTHU-

y=t~

eTCs ypaBHeHEM W = , —oo < t < —1 u npeacraBisgeT

BOTIOTOKHBIX HalpaBIeHUAX MPU ABUKEHUN MO T'paHulle. TaxmM oOGpa3o,
obracTh D oTobpaxaeTrcs Ha 001acTh (G, MPEACTABIAIONIYIO COOON TOYKN
KOMILTCKCHON IIOCKOCTH ¢ paspesaMil, n3obpaxkeHubiMn Ha Puc. 3.7.5 (6).

Omeem. G={w: wel w¢[-1,5/4], w¢&[-ixx,0].

3) PaccMoTpuM KOMIO3NINIO OTOOpaKeHNN, m300pakeHHY0 Ha Pruc.

3.7.5 (B).

W = 6—1'71'/4
’ ®
AN —
2 7C
N 1
N\O0 N\ N 7
Y
STONTN
16
W3 = W3 W = Y + wy
Uy ™ Us W «— v )
F'34i/3
B" C" Eff A" B" -
VWA e 180 3 0 y
Puc. 3.7.5 (B).
. 2(1 —1 2(1 —1
Pangem mogyan qucen F = % = |F|=1/3uk = % =

= |E| = 1 mma Toro, 4Tobbl ompemelnTh UX 00pPa3bl MPH IMOBOPOTE
w; = e ™* ma yrox /4 mo wacosoii crperke. Pymxmua ZKykoBcKoro

w4+ 1/w
Wo = %/1 oTobpaxkaeT moaykpyr {wj: wi€C |wi|<1, Imw;<0}
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Ha BEPXHIOI MOIYILIOCKOCTH {wo @ wy € € Imwy > 0}, a Touxkn pas-

pesa wy € [—i,—1/3] Ha paspes wo € [0,4i/3]. Jaree Bo3BOAUM B KBaapaT
6

W3 = W2, nelaeM ¢IBHUT o + W3 I IpUMeHseM HYJIeBYIO BeTBb KBa IPATHOTO

KOPHA, 0TOOPAKAIONIYVIO ILIOCKOCTE € Pa3pe30M IO MOJ0KUTEIbHON TeHCT-
BUTEIBHON OCH Ha BePXHIOI moaymiockocTb G = {w: w € ' Imw > 0}.
Hckomoe oTobpaKenne nMeeT BUI

16 1/ 1 2 [16 (—iz+1/2)?
= _ — _171'/4 - — s
v \I9+4(6 Z+e_i”/4z) \l9—|_Z 4 '

16 (—iz+1/2)?
— +i :

9 4

Omeem. w = \l

4) DaccMOTPHM KOMIIO3UIIIO OTOOPAKEHNH, M300paKeHHYI0 Ha OIC.

3.7.5 (r).

- 1 1
wy = e’/ Wy = 3 (Wl + _)
2 W1
y A @ <« U @
B E'y21
C'ji
0 1 X
C Ar Br Fl‘ Hr
F - E <1 .0 1 Uy
-1
H

9 9
W3 = Wo W = E—|—W3

3i/4g E"
A" Bff C" Fff Hf _
oV 20 U 0 u

Puc. 3.7.5 (r).
2(1 — 2(1 — i
Dangem Moayan gucer C' = w = [Cl=1u FE= w =
= |E| = 2 maa Toro, 4ToOBI ONpeleluTh X 06pa3 MpU MOBOPOTE
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ST/ ga yroa 3w /4 mporus 4acoBon crpeaxkn. Pywukums 7Ky-

W1 + 1/W1

KOBCKOTO Wy = —— oTobpaxkaeT obaacth {wy : wy € €' |wy| > 1,

W1 = €

Imw; > 0} Ha BepxHIOIO TOTYMIOCKOCTH {wy : wy € € Imwy > 0},
a TodKm paspesa wi € [i,2i] Ha paspes mo mHEUMOU ocu wo € [0,3:/4].

Jlazee mpuMeHseM CTelleHHYI0 (GYHKINIO W3 = W<, CIBOT W3 + - I HYy.Te-

16

BYIO BeTBBb KBaAPATHOI'O KOPHA, OTOOPAXKAIOMIYIO IJIOCKOCTH C pa3pe3oM
0 TOJOKUTEIbHON JeUCTBUTEIbHON MOTYOCH Ha BEPXHIOK MOJYILIOCKOCTD
G={w: wel Imw>0}. Uckomoe oTobpazxeHe nMeeT BILI

9 1/ 1 \? J 9 i(—iz41/z)2
— i3mw/4 — . )
v J 1671 (6 o ei3”/4z) 16" 4

9 i(—iz+1/z)?
167" 4 ‘

Omeem. w = \l

3agada 3.7.5. 1) Dantn o6pas G obaactu D mpu oTobpaikeHHn c
4+ 1/z

2

TaeTCAa OTPe30K HpHMOIQ/JI7 COG,HI/IHHIOIHI/Iﬁ TOYKIN 21 N 29 KOMILICKCHOU ILTIOC-

noMomtbio dpyukIun 7KykoBckoro w = . CumBoIOM [21, 29] 0603HA-

KOCTIL.
2) DanTn Kakyo-HIGYIb QYHKIND W = W(z), KOHQOPMHO 0TO6paKa-
oy o ob1actb D Ha noaymiockocTs G = {w: w € € Imw > 0}.

/2:] 13
¢ [i/2,4] }.
2. )D=A{z: 2z |z|>1, =z2¢&][1,2], =¢&][i2i]};
D={z:z€l |z|>1, Imz>0, z¢][i2i]}.
D={:::e@ <1 =ely21]. = ¢[i/2i}
D={z:z€el |z|<1, Imz<0, z¢][-i,—i/2]}.
4. 1) D=Az: z€C |z|>1, z¢&[l,+oc], z¢&][i,2]]};
2YD={z:z€e |z|>1, Imz<0, z¢&[-2i,—17]}.
5. ) D=A{z:z€el |z|<1, z¢&][1/2,1], z¢&]0,—d]};
2)D={z:z€e |z|]<1, Rez>0, z¢][1/2,1]}.

I. YD={z:z€l |z|<1, z2¢][0,1], z¢&]i

D={z:2z€eC |z|<1l, Imz>0, z¢[:
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10.

11.

12.

13.

14.

15.

1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z
1) D={z
2) D={z

2z el
el
2z el
el
2z el
el
2z el
el

2 e
e

2 e
e

2 e
e

2 e
e

2 e
e

2 e
e

2] > 1,
2] > 1,
2] <1,
2] <1,
2] > 1,
2] > 1,
2] <1,
2] <1,

2] > 1,
2] > 1,

2] < 1,
2] < 1,

2] > 1,
2] > 1,

2] < 1,
2] < 1,

2] > 1,
2] > 1,

2] < 1,
2] < 1,

~ ¢ [_27_1]7 ~ ¢ [iaQi]};
Rez >0, z¢][1,2]}.

z ¢ [1/271]7 z ¢ [_iv_i/Q]};
Rez <0, z¢[-1,-1/2]}.

2 & [-2,—-1], z ¢&][i,+ioco]};
Rez <0, z¢[-2,-1]}.

< ¢ [_170]7 < ¢ [_iv_i/Q]};
Imz+Rez >0,
s E V201 +0)/4,V2(1+1)/2] }.

z ¢ [_27 _1]7 z ¢ [_Qia _i] };
Imz+Rez >0,
s [V2(1+1)/2,3V2(1 +1i) /4] }.

z ¢ [_17_1/2]7 z ¢ [_iv_i/Q]};
Imz+ Rez <0,
S [=V2(1+0)/2,—V2(1 + i) /4] }.

z ¢ [—OO, _1]7 z ¢ [_Qia _i] };
Imz+ Rez <0,

g [—6(1+i)/4,—V2(1 +14)/2] }.
z ¢ [_17_1/2]7 < ¢ [Ovl]}7
Imz—Rez >0,

s V2A=1414)/2,V2(=1+i)/4] }.

< ¢ [172]7 < ¢ [_Qia_i] }7
Imz—Rez >0,

g [BV2(=1+0)/4.V2(=141)/2] }.
< ¢ [_iv _i/Q]v < ¢ [i/Qai] };

Imz— Rez <0,

g [V2(1 —i)/4,V2(1 —i)/2] }.
149



e |2[>1, 2¢[-2,-1], 2 g1, 40 1
:z2€€ |z >1, Imz—Rez <0,
s [V2(1 —14)/2,3V2(1 — i) /4] }.
crel <1, 2g[-1,-1/2], 2 ¢[0,1] )
cz€eC |zl <1, Imz>0, z¢&][i/3,i]}.
e |2[>1, 2 ¢ [-2,-1], = €[12] )
cz€e@ |zl >1, Imz>0, z¢&][i,30]}.
€@ |z|<1, 2¢[-1,-1/2], z¢[1/2,1]};
cz€eC |zl <1, Imz2<0, z¢[—i,—1/3]}.
2z e |z >1, z¢&[-2i,—1], =z ¢&][i,+ioco] };
cz€eC |zl >1, Imz2<0, z¢[-3i,—1]}.
c2 €@ |zl <1, ¢ [-i,0], =¢&[i/2.1]};
:2€€ |z <1, Rez>0, z¢][1/3,1]}.
2z e |z > 1, z¢&[-2i,—1], =z €&][i,2i]};
:z€@ |z|>1, Rez>0, z¢][1,3]}.
LeC <1 sg-1-1/2 - gl1/21)
2 g i/2,4]
cz€@ |z|<1, Rez<0, z¢[-1,-1/3]}.
2z e |z >1, z¢[-00,—1], z2¢[1,2] };
:2€C |z|>1, Rez<0, z¢[-3,-1]}.
Le@ <1 =g [-10) - g[1/21])
cz2€€ |zl <1, Imz+4+Rez >0,
2 [V2(14+4)/6,V/2(14+14)/2] }.
czeC >0, =g [-2.-1], = ¢[L2], ¢ [i 2]}
cz2€€ |z >1, Imz+Rez >0,
s V21 +0)/2,V2(1+ )]}
e |z|< 1, z&[—i,—i/2], z¢&][0,4]};
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2 D={z:z2€e |z]<1l, Imz+Rez>0,
S [=V2(1+0)/2,—V2(1 +14)/6] }.
28. 1) D=A{z: z€ |z|>1, z¢&[—ico,—i], z¢&][i,2]]};
2 D={z:z€ |z|>1, Imz—Rez>0,
2@ [—V2(141), —V2(1 +14)/2] }.
2. ) D={z:z€l |z|<1, z¢[-i,—i/2], =&[i/2,i], z¢&[1/2,1]};
2 D={z:z2€e |z]<1, Imz—Rez>0,
* € [V2(=1+41)/2,V2(=1+1)/6] }.
30 Y D=A{z:z€ |z|>1, z¢&[-2,-1], z&[-2i,—i], z¢&][i,2]};
2 D={z:z€ |z|>1, Imz—Rez>0,
2 € [V2(=1+1),V2(=1+14)/2] }.

P pumep 3.7.6. Dantu o6pas G obaactu D npu oTobpaxennn w=w(z):
)D={z:2€C Rez<0, 0<Imz <2, z&[-1+in/2,in/2],

z & [-141437/2,i37/2] }; w=shz;
2)D={z:2€C O0<Rez<2m, Imz<0, z¢[r/2,7/2—1],

2 & [31/2,37/2 —1i]}; w=sinz.

CuMBOIOM [21, 29] 0603HAYMAETCS OTPE30K MPAMON, COeTMHAIONINT TOYKN

21 M 29 KOMILICKCHOU ILIOCKOCTIL.

e +eF

Pewenue. SaMeTI/IM7 TTO (I)YHKHI/IH w=chz= T cocrouT U3

KOMITO3HIINIT oKa3aTeIbHON (l)yHKHI/II/I w1 = e’ n (l)yHKHI/II/I H{yKOBCKOI‘O
W1 + 1/W1

W = f BLIpaBI/IM OoCTaJbHbI€ TPUT'OHOMETPUIECCKUE (l)yHKHI/II/I Ie-

pe3 runepOboIndecKni KOCUHYC:

cosz = ch(iz), sinz=ch(iz—1in/2), shz=—ich(z+in/2).

1) Bocmombsyemesn dopmyaon shz = —ich(z + in/2) n pacemorpnm

KOMITO3IINK 0TOOpaKeHnn wi = 2 +17/2, wy ="', w3 = (wo+ 1/wy)/2,
W = —iws, n306paKeHHy0 Ha Juc. 3.7.6 (a).
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Y @ Yy
7 v 7 ; ®
2w 1.57,,[
[ ararirarara | ﬁ Zﬂ- Edd
1 2 W =% _I_ I ey 12T Wy = ewl
2 “
// (_) ml?}'/
y 2
= X -1 0 ul
/1 Y4 A
1 1
w3 = 5| Wy + — W= —iW;
2 Wo
— —
/ U3 v
/ | ichl
A
—e-1 e1/1 Uy -chl -1 0 1 chl u, 0 T
E—ichl
//_1

Puc. 3.7.6 (a).
Taxuy o6paszoM, moayIaeMm

Omeem. G ={w: wel w¢[-0,0], w¢[—ichl,ichl]}.
2) Bocmoassyewmcs gpopumyaon sin z = ch(iz — in/2) u paccMoTpuM KOM-
MO3UIII0 0ToOpakeHnn wi = i(z — 7/2), wy = "', w = (wg + 1/wy)/2

(cM. Duc. 3.7.6 (6)). v
L @
Y ® el
7 -
7 T fsses
ki
77 Ef ET“
<! T ) - — oM
/ Z B 5) N0 1 u, W2 =€
TR —
1 1 v @
I v i
2 Wo
—e —1‘%‘/ ~chl -1 0 Tchl u
Puc. 3.7.6 (6).

152



B pesyabTaTe moxydaem

Omeem. G ={w: wel w¢[-chl,chl], w¢&[—ico,0]}.

3aga4a 3.7.6. DanTuo6pas G obractu D mpn oTobpaxkeHnn w=w(z).

. D={z:z2€€ Rez>0, 0<Imz<m, z¢&lin/2,1+ix/2]},

w = ch z.

2. D={z:2€l —7n<Rez<0, Imz>0, z¢[-7/2,—7/241i]},

W = COS 2.

3. D={z:z2€ Rez>0, O0<Imz<wnw, z¢&[lin/2,14ir/2]},

w = sh z.

4. D={z:2€l —n<Rez<0, Imz>0, z¢&[-7/2,—7/241i]},

W = sin 2.

5. D={z: 2€l Rez<0, 0<Imz<m, z&[-1+irn/2,in/2],

w = ch z.

6. D={::2€l —m<Rez<0, Imz2<0, z¢&[-7/2,—7/2—1i]},

W = COS 2.

7. D={z:2€ Rez<0, O<Imz<m, z¢&[-1+4+in/2,ix/2]},

w = sh z.

8. D={::2€l —m<Rez<0, Imz<0, z¢&[-7/2,—7/2—1i]},

W = sin 2.

9. D={z:z2€C Rez>0, -7 <Imz<0, z&[-in/2,1—irn/2]},

w = ch z.

10. D={z:z2€€ O0<Rez<m, Imz>0, z2¢&[n/2,7/2+1]},

W = COS 2.

11. D={z:2€€ Rez>0, —n<lmz<0, z¢&[—in/2,1—in/2]},

w = sh z.

12. D={z:2€€ 0<Rez<m, Imz>0, z2¢&[n/2,7/2+1]},

W = sin 2.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

D={z:zel Rez<0, —7<Imz<0, z¢[-1—in/2,—in/2]},
w = chz.

D={z:2€l O0<Rez<m, Imz2<0, z2¢&[n/2,7/2—1]},
W = COS Z.

D={z:zel Rez<0, —7<lmz<0, z¢[-1—1in/2,—in/2]},
w = shz.

D={z:2€l O0<Rez<m, Imz2<0, z2¢&[n/2,7/2—1]},
W = sin z.

D={z:2€l Rez>0, —n/2<Imz<n/2, 2¢][0,1]},

w = chz.

D={z:2€el —-7/2<Rez<n/2, Imz>0, z¢[0,]},
W = COS Z.

D={z:2€l Rez>0, —n/2<Imz<n/2, 2¢][0,1]},

w = shz.

D={z:2€el —-7/2<Rez<n/2, Imz>0, z¢[0,]},
W = sin z.

D={z:2€l Rez<0, —n/2<Imz<n/2, z¢[-1,0]},
w = chz.

D={z:2€elC —-7/2<Rez<n/2, Imz<0, z¢[0,—1]},
W = COS Z.

D={z:2€l Rez<0, —n/2<Imz<n/2, z¢[-1,0]},
w = shz.

D={z:2€elC —-7/2<Rez<n/2, Imz<0, z¢[0,—1]},
W = sin z.

D={z:2€€ Rez>0, 0<Imz<2m, z¢&[in/2,14inr/2],
z & [i3n/2,1+i37/2]}, w=chz.

D={z:2€lC 0<Rez<2m, Imz>0, z¢&[n/2,7/241]},
z & [3n/2,3n/241i]}, w=cosz,
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27. D={z:2€C Rez>0, 0<Imz<2mr, z¢&[in/2,14in/2]},
z & [i3n/2,14+43n/2]}, w=shz.

28 D={z:2€C O0<Rez<2r, Imz>0, z¢&[r/2,7/2+1]},
z & [3n/2,3n/24i]}, w=sinz.

20 D={z:z2€ Rez<0, 0<Imz<2mr, z&[-1+in/2,in/2]},
z & [-14143n/2,i37/2]}, w=chz.

300 D={z:2€€ O0<Rez<2r, Imz<0, z¢&[r/2,7/2 1]},
z & [3n/2,3n/2 —1i]}, w=cosz,

Ppumep 3.7.7. C nowmotibio mHTerpaa JyacCoHa HAUTH PeIIcHne
sagadn [upuxie ars ypaBHeHus Jlamraca B Kkpyre

Au=0, (0<r<1, 0<¢<2m), (3.7.2)
ul _=9lp), (0<@<2m): (3.7.3)
1) g(p) = cos 4 2) glp) = W27
= COS s = .
g\ 2N g\ 5+ 3 cos -

Pewenue. Jemenne 3aga+in Jupuxie B kpyre (0 <r <1, 0< ¢ < 2m)
IpeJCcTaBIgeTCsa B BIe NHTerpala JyaccoHa:
17 1— 2

:ﬁo 1 —2rcos(p —6) 4 r?

u(r, ©) u(1,60)ds.
i R
Ecm BBecTn KOMILIEKCHBIE IIepeMeHHBIe 2 = re'¥, ¢ = €', 3Ty (opimyry
MOZKHO 3alllicaTh B BIe

1 S+ =z
u(z) = Re — ]{ u(s) =2k

d 1
5 s, |z <1,
ls[=1

re OKPYZKHOCTE || = 1 opueHTUpOBaHAa TPOTUB TACOBOM CTPEJIKIL.
1) B HOBBIX mepeMeHHBIX T'paHItdHOe yeaoBue (3.7.3) mpumer Buf

146 —i4f 4 4 811
:COS49:l:u(§):g+g :g—l— .
r=1 2 2 2§4

Uu

Berancanm MHTEeTrpa.a
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R e R T
[s]=1 [s]=1

DoabiHTerpatbHas GyHKInsg f(g) mmeer ocobbie Toukn ¢ = 0 u ¢ = 2,
JezKalliie BHYTPU OKPYKHOCTH [¢| = 1, 1 0cobyto TOUKY ¢ = 00. D0 Teopeme
Komn o Berderax I = 2mi(res f(0) 4 res f(z)) man I = 2mi(—res f(o0).
Dangem BordeT GyHKINN f(¢) B 6€CKOHETHO YAAJICHHON TOYKE ¢ = OO.

DazaoxnM QYHKINIO f(¢) B OKPECTHOCTH ¢ = OO :

O HE (42 1 ( 1 Z) 1

i, o L = _
fle) = 21 = 2/<) S U e e s

5 9 1 z 2 22 3 B
(C -|-§Z-|-—5—|-—6) 4 —F+5+5+5+-.. )=
q q q q q q

DN | —

B 1/1, 14)
—...—I—C(Qz —|—22 4+ ...,

Orcioga maxogmm C_; = 2* — xoapumment mpu 1/, cregoBaTeIbHo,

res f(oo) = —C_; = —2*. Unurerpan (3.7.4) pasen

I = —2mires f(o0) = 2miz".

Takum o6pazom, nckoMoe perterne 3aiatn (3.7.2), (3.7.3)

. 1
u(re’)=u(r,¢) = Re (72ﬂi24) =Re (r'(cos 4¢ + isin 4¢)) =r" cos 4.
i

4

Omeem. u(r,p) = r*cos 4.

2) I'parmroe yeaosme (3.7.3) mpmveT BuI mpi § = e

5 1
sin 26 () 1 g—g—
- 3 1
1 54 3cosb 21 5_|__(§_|__)
2 S
(¢* = 1) ¢t -1

T (32 4+ 10 +3)  i3(c+3)(s+1/3)¢
Brrancanm MHTEeTrpa.a

/ (" = 1)< +2)
iy 33 +1/3)(c = 2)

I =
|
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DoabiHTerpatbias GyHKINA f(g) mmeeT ocodsle Toukn ¢ = 0, ¢ = —1/3,
¢ = z, JekKalllle BHYTPU OKPYZKHOCTH |¢| = 1, momoc mepBoro mopsika
¢ = —3 BHe OKPYKHOCTH |¢| = 1 1 yCcTpaHUMYI0 0COOYIO TOUKY ¢ = 0. D0
Teopeme Komm o Berierax I = 2mi(res f(0) 4+ res f(—1/3) + resf(z)) nan
I = 2mi(—res f(—3) —res f(o0)).

DangeM BbrdeT GyHKINN f(¢) B MOIIOCE IEPBOTO MOpsAIKa ¢ = —3:

pn (= D3 +2) 10z =3)
—==-33ic2(¢+3) (¢ + 1/3)(c — 2) B 9i(z+3)

res f(=3) =

Dangem BerieT QyHKIN f(S) B yCTpAHHMON 0COGOHW TOYKE ¢ = OO.
DazaoxnM QYHKINIO f(¢) B OKPECTHOCTH ¢ = 00 :

(1 2% I
(e 02

1(1+— . Z)l §+§+ (1 R )1+§+£+ =
32 §4 g 'S §2 3¢ 32 9 c g T ] =

1( —|—1( 3 1—I—)—I— ) —|—1 1(2 10)—|—
= —|... — | 2z — — — A el =0 — Z— —
37 S 3 3

Orcroga maxoqnm C_y = (62 — 10)/(9¢) — xosdpPunnent npu 1/¢, cre-

JToBaTeIbHo, res f(oo) = —C_y = —(6z — 10)/(97). Uurerpax (3.7.5) paBen

I'==-2mi(res f(=3)4res f(o0))=2mi [— 10(z =3) | 62~ 10] _ 7T(622 —2z)

9i-+3) T 9i o= +3)
Takum o06pa3zoM, HCKOMOE pellleHIe UMeeT BI

271m' 2n ng?ir_sj)) = Re (% (322|; i)i(’j;r 3)) -

u(re) = u(r, o) = Re (

2
:—Re -
9 i 124+ 6rcos p+9

2 (1 32|z|2—|z|2—|—922—32)

= ZRe [=.
“\ |z + 3|

(1 3r3e’? — 2 4 9rlei2e —37“6“0) _
9 —

2 3r3sin 49r? sin 2¢—3r sin P
"9 124+ 6rcos p + 9

2 r381n<,9—|—3r sin 299—7“811’199
3 124 6rcos o+ 9

Omeem. u(r,p) =
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3agada 3.7.7. C nomornbio nHTerpaga JyacCoHa HAUTHU PeIleHNe 3a-
naqn [upuxae a1a ypaBHenus Jlamraca B kpyre

Au=0, (0<r<1, 0<¢<2m),
ul _ =9(p), (0<e<2m).
1. g(e) =3+ cos 2¢. 2. g(p) =2+ sin 3.
1 cos 2¢
3. = —. 4. = — .
9(#) 3cos ¢ —5 9(#) 3cos p—5
5. gly) = sin @ 6. (o) = 1
' ggo_?)cosgo—ﬁ ' g¢_4sin<,o+5'
cos sin @
7. = —. 8. = —.
9(#) 4sin 45 9(#) 4sin 45
9. g(p) = cos? . 10. g(p) = sin? ¢.
11 g(p)= 12, g(p) = — 7
' ggo_5—|—4cos<p' AL ~ 544cos
13, glp)= 0¥ 14 g(p)= -
AL ~ 544cos ¢ AL ~ 3sing 45
cos sin @
15. = —. 16. = —.
9(#) 3sin 4+ 5 9(#) 3sin 4+ 5
17. g(¢) =14 cos 3. 18. g(v) =1+ sin 2¢.
19, glp)= 2. g(p) = ——2
' g¢_4cos<,9—5' ' g¢_4cos<,9—5'
2. glp)= 1Y 2. glp)=
' g¢_4cos<,9—5' ' ggo_?)singo—ﬁ
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cos sin 2¢
2 99 S 2 0 = s
25. g(p) = 2+ sin 4 2. g() !
. = S1n . . = .
gl © 99 = 5 5 eos
cos 2¢ 1
27. = 28. = .
9(#) 54 3cos ¢ 9(#) 4sin p — 5
cos 2¢p sin 2¢
2. 99)= -5 090 = G5

Ppumep 3.7.8. C nowmoribio mHTerpaja JyacCoHa HAUTH PeIIeHne
sanaqun [upuxiae nag ypaBHenus Jlamraca B obractu D

Au=0, (x,y) € D.

1
— Z — = -
1) D={(x,y) e R": —oco<z< 400, y>0}, u‘yzo P romrs

=1.

2) D={(z,y)€ B*: 2>0, y>0}, o =0(x)-0(-1), u|

y=0

3)D={(z,y) ER*: —cc<a<+00, 0<y<1}, u‘ =0(x),

uf =0) -0 —1).

4) D={(rcos p,rsinp) ER?*: 0<r<1, 0<p<nl, u‘ =1,

5) D={(v,y) € R*: —oco<a<+oo, y>0, y¢[0,1]},
=1

u‘ =0(x+1)—0(x), ul,_,, =1,

y=0 0<y<i 0<y<i

6) D={(x,y) eR*: y>0, (y—1/2)*+2* > 1/4}, u‘ =0,

y=0

—1
Yemy i

)
g Py Y
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ND={(ey) €R: (y—17+a> <1 (y-1/2+2">1/4}.

1/4=(y—1/2)

1/4=(y—1/2)

u‘ =0,
(y—1)24+x2=1

?

1 >
Lae 6(x) = {O i < 8 dyaknua XeBucaija.

Pewenue. Demenne 3agaqn Jupuxae 1 ypaBHeHns Jlamiaca B BepxHen
norymiockoctn D = {(x,y) € R*: —oo < x < 400, y > 0} mpeacrabia-
eTcsa B BUJe HHTerpala JyacCoHa:

t
/ y - ult,0) _dt. (3.7.6)

t—x

Ecm BBecTH KOMILTCKCHBIE TepeMeHHBIe 2 = T+ 1y, ¢ = ¢+ 15, popiMyIy
(3.7.6) MOXKHO 3amICaTh B BILIE

1 "u(t, 0)

u(z) = Re — /

(0
—00

dt.

t— 2z

B ToMm CiIy4dae, KOI'la I'PaHIYIHOE YCJIOBHE 3adaeTCAd B BUAE PallllOHAJIb-

HOU (PYHKIINN u‘yzoz R(z), |R(z)| < ]

0COOBIX TO'IEK Ha ﬂeﬂCTBHTeﬂbHOH ocCH, HHTEeTr'paJd MOZKHO BBITUCJIUTH C I10-

npn r — o0 H He I/IMeIOHIGfI

MOIIIBIO BBIIETOB B 0COOBIX TOYKaX Sk, PaCIIOJOZKCHHBIX B HIZKHEN IMOJIYy-
IIIOCKOCTN

u(z) = —2Re 3 res (R(g"f)). (3.7.7)

=1 Ima<0 \ ¢ — 2

1) Bocnoabayemca dopuyaoit (3.7.7), yautsBas (12 + 20 + 3) =

=(x+1+iV2)(x +1-iV2):

1
C+1+ivV2)(c+1-ivV2)(c—2) |11z
1 _ pe A+ —iV24y)
Ci2V3)(—1— i3 %) N+ 02 + (V2 +9)7)

_ 1 V2 +y
V2 (1422 + (V24 )Y
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1 2
Omeem. u(x,y) = V2+y

V2 (14224 (V24 y)?

2) BmemeM KOMILIEKCHYIO TepEMEHHYIO 2

x + 1y. OTobpaszum 06-
mactb D={z: z2€€ Rez>0, Imz> 0} KOMILICKCHON TIOCKOCTH C TIO-
MOIIBI0 KOH(DOPMHOTO IPeodpa3oBatua w = 22

Ha BEPXHIOK [OTYILIOCKOCTD
G={w: wel Imw >0} (cm. Duc. 3.7.8 (a)).

y 0 W= 2°

7 ®
% —

N0 0

Puc. 3.7.8 (a).
Da pucyHKe BBIIEICHBl YIaACTKI TPAHII 00JacTell, Ha KOTOPBIX IPaHMI-
HBIe 3HAYCHUA (PYHKUNN u (T, y) OTINTHBL OT HYJIA.
Ucxoanas kpaeBas 3ajgada 111 QYHKION u(x,y) HOCTe 3aMEHBI IIepe-
MeHHBIX u(z) = u(z(w)) = u(w) npumeT Buj
Au=0, wEedQG,
| =0-6)
n=0

Uu

DellieHne >Tou 3a1a4dn upuxie B BepXHen MOJYILIOCKOCTH MpeICcTaBIa-
eTCsA B BHe HHTerpatga DyaccoHa (3.7.6):

400

n - u(t,0) N dt 1 t—&\ |l
Lwterre =2 wmgree = ()L

1 1-¢ 1 0 1 1 1-¢
= —arctg (7) — — (——) = — + —arctg (7)
v n v 2 2 n

Tak xak w = 22

e ==

= C+inp=a’—y*+2iy = =2 -y’ n=2uy
Bosspamasnck K mepBOHAYATLHBIM HEPEMEHHBIM (X, Y), TOLY M

1 1 1 —a? 442
9 9
u(x Yy, 2xy) = u(x,y) 2—|—7Tarcg( 20y
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1 1 1 — a? 2
Omeem. u(x,y) = 5 + ;arctg (;_y—l—y) :

3) Bmemem xoMmmIekcHy®o mepeMeHHYIO z = x + iy. Orobpasum 006-
mactb D={z: 2 € 0<Imz < 1} KOMIIEKCHON TIOCKOCTH € OMOIIBIO
KOH(DOPMHOTO IPeoOPa30BaHNA W = exXp(7z) Ha BePXHIOK IMOIYILIOCKOCTh

G={w: wel Imw >0} (cm. Duc. 3.7.8 (6)).

y y . @ w=e¢e" i @

0 1 _em 17 1
. s 077 //V//O o //E
Puc. 3.7.8 (6).

Da pucyHKe BBIIEICHBl YIaACTKI TPAHII 00JacTell, Ha KOTOPBIX IPaHMI-
Hble 3HaYeHIs GYHKINN U (L, y) OTINYHBL OT HYJIA.
Ucxonnas xpaeBas 3afgada 1ad QYHKOUN u(x,y) MOCIe 3aMeHBI mepe-
MeHHBIX u(z) = u(z(w)) = u(w) npuMmeT Buj
Au=0, wEedQG,
{& T BE+e™)—0(E+1)+6(E—-1).

77_

DeleHne >Toll 3aga4n Jupux/ie B BepxHell HOIYILIOCKOCTH IPe cTaBIsA-
eTCsA B BUe MHTerpala Dyaccona (3.7.6)

N 1 a0y o on | at VAl
“(5”7)_%_ZO (t— 2dt_u (t—£)2+772+1/(t—£)2+772

+ arctg (—) =
—e™ n 1

arctg (GF: 5) — arctg (%) — arctg (%)] .
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Tak xkak w = exp (7z) = &+ 1in = exp (7wz)(cos(my) + isin(7y)), moxy-
4UM BbIPajKeHIle HOBBIX IepeMeHHBIX 4depe3 cTapble { = exp (mx) cos(my),
n = exp (rx)sin(my)). BosBpamasack k mepBoHAYATIBHBIM HePEMEHHBIM, IT0-
Iy SIIM

1 1 e™ 4 e™ cos(my
Omeem. u(x,y) = 9 + ;arctg ( erT sin(ﬂ?j) )) -

| (1 e Cos(ﬂy)) | (1 e cos(ﬂy)) |

——arctg - — —arctg -
T e™ sin(wy) T e™ sin(wy)

4) BegeM KOMILTEKCHYIO TlepeMeHHYI0 z = re'?. OTo6pasuM o61acTh
D={z:z€el |z] <1, Imz>0}KOMIIEKCHON ILIOCKOCTH € MOMOITIBIO KOH-
1+=2
1—-=2
G={w: wel Imw >0} (cm. Duc. 3.7.8 (B)).

2
gopMHOrO TpeobOpa3oBaHUA W = ( ) Ha BEpPXHIOI TOJIYILIOCKOCTH

1 -z
“—

LIV X (0L ] 7k

Puc. 3.7.8 (B).

Da pucyHKe BBIIEICHBl YIaACTKI TPAHII 00JacTell, Ha KOTOPBIX IPaHMI-
Hble 3HaYeHIs GYHKINN U (L, y) OTINYHBL OT HYJIA.

Ucxonnas xpaeBas 3afgada 1ad QYHKOUN u(x,y) MOCIe 3aMeHBI mepe-
MeHHBIX u(z) = u(z(w)) = u(w) npuMmeT Buj
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DellieHne >Tou 3a1a4dn upuxie B BepXHen MOJYILIOCKOCTH MpeICcTaBIa-
eTCsA B BHe HHTerpatga DyaccoHa (3.7.6):

N 1 a0 g dt 11 1-¢
u(f,n)—;é(t th_;é(t— 2———|——arctg(7).

Taxk kak

_ (142 _ M: (14 re®)(1 — re=i#) 2:
r= (i) = (1) = |

11—z 1 —re (1 —re¥)(1 —re=iv)

(1 —r% + 2irsin p)?
(14 r2—2rcos ¢)?’
IOJIYIHIM BBIPasKeHIe HOBBIX IepeMeHHBIX depe3 cTaphle

(1 —7r2)? — 4r?sin® ¢ _ 4Ar(l—r?)sing
(1472 — 2rcosp)? 77_(1—|—7“2—2rcos<,9)2'

{ = (3.7.8)

1 1 1-¢
Omeem. u(r,p) = B + —arctg (7) , vae & 1 n 3aJaHbl POpPMYyIaMU
Ui

(3.7.8). '

3amedanue. MoxKHO OGBLIO PacCMOTPETh KOH(OPMHOE OTOOpaKeHe
obacTn D Ha BEPXHIO MOLYILIOCKOCTH ¢ MOMOIIBI0 GYHKINN ZIKYKOBCKOTO
w = —(z 4+ 1/2)/2. Ucxogras xpaeBas 3a1ada MOCTC 3aMEHBI IepEMEHHBIX
u(z) = u(z(w)) = u(w) mpumer Buj

il =0 +1).

{A&zO, w e G,

JellleHne >Ton 3ada"i IIpeJCcTaBJadeTCa B B e NHTerpaJaa gyaCCOHa

17

n - a(t, 0 n 1 1 14+¢
wen =2 | iogrrp®=z - 5*‘”‘3@( 0 )

riae

sSin .

):_ijﬁ_ (A=)

1 : 1 .
w=£&+in= 5 (rew—l— —e ' cos p + 1 oy



5) BBegem KoMmIekcHYO mepeMeHHYVIO 2 = & + 1y. OTo6pasnM 061acTh
D={z:2€C Imz>0, z¢]J[0,i]} KOMILICKCHON IIOCKOCTN C TOMOIIBIO
KOH(OPMHOT'0 TIpeobpazoBannt W = V 22+ 1 Ha BepXHIOK MOIYILIOCKOCTD
G={w: wedl Imw >0}, rze w= ¢/ — HyJIeBasg BeTBb KBaJADaATHOI'O

KopH. (cM. Duc. 3.7.8 (1)).

Y @ 7 @

-1 0 X 0 1
iz /o /o Vs /// 7 //(E
Puc. 3.7.8 (r).

Da pucyHKe BBIIEICHBl YIaACTKI TPAHII 00JacTell, Ha KOTOPBIX IPaHMI-
Hble 3HaYeHIs GYHKINN U (L, y) OTINYHBL OT HYJIA.
Ucxonnas xpaeBas 3afgada 1ad QYHKOUN u(x,y) MOCIe 3aMeHBI mepe-
MeHHBIX u(z) = u(z(w)) = u(w) npuMmeT Buj
Au=0, wEeQGaG,
| =06 V3 — 06+ 1)+ 8 — Blc — 1),

Uu

DeleHne >Toll 3aga4n Jupux/ie B BepxHell HOIYILIOCKOCTH IPe cTaBIsA-
eTCsA B BUe MHTerpala Dyaccona (3.7.6)

N 177 - aft,0) L L
U = — dt = — T
(&.n) WZO(t—f)Q‘F??Q t ﬂ_é( — &)+ n? +7T0/ (t—&)2+n?

Taxk kak

= V224 1=+ 1—y? + 2izy = (22 + 1 — y?)? + da?y? exp (Z%)
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riae

2
arctg(#y_y?), ecom 22 4+ 1 — y? > 0,
2
7T—|—arctg(i), ecm 22 +1—y? <0, x>0,
_ x2—|—1—y2
. + t( 22y ) Z+1-y*<0, 2<0
—7m 4 arctg | ——— ecIn x — x
ng—I—l—yQ, y ? ?
/2, eccm 22 +1—y?=0, x>0,
—m/2, ecn 22 +1—y? =0, x <0.

OTCIO,H& I[MOJIY1IUM BbIPpaiKeHle HOBBIX IIE€PEMECHHBIX 9Yepe3 CTapbIe

€= (a2 +1—y2)? + day? cos(v/2),

n= (22 4+ 1 — y2)? + 4a2y? sin(v)/2). (3.7.9)
Omeem.
u(x, y) :% [arCtg (ﬂn—l_ 5) —arctg (%) +arctg (%) — arctg (%)] :

rae £ u 1 3agassl popmyrami (3.7.9).

6) BeemeMm xoMmIeKkcHYIO mepeMeHHYIO 2 = & + iy. OTobpasum 06:1acTh
D={z:2€C Imz>0, |z—1/2]>1/2} xoMIIeKCHON ILIOCKOCTH C IIO-
MOIIBI KOHPOPMHOTO IpeobpasoBanua w = e /*H)7™ = _e™/% ga pepxHmon
noayntockocth G ={w: w € €' Imw > 0} (cm. Duc. 3.7.8 (1)).

yi @ _ T/
W = —¢€

; —
1/2

70 * 00 73

Puc. 3.7.8 (qn).

Da PUCYHKEe BBIICICHBI YIaCTKI T'PAHUIl 00JacTell, Ha KOTOPBIX TDaHIY-
HBIe 3HAYCHUA (PYHKUNN u (T, y) OTINTHBL OT HYJIA.
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Ucxonnas xpaeBas 3afgada 1ad QYHKOUN u(x,y) MOCIe 3aMeHBI mepe-
MeHHBIX u(z) = u(z(w)) = u(w) npuMmeT Buj
{ Au=0, wEedQG,

= 0(E 1)

n=0

Uu

DeleHne >Toll 3aga4n Jupux/ie B BepxHell HOIYILIOCKOCTH IPe cTaBIsA-
eTCsA B BUe MHTerpala Dyaccona (3.7.6)

177 n-a(t,0 17 dt 1 1— &\t
&(f,n):—/ 7 u(2, )th:—/ 772 2:—arctg(7£) =
T (=82 +n T4 (=8 +nt w n Jh
1 1 (1 — 5)
= - — —arctg | —— .
2 n
91IM BbIpazK€HIe HOBLBIX II€PpEMEHHBIX I€epe3 CTapbIle
&= =™ cos(my /(27 + 7)),
(3.7.10)

n = em/(gg2+y2) Sin(ﬂy/(l‘2 + y2))

11 1—¢
Omeem. u(x,y) = 5 - arctg | —— |, rae & u 1 3agaHBl popMyTAME
w Ui
(3.7.10).
7) Begem KoMmIeKkCHYIO mepeMeHHYIO 2 = & + 1y. OTo6pasnM 061acTh
D={z:z€eC |-:—1i/2]| >1/2, |z —i|] < 1} KOMIIEKCHOT IIOCKOCTH C O~

MOIIIBI0 KOH(POPMHOT'O Mpeodpa3oBaHUA W = e’™/* ua BEPXHIOIO MOJIYILIOC-

kocTh G ={w: w e Imw >0} (cm. Duc. 3.7.8 (e)).

S 627T/Z n @
—
0N
Puc. 3.7.8 (e).
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Da PUCYHKEe BBIICICHBI YIaCTKI T'PAHUIl 00JacTell, Ha KOTOPBIX TDaHIY-

HBIe 3HAYCHUA (PYHKUNN u (T, y) OTINTHBL OT HYJIA.
Ucxoanas kpaeBas 3ajgada 111 QYHKION u(x,y) HOCTe 3aMEHBI IIepe-

MeHHBIX u(z) = u(z(w)) = u(w) npuMmeT Buj
Au=0, wed®aG,
il o ote v

DellieHne >Tou 3a1a4dn upuxie B BepXHen MOJYILIOCKOCTH MpeICcTaBIa-

n=0

eTCsA B BUe MHTerpala Dyaccona (3.7.6)

11 . ato 1+ pdt
ul&m) = W{O WO/ (t =&+’
1 t—&\ 1 1—¢ ¢
= — arctg (—) = — (arctg (7) + arctg (—)) .
w nm /o 7 Ui Ui

Tak xkak w = 627T/Z = 6271’(1‘—iy)/(x +y7) — 627Tl‘/(1‘2—|—y2) .6_1'271—3//(132"1'3/2)7 [IOJIY UM

BbIpaizKeHlI€¢ HOBLBIX II€PEMEHHBIX Iepe3 CTapbIle

f _ 6271-1‘/(962-1-3/2) COS(QWy/(xQ + yQ)), (3711)
= _627rx/(x2+y2) Sin(Qﬂy/(:L‘Q + y2))
1 1-¢ §
Omeem. u(x,y) = — (arctg (7) + arctg (_)), rae f n 7 3aJaHbl
m n U

dopmymamn (3.7.11).

3agada 3.7.8. C momorInbio HHTerpaa JyacCoHa HAUTHU PeIleHNe 3a-

naqn [lupuxae nag ypaBHeHus Jlamraca B obractu D

Au=0, (x,y) € D.

1. D= R*: — 0 :
{(z,y) € o< x< oo, y> 0}, u‘y_o SR

2. D={(z,y)€ R*: x>0, y>0}, u‘ _0:9(3;_1), u _0:0_
3. D={(z,y) € R*: —co<u<+o0, 0<y< 3}, u‘ = 0(x).
y:
u‘ = 0.
y=3
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.D:{(rcosgo,rsingo)ERQ; O<r<l, 0<p<m}, u‘ =1,

.D:{(x,y)ERQ: —oco < x < +oo, y >0, yg[oal]}a
o =0 —0a—1). o _, =0 uf_,

y=0 0<y<i 0<y<i

= 1.

D={le) €R: y>0, (y-1/27+a>>1/4), =0,

=1 —
[Py E R Py ey
D=A{(z.y) e R*: (y—1°+2"<1 (y—1/2)*+2">1/4},

— O7 = 17 =
u‘(y—l)z—l—xz:l Y r=+/1/4—(y—1/2)? Y r=—+/1/4—(y—1/2)?
1
_ 2. _
. D={(z,y) e R*: —oco<ax<+o0, y>0}, u‘yzo Frarl
. D={(x,y)e R*: x>0, y>0}, u‘ 020, u _Oze(y—l).
. D={(z,y) ER*: —co<x< 400, 0<y<2}, u‘_:O,
u‘yﬂ: 6(x)
D={(rcos g,rsin o) ER*: 0<r<1, 0<p<n}, u‘ = 0,
u‘ = u‘ =1
=0 =T
. D={(z,y) e R*: —co< <400, y>0, y¢[0,1]},
u‘yzoz 0, u‘g;&: 1.

. D={(zr.y) € R?: y>0. (y—1/2)2+2?>1/4}, u‘ —0(x),

y=0

u\ _
(y—1/2)2+x2=1/4
D={(e.y) €R: (y—1P+2" <1, (y—1/2+2*> 1/4}.

=1
r=+/1—(y—1)?

b u‘(y—1/2)2+x2:1/4 -

r=—+/1—(y—1)2

? ?
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X

. D={(z,y) e R*: —c0o<x< 400, y>0}, u‘

=0 4422
. D={(z,y)ER*: x>0, y>0}, u‘_zﬁ(aj—l), u _Oze(y—l).
.D:{(:L‘,y)ERQ: —o << 4o, 0<y <1}, u‘_:&(g;)7
u‘yzlze(:ﬁ)
. D={(rcos p,rsin p)ER?: 0<r<1, 0<p<7}, u‘_:O,
u‘ =1, u‘ = 0.
=0 p=r

.D:{(x,y)ERQ: —oco < x < +oo, y >0, yg[oal]}a
u‘ =0(zx)—0(x—1), u =1

_ e=+0, ) ,
y=0 0<y<1 0<y<1

. D={(z.y)€R’: y>0, (y—1/2)2+a2>1/4}, u‘ = §(—2),

u‘ —
(y—1/2)2+22=1/4
D={(z,y) e R*: (y—172+22<1, (y—1/2)%+2*>1/4},

=1
r=—+/1—(y—1)2

r=+/1—(y—1)2

, Uu

U =
224(y—1/2)2=1/4

. D= R?: — 0 -
{(x,y)E o <@ <400,y >0}, u‘yzo 2 —ax+1

 D={(z,y)€ R*: >0, y>0}, u| =0(x)—0(z—1),

y=0 x=0
. D={(z,y) ER*: —co<x< 400, 0<y<2}, u‘_zﬁ(—x),
u‘yZQZO.
. D={(rcos p,rsin p)ER*: 0<r<1, 0<p<n},
u‘ = O(p —7/2), u‘ ~ :u‘ _=0.
r= =0 p=m
. D={(z,y) e R*: —co< <400, y>0, y¢[0,1]},
— 1, — 0.
u‘yZO st
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27. D= {(z,y) € R*: y>0, (y—1/2)2+2>>1/4}, u‘ —1,

y=0

u\ _
(y=1/2)2+22=1/4
8. D={(r.y) € B: (y—1+4><1 (y—1/2)° +>> 1/4},

u‘(y—1)2+x2:1 =0

ul =
(y—1)2+22=1/4

?

X

_ 2. _
29. D ={(x,y) € R": —oco<a<+o0, y>0}, u‘yzo T

30. D={(v,9)€ B*: >0, y>0}, u| =0, u

=0y) =0y —1).

r—=

3.8. CobcTBeHHbIE 3HA4YEHUS N COBCTBEHHbIE PYHKLNM
onepaTopa Jlannaca B NnpsMoyronbHUKe, KpyroBOM CEKTOPE,
NPSAMOYrofbHOM Mapannenenunese, NpSMOM KPYyrOBOM LUAUHAPE,
CEKTOpE NpsSIMOro KPYyroBOro UuauHapa

DaccmoTpuM 3aga4dy HTypma-JInyBUaisa: HanTH 3HAYEHUS HapaMeTpa
A, IPH KOTOPBIX CYIIEeCTBYeT HeHyIeBoe permerne v(x) # 0 ypaBHeHNA

Liv]l+ Ap(Z)v = 0, TeD, (3.8.1)

VIOBIETBOPSAIOIIEe O THOPOJHOMY I'PAHIYIHOMY VCJIOBUIO

(a8 +50) |, =0, lal+15]#0, (3.8.2)
r e
L[v] = div (k(z)grad v) — q(z)v.  p(7).q(z) € C(D), k(z) € C'(D),
p(Z), k(x) > 0, ¢() > 0, o(Z),B(Z) € C(OD), i — eIUHUTHBII BEKTOD
BHEMTHEfl HopMatn K rpaxnme OD.

Omnpejgenenune. 3HadeHNsA HapaMeTpa A, IPH KOTOPBIX CYIIECTBYIOT
HeHyJIeBble pemeHnsa 3agadn (3.8.1)(3.8.2), Ha3bIBAIOTCA €OOCMEEHHBIMU
BHAUECHUAMU, & COOTBETCTBYIOIINE UM HeHYJIeBbIe pemeHns v(T) Z 0 Ha3bI-
BaIOTCA COOCMGEHHBIMU PYHKYUAMU.
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DepedncaInM CBOICTBA COOCTBEHHBIX 3HAYCHUN I COOCTBEHHBIX (DYHK-
L.

1) CymecTByeT 6eCKOHETHOE (CIeTHOE) MHOZKEeCTBO BeIle CTBEHHBIX CO6-
CTBEHHBIX 3HAYMCHNN \,, n = 1, 00 I CO6CTBEHHBIX PYHKINNI v, (T), n = 1, 00.

2) CobcTBeHHBIC 3HAYEHIIS BO3PACTAIOT IIPU YBEINYCHIN HOMEPA N

M< < <. <<

3) Da KazK,I0M KOHEeTHOM HHTepBae [« (3] KOHeTHOe TICI0 CO6CTBEHHBIX
3HATeHNN I UX HeT.

4) Kax oMy co6CTBEHHOMY 3HAYCHHIO COOTBETCTBYET KOHETHOE TIICIO
JINHENHO He3aBUCUMBIX (PYHKIIHII.

3amedanue. Bce co6cTBeHHBIC 3HAYCHNSA OJTHOMEpHON 3amadn (D =
= [a, b]) npocmuie, T.e. M00BIE ABe COOCTBEHHBIC (DYHKINN, COOTBETCTBYIO-
I1ie 3TOMY COOCTBEHHOMY 3Ha'eHNIo, JIHeNHO 3aBUCHIMBL.

5) CobcTBeHHBIE (DYHKINI, OTBETAONIIE PA3INTHBIM COOCTBCHHBIM 3HA-
GeHIAM A| # A9, OPTOTOHAJIBHEL B D ¢ BecoM p(T), T.e.

ﬂ%M@W@M@Mfza

3amedanue. Ecin cobcTBeHHOMY 3HaUMeHHIO A oTBedaeT k JIMHENHO
HE3ABUCIMBIX COOCTBEHHBIX (DYHKUNN v1(T), v9(T), ..., vp(T), To >TH QPyHK-
U MOTYT OBITH MOIAPHO HEOPTOrOHATBHBIMI. (O IHAKO MBI MOXKEM HX
3aMEHNTh, IPYTUMI COOCTBeHHBIMI QYHKIUAME U (T), U9(T), ..., Ux(T), AB-
JAOMIMICA UX JTHEHHBIMI KOMONHAIMAMN 1 IPUTOM IIONapHO OPTOrO-
HAJIbHBIMI, IPIMEHNB aIropuT™M opToroHammsanun I 'pava-IIvuara.

6) Bce coberBennsbie sHadenns 3agadin (3.8.1), (3.8.2) neompuyamenvmbr,
ecan k(z) >0, q(7) >0, a- 5 > 0.

3amedanume. A = (0 BO3MOKHO TOIBKO AJd BTOPOU KPaeBOU 3amatn
(8 =0), opu ¢(z) =0, Torga cobcTBeHHas GyHKUNA v(T) = const,

7) Cucrema co6cTBeHHBIX (pyHKUNN 3a1a%41m (3.8.1), (3.8.2) noana B mpo-

cTpaHcTBe (PYHKINN, HHTETPUPYEMBIX ¢ KBaIPATOM.

Onpepenenune. Cucrema OpTOTOHATBHBIX (¢ BecoM p(T)) B obractun D
QYHKIUN Ha3BIBAeTCA noanoti B D, ecan pis mobon Gyukunn f(T), nHTer-

pPUPYEMOI ¢ KBaApaToM B [, BBIIOIHAETCA PABEHCTBO DapCeBalsd
[If £ p@ydz =35 g2l
D k=1
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riae

HWW;W%@w@ﬁ,
f(@ _
/// |U/<;||2 ) dz —

koa(puuneaTer Pypre pyukunn f(7) mo GyHxumaMm cucteMmsr {vg(T)}.

3ameuanue. Ecan cucreMma QyHKINA motHa B D, To pag Oypbe 1i1g
BCAKON (PYHKIINI C MHTETPIPYEMBIM KBaIPAToM B D MOXKHO IIOLICHHO ITH-
TerPUPOBATD.

DaBEHCTBO JapceBald ABIACTCA HEOOXOAUMBIM U TOCTATOYHBIM VCJIO-
BUEM TOT'0, YTOOBI paa Pypbe dTon GYHKINT CXOANICA K dTON (PYHKINN B
CMBICIE CPeIHeTo KBaapaTuiHoro, T.e. Ve > 0 IN(e) > 0 Takoe, a0

/// ( Z fron(T ))dex < e

8) (Teopema Crexnosa). Dpoussorshas Gpyukiua f(z) € C*(D), yaos-
JTeTBOPSIONIAA TPaHIIHOMY yciaoBmio (3.8.2), pasmaraeTcs B aGCOIIOTHO 1
paBHOMEPHO cXoamuica B obtact D pag ypbe 1Mo co6CTBeHHBIM Py HK-

nuaM 3agaqn (3.8.1), (3.8.2)

f@=§ﬁ%ﬂ

9) Dpoussoabnas Qpyuxnus f(z) € C°(D), yaoBreTBopAtomas TPaHIt-
HBIM YCIOBHAM

(0524 531) |, = (agm Ll + 02111} | =0, (3.8.3)

oD

pasraraeTcsa B pag Pypbe Mo coOOCTBEHHBIM (DYHKIIIAM, CXOIAITINCT PABHO-
MepHO B D 1 JomycKalomni IBYXKpaTHOe ModareHHoe JuddepeHinpoBaHue.

P pumep 3.8.1. Dauntu coO6CTBEeHHBIC 3HAYEHUA U COOTBETCTBYIOIINE
M coOCTBeHHBIe (hYHKINN onepaTopa Jlamraca.

1) Dpamoyroabron obaactn D = {(z,y): 0<a<m 0<y<7/2}c
T'PAHIIHBIME VCIOBUAMU

=0, (3.8.4)



80‘ _ o (3.8.5)

a—y y:O_ a—y‘y:ﬂ'/QZ

2) Kpyrosoro cextopa D = {(r,¢) : 0 < r <b, 0 < ¢ < 7/2} ¢
CPAHIIHBIMI YCIOBIAMIL

g—; e g—; =0 (3.8.6)
vl = 0. (3.8.7)

I YCIOBIEM OPPAaHNYeHHOCTH mpu 1 — ()
[v| < +o0. (3.8.8)

Pewenue. 1) Daccmorpum 3agady Hltypma-JInysumrsa (3.8.1), (3.8.4),
(3.8.5). DyageMm nckaTh cO6CTBeHHBIC QYHKINI METOIOM pa3IeIeHNs Iepe-
MEHHBIX B BILJe

v(z,y) = X(2)Y (y) £ 0. (3.8.9)
Doxacrasuum (3.8.9) B Y (3.8.1)

X"(@)Y (y) + X(2)Y"(y) + AX (@)Y (y) = 0,

pazgeanm Ha X ()Y (y), moxyamm

Xll(x) —I_ Yll(y)

X)) Ty T

Kaxx goe craraemMoe B >TOM pPaBeHCTBe paBHO KOHCTaHTe, T.K. OHO BhbI-
noauseTca B obaactu D. Orcioga noayuanm O/1Y

X"x) + pX(x) =0, (3.8.10)
Y'(y) +vY (y) =0, (3.8.11)

rie
A=t (3.8.12)

Docae mogcranosku (3.8.9) B (3.8.4) u (3.8.5) moxydnm rpaHUHBE YCIO-
Bus 111 Gyuknun X (x) u Y (y)

X(0) = X(r) =0, (3.8.13)

174



Y'(0) = Y'(5/2) = 0. (3.8.14)

Demenne 3amaun rypma-JInysmirs (3.8.10), (3.8.13) mpusemero B
Opuroxernn 1 (m. a). Co6CTBeHHBIC 3HAYCHNSI I COOTBETCTBYIOIINE IIM
cobcTBeHHBIe (PDYHKINN IpH | = 7 nMeioT caeayomuni it (3.1.13), (3.1.14)

tn =n% n=1,00, (3.8.15)

X, (z) =sin(nz), n=1,0c. (3.8.16)

Demenne 3amaun lrypma-JInysmirs (3.8.11), (3.8.14) mpusegero B
Opuroxernn 1 (m. r). Co6CTBeHHBIC 3HAYCHNSA I COOTBETCTBYIOIINE IIM
cobcTBeHHBIe (yHKUNN npn | = 7/2 mMeror cregyioomun Bug (3.1.25),

(9.1.28), (9.1.29)

= (2k)%, k=0, 00, (3.8.17)
Yi(y) = cos(2kx), k=0,00. (3.8.18)

Urax, pemmennem ncxoguon sagadn Hltypva-/Inysurzs (3.8.1), (3.8.4),
(3.8.5) aBasIOTCA cobeTBenHbIe 3HadMeHnA (3.8.12), (3.8.15), (3.8.17)

Ak = i + 1 = n? 4+ (2k)?, n=T,00, k=0, 0, (3.8.19)

a COOTBeTCTBYIOINe nM cob6cTBeHHbIe QyHKInn (3.8.9), (3.8.16), (3.8.18)

vne(,y) = X, (2)Ye(y) = sin(na) cos(2ky), n=1,00, k =0,00. (3.8.20)

T /2 T /2
v ] |2 :/ / v (x,y) dy doe = /sinQ(n:L‘) dx / cos?(2ky) dy =
0 0 0 0
70k + 1)

- n=100, k=0,00.

8 9
3amedanue. Dyuknua ['puHa KpaeBon 3a1atn

Au=—f(z,y), D={(z,y): 0<a<m 0<y<n/2},

u = o2(y), (0<y < 7/2),

=T

a::O: ¥1 (y)a u
8u‘ ou

@ o), (0 <z <)

y:OZ 1(:6)7 @‘y:ﬂ'/?z -
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mveeT B (3.22)

4 = sin(nzx) sm(nf)

G,y &) = — Z

8
_2

n

X sin(nax) cos(2ky) sin(né) cos(2kn)
Z > 3 3 :
n=1k=1 n® + (2k)
DelreHne >Toll KpaeBoll 3aJati 3alulleTcs ¢ IOMOIIbI0 GyHKINI I 'piHa
B BHJe

xyz/ﬂ
0

/2

| HEmG(a.y; &, n)dfdnJr/@bz )G (@, y; &, 7/2)dE—
0

[ i oG (. y; i OG(x,y;w
— [ ¢1()G (. y; £, 0)dE+ [ er(n) ( é?é,O,n)d,?_/ (1) ( 8?2 g
0 0

0

2) DacemorpnM 3agaty Hltypma-Inysuwrs (3.8.1), (3.8.6)(3.8.8). Hmem
COOCTBeHHBIe (DYHKIINN MeTOJOM pa3IeIcHIA IIepeMeHHBIX B BHe

v(r,p) = R(r)®(p) £ 0. (3.8.21)

Doxacrasnum (3.8.21) B 1Y (3.8.1), xoTopoe Haxo 3amncaTh B HOTAPHON
CICTeMe KOOpJUHAT

1 9 [ ov 1 31}
TIOJIY THM
1 d( dR R(r) ., B
o (T%) P(p) 7‘1) (¢) + AR(r)®(p) = 0.
Da3IeIIM IepeMeHHbIe
1 d [ dR
-2 A
r dr ( dr) AL _ _(I)”(@) —
R(r) P(p)
2
Doxyuanm OAY mmua R(r) u ®(p)
1
R'(r)+ “R(r) + ()\ _ 12) R(r) =0, (3.8.22)
r r
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®" (o) + v®(p) = 0. (3.8.23)

Docae mogcranokn (3.8.21) B rpanmunsie ycaoBus (3.8.6)-(3.8.8) mo-

JIY <IIM
'(0) = &' (g) =0, (3.8.24)
R(b) = 0, |R(0)] < 0. (3.8.25)

Bagaga [rypma-JInysmria (3.8.23), (3.8.24) pemena B Dpuroxennn 1
(m. r). CobcTBenHBIe 3HAUCHN U cobcTBeHHbIe QyHKImN (D.1.25), (9.1.28),
(9.1.29) mpu | = 7/2 mmMeroT Bup

v, = (2n)%, n =0, 00, (3.8.26)

®,(¢) = cos(2ny), n=0,x.
Doacrasum v = v, (3.8.26) B AY (3.8.22), moayunm Y Deccens

(2n)-ro mopsaaka

R(r) + %R;(r) + (A - (QZ)QRn(T)) =0.

Ero O6HI€€ penieHnne MOXKHO 3allliCaThb B B €

Ru(r) = ApJon(VAF) + ByNon(VAr), n =0, 00, (3.8.27)

rae Jo,(-) 1 Nop(+) — dyHKIUN Deccels n DelMaHa TOPIIKOB 2n.

I3 ycaoBus orpanmtdernoctn pemenns npu r — 0 (3.8.25) creayer, 1To
B, =0, n = 0,00, T.x. dyHkuun Denmata No,(-) HeorpaHUYeHHBI TP
r — 0. DogcraBum (3.8.27) mpu B, = 0 B rpanmdHoe ycaoBue (3.8.25),
HOIYIUM YPaBHEHNA 114 HAXOXKJEHNA COOCTBEHHBIX 3HAYCHNUI

R, (b) = Ay Jon (VD) = 0.

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

M(Qn)
Ak = kT, n=0,00, k=100,
rie ,ugfn) — k-1 xopeHb ypaBHeHI Jo,(p1) = 0.
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NTax, cobcTBeHHbIC 3HaYMeHNA cxoaHon 3aaa4n (3.8.1), (3.8.6)(3.8.8)

(2n)\ 2
)\nk’ = (Iul;)) 5 n =

a COOTBETCTBYIOIINE UM CcOOCTBEHHBIE (bYHKIJ;I/II/I

0,00, k=T, 0, (3.8.28)

(2n)
Uni(r, ) = Jon ('ukbr> cos(2np), n=0,00, k=1, 00. (3.8.29)

/2 b
el = | ] iate e do == (b1 ) 2 L

n=0,00, k=1,0c.

3amedanue. Dyuknua ['puHa KpaeBon 3a1atn

Au=—f(r,p), D={(r,¢): 0<r<b, 0<p<7/2},

du ou
%‘80:0: 91(7“)7 %‘gp:ﬂ-/QZ 92(7“)7 (O S r S b)7

u = ale) (0w <7/2)

mveeT B (3.22)

(0) (0)
M T Hi P
G(r,e;p,0) = =3

- +
TS )y
,u(%)r M(Qn)p
< Jon kb Jon kb cos(2nyp) cos(2ny))
+=2 > - :
Tzl i) [ (3] ()2

DellleHne >TON KPaeBoOU 3a1a¥n 3alUIIeT S ¢ MTOMOIBIo (PyHKIuN 1 puHa
B BI,I€

b b
/f(p,@b)G(wo;p,@b)pdpd@bJr/gz(p)G(r,go;p, 7/2)pdp—
0 0
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OG(r, ;. 1))
oY

b /2
= [ 91(p)G(r, 1 p,0)pdp = | gs(¥)) di.
0 0

Omeem. 1) Co6cTBeHHBIE 3HATECHUA

Ak =02+ (28)2, n=T1 00, k=0, o,

COOTBETCTBYIOIIINE M CcOOCTBEHHBIE (bYHKIJ;I/II/I

vni(,y) = sin(nz) cos(2ky), n=1,00, k=0, cc.

2) Cob6cTBeHHBIC 3HAYUCHNIS

o)\ 2
(e
n b 9

COOTBETCTBYIOIIINE M CcOOCTBEHHBIE (bYHKIJ;I/II/I

,u(%)r
Uk = Jon kT cos(2ny), n=0,00, k=1, 00.

3agada 3.8.1. Dautu coOCTBEHHBIC 3HAYMECHNUA U COOTBETCTBYIOIINE M
coOCcTBeHHBIe (DYHKIINN omepaTopa Jlamraca mpaMoyroaibHON 06JacTH WIN
KPYTOBOT'O CEKTOPA.

1. v| =w = vy‘ = v‘ = 0.
z=0 r=m y=0 y=r/2

2. v‘ = vgp‘ =v| =
©=0 p=r/4 r=b

3. v = = ‘ = ‘ =0
“le=0 r=n/2 Y y=0 Y y=m

4. v‘ = v‘ =v.| =0.
©=0 p=m/3 r=b

5. v =0 = v‘ =0 ‘ = 0.
“le=0 le=r y=0 Y y=r/2

6 vgp‘ = v‘ =vl =0.

©=0 p=m/2 r=b
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

v = v, = v‘ = v‘ = 0.
z=0 r=n/2 y=0 y=m
v = =v| =0.
S0‘3@:0 S0‘@:71' r=b
v =w :Uy‘_:vy‘_:O.
x=0 r=m y=0 y=m
v = ‘ =0 = 0.
‘gp:O 7 p=n/3 "lr=b
U, =v = ‘ = vy‘ = 0.
z=0 r=m/2 y=0 y=m/2
v‘ = v‘ =v| =0.
©=0 p=m/2 r=b
U, = v, = v‘ = v‘ = 0.
z=0 r=m y=0 y=m
v = = = 0.
S0‘3@:0 ‘gp:ﬂ' "lr=b
v = Ul‘ = ‘ = ‘ =
z=0 r=m/2 y=0 y=m/2
v = =v| =0.
S0‘@:0 S0‘@:71’/4 r=b
v = = U‘ = Uy‘ =
z=0 r=m y=0 y=r/2
U‘ = ng‘ =7 =
©=0 p=m/2 r=b
U, =v = v‘ = v‘ = 0.
z=0 r=n/2 y=0 y=m
v‘ = v‘ =v.| =0.
=0 p=r r=b
v = v = ‘ = v‘ = 0.
“le=0 le=r Y y=0 y=r/2
v = = = 0.
S0‘@:0 ‘gp:ﬂ'/él "lr=b
vl =wv = ‘ = ‘ = 0.
z=0 v r=n/2 Y y=0 Y y=m




24. v ‘ = v ‘ =v| =0.
7 ©=0 7 p=m/3 r=b
25. v| =w :v‘ :v‘ = 0.
z=0 r=m y=0 y=m
26. v‘ = vgp‘ =v.| =0.
=0 =T r=b
27. v, =w = vy‘ = ‘ = 0.
z=0 r=m/2 y=0 y=m/2
28. v‘ = v‘ = = 0.
©=0 p=r/4 r=b
29. vgg_:%_:vy‘_:vy‘_:O
x=0 r=m y=0 y=m
30. vgp‘ = v‘ =v| =0.
©=0 p=m/3 r=b

P pumep 3.8.2. Dauntu co6CTBEeHHBIC 3HAYEHUA U COOTBETCTBYIOIINE
M coOCTBeHHBIe (DYHKINN ollepaTopa Jlamraca.

1) DpsmoyroabHoro napamrterenunesa D = {(z,y,z): 0 <z < m,
0<y<7/2, 0<z< 7} crpaHUYHBIME YCJIOBIAMM

v v
v a::O: v l‘:ﬂ': 8—y‘y:0: a—y‘y:ﬂ'/QZ (3830)
v
| =1 _=0 (3.8.31)

2) Dpamoro kpyrosoro mmanaIpa D ={(r, ¢, z): 0<r<b, 0< ¢ <2,
0<z< h} C TpPaHUYIHBIMU YCJIOBUAMU

Ov _ Ov

5= B ™ 0, (3.8.32)
Ov
s 0. (3.8.33)

3) Cexropa mpsamoro xpyrosoro muamaapa D = {(r,¢,z) : 0 <r < b,
0<p<m/2, 0< 2z < h} crpaHUIHBIMU YCIOBUSAMI

Ov Ov

% S0:0: % S0:71-/2: v _ = O7 (3834)
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(%

= 0. (3.8.35)

— v —
z=h

z:O_

Pewenue. 1) Dacemorpnum 3agady [ rypma-Iunysmris (3.8.1), (3.8.30),
(3.8.31). Dyaem nckaTb co6CTBeHHBIC (DYHKINN METOTOM pa3IeleHUs Ie-
pEeMeHHBIX B BIII€

v(z,y,z) =ul(x,y)Z(z) £ 0. (3.8.36)

Doacrasum (3.8.36) B Y (3.8.1), paszgeanm mepemMeHHBIE, TOIYTIM

Ay yu~+ pu =0, (3.8.37)
Z"(2) + vZ(z) = 0, (3.8.38)
A=t (3.8.39)
(3.8.31)

MOIYHINM TPAHNYIHBIE YCIOBUA MIA GYHKINT u(x,y) n Z(z)

ou ou
b a::O: b l‘:ﬂ': @‘yzoz @‘y:ﬂ'/?z (3840)
Z(0) = Z(x) = 0. (3.8.41)

Bagaga [rypma-Jlnysuris (3.8.37), (3.8.40) pemena B Dpumepe 3.8.1
(m. 1), cobcTBenHBIe 3HatUeHNS paBHBI (3.8.19)

[ =02+ (2k)2, n=T1,00, k=0,00, (3.8.42)
COOTBeTCTBYOMmIE co6cTBeHHbIe (yHKINN (3.8.20)
uni(z,y) = sin(nz) cos(2ky), n=1,00, k=0, 0. (3.8.43)

T2 (8 + 1
el = T,

Bagaga [rypma-JInysmria (3.8.38), (3.8.41) pemena B Dpuroxennn 1
(m. 6) mpu [ = w. CobcrBennble 3HadeHns (D1.18) paBHEI

(Qm + 1)2
Uy = , m =
2

0, . (3.8.44)

COOTBeTCTBYMOMmIeE co6cTBeHHbIe (yHKINI (D1.19)

2m +1

Zon() = cos ( z) Nz =L =0 (3.8.45)

CIRS
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CobcTBenHBIe 3HaUeHN ncxogHon 3agadn (3.8.1), (3.8.30), (3.8.31) mo-
ayuanm m3 (3.8.39), (3.8.42), (3.8.44)

2m—|—1)2
9 n =

Ak = n2—|—(2k)2—|—( 5 1,00, k=0,00, m=0,00, (3.8.46)

cooTBeTCTBYMOImMue cobcTBeHHBIe (yHKunn n3 (3.8.36), (3.8.43), (3.8.45)

2 1
Vnkm (2, Y, 2) = sin(nx) cos(2ky) cos ( m2—|— z) : (3.8.47)

38 1
el = TO0FD TS k=m0

3amedanue. Dyuknua ['puHa KpaeBon 3a1atn

Au=—f(x,y,z), D={(v,y,2): 0<a<m 0<y<7/2, 0<z< 7}

ul = vily.2) “\ _=@(y.2), (0<y<w/2, 0< 2 <m),
du ou

@‘yzoz Uy (x, 2), @‘y:ﬂ/zz Yo, z), (0<e<m 0<2<m)
du

5220: Xl(x7y)7 UZ:TF: XQ(x,y), (nggﬂ', Ogygﬂ'/Q)

o0 00 00 Unkm(x,y,z)vnkm(fan7g)

G(x,y,2:€,n,6) = ,

n=1 k=0 m=0

T€ Unkm (T, Y, 2), Apkm 32 1aHBI popmyaamn (3.8.47), (3.8.46).
DellleHNe >TON KPaeBOIl 3aJadl 3alillleTCs ¢ HoMoInbo Gyukinnn ['puna

B BILJC
T T2
w(w,y,2) = [ [ [ F&n.9)G (2., 26 m,) dEdy ds+
00 0
e IG(x,y,2;0,1,9) e IG(x,y,z;m,1,¢)
-I-//991(77,§) 7(3957 — dndg—//gog(n,g) : 2)5’ 22 dn ds+
00
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Ua(&,) G, y, 2 €, 7/2,6) dE ds — / / (8. 5)G .y, % €,0,6) dE ds

/
0
/2 x /2
- [l
0

Gz, y. 28,1, )
0)déd dé dy.
X1(& )G (2, y, 2:6,1,0) fn//mfn R §dn

2) DacemorpnMm 3agady [rypwma-Inysnris (3.8.1), (3.8.32), (3.8.33).
DyaeM HCKaTh cOOCTBeHHBbIE (PYHKINN METOJIOM paseJeHIsa MepeMeHHBIX
B BHJe

v(r,p,2) =Y (r,p)Z(z) £ 0. (3.8.48)
Doxacrasum (3.8.48) B AY (3.8.1), koTopoe HaTO 3amNUCcaTh B HILINHIPIICC-
KOII CHCTeMe KOOPIUHAT

Lo (o Lo By,
r Oor r@r !

r2 8— 022
paseInM IepeMeHHBIe, IO/ THM
Z(z) - DY (roe) + 27 ()Y (ro0) + AY (r,0) Z(2) =0 =
Ar,sﬁy(ra 99) —I_ )\Y(T, 99) _ ZII(Z)

Y(r,¢) Z(z)
Orcroga moxy<taem 1Y
Z"2) 4+ pZ(z) =0, (0< 2z < h), (3.8.49)
ALY (rop)+eeY(r,p) =0, (0<r<b 0< ¢ <27), (3.8.50)
rie
A=+ e (3.8.51)
Docae noacranoskn (3.8.48) B rpannunsie yeaosus (3.8.32) u (3.8.33),
TIOJLY 1M
Z'(0)=Z'(h) =0, (3.8.52)
Y
| = 3.8.53
or lr=b ( )

Bagaga [rypma-JInysmria (3.8.49), (3.8.52) pemena B Dpuroxennn 1
(m. 7). CobcTBeHHBIE 3HAYMECHNA I COOTBETCTBYIOIINE IM COOCTBEHHBIC (PYHK-

nnn (91.28), (91.25), (91.29) mpu | = h umeoT B

_(@)2 _
Ium_ h 9 m =
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mwmz

AR

Bagaga [lrypma-JInysmirs (3.8.50), (3.8.53) — 3agata HAXOXK I€HUSA COO-
CTBEHHBIX (DYHKIUI omepaTopa Jlamraca B kpyre. JTa 3alatda pelleHa B

Zm(z) = cos ( m =0, oc. (3.8.55)

Dpunoxernnn 2 (m. 6). Cob6CTBeHHBIC 3HAYMEHNA I COOTBETCTBYIOIUIIE MM
cobcTBennble pyHKUNN (92.20), (92.22) NMe0T CIeIVIOMNN BU I

0,00, k=1,00, (3.8.56)

) (A, cos ne + By, sin nyp), (3.8.57)

(e

n=0,00, k=1,00,

(n)

rae J,(-) — QyHKINI Deccegas n-To Hopsagka, vy, = — k- KOpeHb ypaBHEHUA
J(v) =0, VYA,, B,, |A.|+|B.|#0.
CremoBaTenbpHO, cOOCTBeHHBIC 3HadeHNA 3ataqn (3.8.1), (3.8.32), (3.8.33)

mvetor Bug (3.8.51), (3.8.54), (3.8.56)

2 (n)
Ak = (%) + (ﬁ;) , n=0,00, k=1,00, m=0,00, (3.8.58)

a cOOTBeTCTBYIomIIe M cobcTBenHbIe GyHKnn (3.8.48), (3.8.55), (3.8.57)
(n)

Ve 'r

Unkem (15 0, 2) = Ty, ( ) (A, cos ny + By, sin nyp) cos (sz) :

h

(3.8.59)
YAy, Bn, | Au| 4 |Ba| # 0.

2
n n (I)n 2
o= i 2 1= () ) 2 ) 120
Vi
n=20,00, k=100, m=0,00,

1@o(p)|P = 2747, [|Du(p)|I = 7(AL + By), n=T1,.

3amedanue. Dyuknua ['puHa KpaeBon 3a1atn

Au=—f(r,p,z), D={(re.2): r<b 0<p<2m, 0<2<h},
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du du

5 z:OZ 9 (n 99)7 82

mveeT B (3.22)

du

—92(7“,99), 87” 9(997 )

z=h rb

X X = Unk'm( 79972)Unkm(p7¢7§)
G 7“, 9 Z7 9 9 §)= ?
( Pzt ) n=0 k=1 m=0 | [Vnkm|[*Ankm

Te Unkm (7, ©, 2)y Ankm 33da8b1 opmyaamu (3.8.59), (3.8.58).
DellleHNe >TON KPaeBOIl 3aJadl 3alillleTCs ¢ HoMoInbo Gyukinnn ['puna

2

/]
00
b 2w

b 2w
_//gl(Pa@b)G(ra99»37Pa¢70)Pdpd¢+//92(p,¢)G(7“,@,Z,p,@b,h)pdpd@b—l—
00 00

b
/f (P10, Q)G (rs 0, 25 py by s ) pdp dy ds—
0

27 h
+ [ [ 932 6)Gr, 0, 21,00, 5) dif ds.
00

3) Dacemorpum 3agaty Hlrypwma-/Tnysurra (3.8.1), (3.8.34), (3.8.35).
Ypasuenne (3.8.1) sanuieM B IILITHAPIYECKON CICTEME KOODINHAT

1 0 ( dv 1 9% 320
Av+Iv=—-—|r—|+—- A\v = 8.
v A r o Or (Tar) i 1?2 9p? 32 Far=0. (3.8.60)

JyaeM HUCKaTh COOCTBeHHBbIe (DYHKIINI MeTOIOM pasieleHus mepeMeHHBIX
B Bl e

v(r,p,2) =Y (r,p)Z(z) £ 0. (3.8.61)
Doxacrasum (3.8.61) B Y (3.8.60), pasmeanM mepeMeHHBIC, TOIYHUNM

Ay

Z"2)+vZ(z) =0, (0<z<h), (3.8.62)
AN Y(rop)+eY(r,p) =0, (0<r<b 0<¢<n/2), (3.8.63)

rie
A=v+ . (3.8.64)

Docae moacranoBku (3.8.61) B rpannmusasle ycioBus (3.8.34), (3.8.35)
TIOJTY “IIIM

oy v _
899 go:O_ 899 go:ﬂ'/Q_

=0, (3.8.65)
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Z(0) = Z(h) = 0. (3.8.66)

Bagaga [rypma-Jlnysuris (3.8.63), (3.8.65) pemena B Dpumepe 3.8.1

(m. 2). CobcTBeHHBIE 3HAYMECHNA I COOTBETCTBYIOIINE IM COOCTBEHHBIC (PYHK-
nun (3.8.28), (3.8.29) nMer0T CaeAVIOMNI B

(2n)\ 2
oo = (“’fb ) , (3.8.67)

(2n)
Yor(r, ) = Jon ('ukb 7“) cos(2np), n=0,00, k=1, 00. (3.8.68)
/2 b 2 (S
2n no 1
Wl = [ [Valrordrdg == (b7, )" P,
0 0
n=0,00, k=1,00,
rae Jo, () — QyHKIUN Deccens 2n-mopsaIKa, Mf”) — k- KOpeHb ypaBHEHI

Jgn(,u) = 0.

Bagaga [rypma-JInysmria (3.8.62), (3.8.66) permena B Dpuroxennn 1
(m. a). CobcTBeHHBIE 3HAYMECHNA U COOTBETCTBYIOIINE IM COOCTBEHHBIC (PYHK-
nnn (91.13), (91.14) mvetor npu [ = h caeayomni BiI

Tm) 2
Uy = ( h) , m=1,00, (3.8.69)

h
h
Zm(2) = sin (7”;”) 12l = O/an(z) d: = . (3.8.70)

Urax, u3 (3.8.64), (3.8.67), (3.8.69) moxydaem coOCTBEHHBIC 3HAYMCHUA
ncxoauon 3aga4n (3.8.1), (3.8.34), (3.8.35)

7Tm2 Mé?n)Q
At = , 3.71
‘ (h)+ b (3:8.71)

a COOTBETCTBYIOIIIE M cobcTBeHHBIe pyHKnnn 3 (3.8.61), (3.8.68), (3.8.70)

(2n)
Untem = Jon ('ukbr) cos(2nyp) sin(mmz/h), (3.8.72)

I
-

n



’ 2 (8,0 + 1
/Uka(ra @, z)rdrdedz = 7h (b Jén(ﬂgn))) 7( nolg‘ )7
0

3amedanue. Dyuknua ['puHa KpaeBon 3a1atn

AU:—f(T,Qp,Z), D:{(T,QQ,Z): O<7“<b, 0<99<7T/2, O<Z<h}7

du ou
%‘SD:O: gl(rjz)j % S0:71_/2: 92(7472)7 (O <r< b7 O <z <L h)7
U‘ _b= 93(9972), (0 < p< 7T/2, 0< 2z < h)7
“L:o: galr, @) u| _ = gs5(r, ), (0<r<b, 0<p<7/2)

mveeT B (3.22)

2o o2 Unkeml\ T 95 2 ) Unkem p7¢7g
Glrg.zipthe) =2 2 X 2, 2)onim(p, ¥, )
n=0 k=1 m=

| |Unkm| |2)\nkm

?

T1e Unkm (7, ©, 2)y Ankm 3adasbl popmyramu (3.8.72), (3.8.71).
DellleHNe >TON KPaeBOIl 3aJadl 3alillleTCs ¢ HoMoInbo Gyukinnn ['puna

h /20

:///f (P, )G (r, 0, 21 p, 00, <) pdp dip do—
0

0

o

h b
— [ [ alp. C)G(n%zsp,O,C)pdpchr//gz(p, VG(r @, 2:p,7/2.¢)pdpds—
00 00

h /2 /2
IG(r, ¢, 2:b,.q) IG(r, ¢, z:p, 1, 0)
e didst ] [oi(p.v) o pdpd

/2 b r,Q, 2
-/ /95(/),@&)%( D00 gy,

00 Js

Omeem. 1) Co6cTBeHHBIE 3HATECHUA

2m—|—1)2
9 n =
2

COOTBETCTBYIOIIINE M CcOOCTBEHHBIE (bYHKIJ;I/II/I

1,00, k=0,00, m =0, o,
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2m + 1 )
z 9

Unkm (2, Y, 2) = sin(nx) cos(2ky) cos ( 5

n=1,00, k=0,00, m=0,00.

2) Cob6cTBeHHBIC 3HAYUCHNIS

9 (n)\ 2
)\nkm:(%) —I_(V];)) 9 n:O,oo, ]f:l,OO, m:O,oo,

COOTBETCTBYIOIIINE M CcOOCTBEHHBIE (bYHKIJ;I/II/I

n
vp'r

Unkem (7,0, 2) = Ty, ( i ) (A, cos(ny) + B, sin(nyp)) cos (sz) :

b h

n=0,00, k=1,00, m=0,00, VA,, B, |A,|+|B.|#0.

3) Cob6cTBeHHBIC 3HAYUCHNIS

2 (2n)
)\nkm:(%) —I_(Iul;)) 3 n:O,oo, ]f:l,OO, m:17007

COOTBETCTBYIOIIINE M CcOOCTBEHHBIE (bYHKIJ;I/II/I

(2n)
Unkm(ra ¥, Z) = J2n (Mk’br) COS(QH@Q) sin (WZ:Z) 3

n=0,00, k=1,00, m=1,00.

3agada 3.8.2. Dautu coOOCTBEHHBIC 3HAMCHNUA U COOTBETCTBYIOIINE UM
coOCTBeHHBIe (DYHKIINU omnepaTopa Jlamraca mpaMoyToJbHOTO MapaJuiese-
numena, IpAMOTO KPYT'OBOT'O HIINHAPaA UIN CeKTopa MPAMOT0 KPYToBOTO
MUINHIpA ¢ 3aJaHHBIMUI TPAHUYIHBIMU yCIOBUAMII.

1. v| =v| =v| =0.
z=0 z=h r=b

2. v = vgp‘ = =, =v = 0.

3. v =0 :vy‘ :v‘ =v| =, = 0.
z=0 r=m y=0 y=r/2 2=0 =7




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

v = = Uy = 0.
2=0 z=h r=>b
v‘ = v‘ =v, =v, =v = 0.
=0 po=m/3 r=b z=0 z=h
v = = = vl =w
“le=0 r=n/2 y‘y:O y‘y:ﬂ' 2=0 =7
vl =, =vl =0.
2=0 z=h r=b
vgp‘ = v‘ =v| =v| =wv, = 0.
v =0 =0 =0 =0 =0
“le=0 le=r ‘y:O y‘y:ﬂ'/? 2=0 =7
vl = = = 0.
2=0 “la=h "lr=b
v =v =vl =wv =wv| =0.
S0‘@:0 S0‘@:71’ r=b z=0 z=h
v =, = v‘ = v‘ =v,| =v =
z=0 r=n/2 y=0 y=m 2=0 =7
v, =w =vl =0.
2=0 z=h r=b
vl = = = =vl =0.
‘gp:O Sp‘gozﬂ'/i% "lr=b “le=0 z=h
v =0 =0 =0 =0 =0 =
x=0 r=m y‘y:O y‘y:ﬂ' : 2=0 =7
v = U = v = O
: 2=0 z=h "lr=b
v‘ = v‘ =v| =, =, = 0.
Ul‘ = = ‘ = Uy‘ = =
z=0 r=m/2 y=0 y=m/2 z=0 Z=m
v = =vl =0.
: 2=0 “la=h r=b
v =v = = =v| =0.
S0‘@:0 ‘gp:ﬂ' "lr=b “le=0 z=h
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21. v, = v, :v‘ :v‘ =v| =, = 0.
x=0 r=m y=0 y=m 2=0 =7
22. v‘ :v‘ =v| =v = = 0.
7 ©=0 7 p=r/4 r=b z=0 “lo=h
23. v| =, = ‘ = ‘ =vl =wv =0
z=0 r=m/2 y=0 y=m/2 z=0 Z=m
24. v :vgp‘ =v| =wv,| =v| =0.
25. v| =w :v‘ :vy‘ =v,| =wv =0.
z=0 r=m y=0 y=r/2 2=0 =7
26. v :v‘ =v,| =wv =wv,| =0.
=0 p=m r=b z=0 z=h
27. v, = :v‘ :v‘ =vl =wv, = 0.
z=0 r=n/2 y=0 y=m 2=0 =7
28. vgp‘ :v‘ =v,| =wv| =wv| =0.
29. v = :v‘ :v‘ =v| = = 0.
“le=0 le=r Y y=0 y=r/2 2=0 “lo=r
30. v‘ :v‘ =v| =v = = 0.

4. SAAAYIN AJIA YPABPEP S TEPJIOPPOBOAPOCTHU

MaTremaTnIecKas Mo Jeldb, ONICHIBaIOMas HeCTallloHapHoe PacIIpeiere-
HIle TeMIlepaTyphl Telda, 3aHIMalomero oobeM [, orpaHNIeHHBIN IOBEPX-
HOCTBIO 0D, mpencTaBIgeT coOO0N HAYAILHO-KPAEBYIO 3aJady IIA ypaBHe-
HILS TemmonpoBoaroctn [2, 4, 5, 10-12]

c(f)p(f)g—? = div (k(Z) grad u) + f(:i‘,t), TeD, t>0, (4.1)

C I'PAaHNI'IHBIM YCJIOBHUEM Ha ITOBEPXHOCTU 0D 1 HavaIbHBIM yVCIoBuIeEM

ul _=9(@), 7€DUID. (4.2)

=

3gecy u(T,t) — uckoMas memnepamypa Teda, k(T) — U3BECTHBIN K0IP-
Puyuenm menaonposodnocmu, f(T,t) — U3BeCTHAA 06bEMHAL NAOMHOCTb
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UCMouHUK06 Terna, ¢(T) — ydesvnas menioemsocmo, p(T) — NAOMHOCTb
MACCHL e,
Eciu Ha rpannue 9D moagep:kuBaeTcs 3alaHHasd TeMiepaTypa (T, t),
PACCMATPUBACTCA 2PAHUUHOE YCA06UE NeP6o2o poda (ycaosue Juput.ie)
u‘ = u(z.t), T€ID, t>0. (4.3)
oD
Ecau Ha rpannune 0D 3agal TemtoBoll noTok ¢(T,t), paccMaTpuBaeTCs
epanuunoe ycaosue 6mopozo poda (ycaosue Petimara)

ou

—| =v(x T > .

57 lop v(z,t), T€dD, t>0, (4.4)
rae v(T,t) = —¢(Z,t)/k(Z), 7 — ¢IUHUIHBIN BeKTOD BHEIIHEH HOPMAJIM K

noBepxHoCcTH OD.

Ecan wa moepxuocTn 0D mponcxoanT TEMLIOOOMEH MO 3aKOHY JDbIO-
TOHA ¢ BHEIIHEN CPeI0T, 338, 1aHHON TeMIIepaTyphI (T, t), paccMaTpUBAIOT
eparuunoe Yycaoeue mpemoveeo poda (ycaosue Pobena)

= p(z,t), T€ID, t>0, (4.5)
rie h(Z) = h(Z)/k(T), (T, t) = h(F)uy(Z.t), h(T) — wosfPuyuenm men-
A00OMENQ.
B Tom cayuae, xorga koddduuneHTsl B ypaBHeHHNN (4.1) mOCTOAHHBL:
c(Z) = const, p(T) = const, k(T) = const, ypaBHCHIe IPUHIMAECT B
ou

— 2 =
5 = Au+ f(z,1), (4.6)

k f(T
rie o = —, f(:Z‘,t):f( ’t).
cp cp

3amedyanue [2, 4, 5, 10-12]. Ypasuenune Temronposoanoctu (4.1) omn-

CBIBaeT PACHpPOCTPaHeHNe KOHIEHTPAIN BelnecTBa (T, 1) B N30TPOIHON
cpege, tae p = 1, ¢(¥) — xosdpduunent nopucroctu, k(T) — xodddunn-
ent guddysmnm, f(T,t) — 06beMHAT IIOTHOCTD HCTOYHIKOB BEMIECTBA I
XIIMITIeCKOIl PeaKIIn.

Ypasuenue (4.6) onucbBaeT pacnpocTpaHeHNe HICKTPOMATHITHBIX BOJIH
B OJHOPOIHOII, H30TPOIHON Cpee ¢ OOIBIION IPOBOANMOCTEIO, KOTa MOZK-
HO IpeHeOpedb TOKAMI CMEIIeHNA [0 CPaBHEHNIO ¢ TOKAMII IIPOBO MO CTI.
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B sTom VpaBHEeHHU U — OdHa N3 KOMIIOHEHT HaHpH}KeHHOCTef/’I dJICKTpHUiec-

_ _ 1

xoro £ = (E,, E,, E.) nm marauraoro H = (H,, H,, H.) noreii, a* = —,

o

0 — DIEKTPUTICCKas IPOBOANMOCTE CPElbl, (i — abCOMITHAI MarHITHAL IIPO-
HIIIIAeMOCTbD.

B pampHemmenm OyeM paccMaTpuBaTh HadalbHO-KpaeBble 3aJadl I/IS
ypaBaeHus (4.6) ¢ rpannmaabivn yeroBuamn (4.3) min (4.4) nwin (4.5) u Ha-
JaIbHBIM yCaoBueM (4.2).

NznoxumM memod pasdesenus nepemenbis Ppeutenus HauaabHo-Kpaesoti
3adauu a5 00HOPOIH020 YPABHEHUS TMENAONDOBOIHOCTNU.
DaccMoTpuM 3agady 111 oduopoduozo Y (4.6) (f(z,t) =0)
ou

~ =a’Au

teD. t>0 4.7
5 , TED, t>0, (4.7)

C 00HOPOOHBIMUY TPAHITIHBIMIE yeIoBIAME Bua (4.4), (4.5), (4.6) (¢:(Z,t) = 0)

(055 + ) =0, el 1120 s

I HadaJbHBIM yeaoBueM (4.2).
Umem wactable pemmenns [AY (4.7), yaoBIeTBOPSAOINE OIHOPOIHBIM
rpaHIIHBIM yeroBuaM (4.8) B Buge

w(Z,t) = v(T)T(t) 2 0. (4.9)

Doxacrasum (4.9) B ypaBrenue (4.7), pas1eanM mepeMeHHBIE

T'(t)u(7) = > T(t) Av(T) & T = o]

T'@t) _ Av(@)
T
DociaeHee paBeHCTBO BBIMOIHACTCA B obxactu (T € D, t > (), caegosa-
TeJbHO, JeBad U MpaBasg dacTH pPaBeHCTBa MOCTOAHHBI. (OO03HAYUM >TY

KOHCTAHTY —A

T _ e _
a?T(t) v(T) '
Orcroga moayanm OY
T'(t) +Xa*T(t) =0 (4.10)
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u Iy

Av(z)+ Av(Z) =0, T €D, (4.11)
Docae mogcranoBku (4.9) B rpanntHoe ycaosue (4.8), mory M
v
T(t) (oza— —I-ﬁv) ‘ - 0 < (a— + B ) ‘ (4.12)

Bamaga (4.11), (4.12) massBaeTcs sagaden HlTypma-/lnyBumrs Haxox-
JeHNs COOCTBEHHBIX 3HaYeHIII A I COOTBETCTBYIOIMNX IM COOCTBEHHBIX
dyuxuun v(z) # 0 onepatopa Jamtaca B obaactu D ¢ IrpaHIYHBIMI YCIO-
Busamn (4.12).

DpennoaoKIM, ITO HaM I3BeCTHEI COOCTBEHHBIC 3HATCHUA \,, N = 1, 00
I COOTBETCTBYIOMINE IM COOCTBeHHBIe (DYHKINU Uy (T ), KOTOPBIe 06pa3yIoT
OPTOHOPMUPOBAHHYIO MOMHYIO cucTeMy GyHKuui B D (cBolcTBa COOCTBEH-
HBIX 3HAYEHNN 1 COOCTBEHHBIX (PYHKUUI ¢M. B pasfere 3.8). DaccMOTPUM
OIY (4.10) mpu A = A, n = 1, 00. Obuine pemenns >TUX ypaBHEHNUN

T,(t) = Ape ™%t =T, o0,

Urax, gacTase permenus (4.9) HalIeHBI
Un (T, 1) = v (T) T, () = Ape ™%, (F). (4.13)

Demmenne Bcen 3agadn (4.7), (4.8), (4.2) umem B Biie QYHKINOHAIBLHOTO
pAaaa
u(a,t) = 3 To(t)o,(T) = 3 Aye ™, (7), (4.14)
n=1 n=1

npejnoaaras, ITo ero MOKHO JuddepeHInpoBaTh OQUH pa3 o ¢ U IBa pa3a
o . DeusBecTHbIe KO>(pPUIUEHTH A, HangeM U3 HA4YaJbHOTO YCIOBUS

(4.2).
Doxacrasnym (4.14) B (4.2), moxymm

o(7) = 3 Ay (T). (4.15)
CremoBaTerbho, A, — koadPuiineHTH Pyphe pa3I0KeHNIT U3BeCTHON (PYHK-

nnn g(&) mo noxHon B D cucTteme co6cTBeHHBIX hyHKUNI {v,(Z)}, n =1, cc.
Naa onpegerenns A, BOCIOIb3yeMCA OPTOTOHAILHOCTBIO COOCTBEHHBIX

pyHKIIIT
/// v (T T)dT = dpy.
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Ymuoxnm (4.15) Ha vi(T) n mpouHTerpupyeM o T B D, MOIyHIM

///9 T)ue(7) drv—ZA ///vn P dE = 4y, k=T,5%. (4.16)

Urax, pemernem ncxoquoi 3agadn (4.7), (4.8), (4.2) asrgercs GpyHKINA
u(Z,t), saganHas QYHKINMOHAIBEHBIM psagoM (4.14), rae A, BBMUCIAIOTCA HO
dopmyram (4.16).

Temeps paccMOTPUM MeMOJ PEUEHUS HAUAALHO-KPAESOU 3adauu Oas
HEOOHOPOOIHO20 YPABHEHUSL MENAONPOE0IHOCTIU.

DaccMoTpuM 3a1ady 1t Heodnopodnozo [1Y (4.6) ¢ odnopoduvimu rpa-
HIHBIMI yeaoBmaMn (4.8) 1 HadaspHBIM yeaoBueM (4.2).

DPeAmOIoKIM, ITO HaM U3BE€CTHBI COOCTBEHHBIE 3HAYEHUS A\, U COO-
cTBeHHBIC (DyHKUNN v, (T) 3agaqn [Hrypma-Jluysmmns (4.11), (4.12), xoro-
pas MOoIydaeTcsa B pe3yabTaTe NPUMEHEHNsS MeTOoda pasIeJeHIs IepeMeH-
HBIX /IS COOTBETCTBYIONIETO O THOPOIHOTO YpaBHeHNs (4.7) ¢ TpaHNTHBIMI
ycaoBuamn (4.8).

DyaeMm nckath pemienne Hamedn 3ataqn (4.6), (4.8), (4.2) B Buge pasio-

KEHUA B PAA IO COOCTBEHHBIM (PYHKIIAM v, (Z), n = 1,00
u(# ) = 3 wa(t)0a(7). (4.17)

n=1

rae u,(t) neuzsecmupt. UsBectusle yuxuun f(Z,t) n g(T) Takxke pasio-
KIM B PAALL IO COOCTBEHHBIM (DYHKIIAM

oo

f(zt) =3 fult)on(T), (4.18)

n=1

9(z) = é Gn Un(T), (4.19)

r1e¢ KO>(PPUINCHTHI pa3aokeHun f,(t) n ¢, BEMUCIIIOTCA IO (POPMYIaM

fa(t) = [[[ £z tyen(7) dz., (4.20)

g = [[[ 9(@)vn(7)dz, n=T. (4.21)

D
Dpeanogoxum, 410 pai (4.17) MoxHO mowreHHO AndQepeHnnpoBaTh
OIWH pa3 1o t u aBa pasa mo T. JoxctasuM (4.17), (4.18) B (4.6), moxy M
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é {%“n(f) — a® Avy (T)un(t) — fn(t)vn(:ﬁ)} = 0.

ITOo BbIpazKeHle MOZKHO 3alliCaThb B CJICIVIOIICM BI A€

3 {d““ Fa? My un(t) — fn(t)} on(E) = 0, (4.22)

— L dt
n=1
ecan 3aMeTuTh, 4To u3 (4.11) Av,(Z) = =\, v, (7).
B cuny moaroTsl B D cucTeMbl COOCTBEHHBIX QYHKINN v, (T) u3 (4.22)
cIegyer
du, (t
“dit() +a?\un(t) = fult), n=Tn (4.23)

Doxacrasum (4.17) u (4.19) B HavambHOe yeaoBue (4.2), MOLyHIM

é{un(O)—gn}vn(:ﬁ)zo = u,(0) =g,, n=1n.

(4.24)

Dermenne 3ana4d Komm aas uy,(t) (4.23), (4.24) M0OKHO MOIYyINTD, HAIPH-
Mep, OIlePaIIIOHHBIM MeTO JOM
¢
un(t) = /e_“ZA”(t_T) fo(T)dr + gne_azA”t. (4.25)
0
Doxacrasum (4.25) B (4.17), popMarbHO moxyHunM perenne 3ana4dn (4.6),
(4.8), (4.2) 1 HEOTHOPOTHOTO YPABHEHII.
Docae nogcranosku (4.25) B (4.17) u ydera BbIpameHHN A1 Koahdu-
nneHToB Pypre (4.20) u (4.21), moayunM mpeacTaBICHNE PEIIeHNA 3a,1a40
(4.6), (4.8), (4.2) ¢ momomrpio QpyuKunn I'pua

wz,t) = [ [[[ #7.7)GE. g:t.7)dgdr + [[] 9(7)G(7.5:.0) dF.  (4.26)
riae

G(z, gt 7) =3 e Ty (), (T) (4.27)
n=1
— Pynryus I'puna, I GyHEYUL 8 AUAHUSL MOUEUHO20 UCTLOUHUKC.

3aMedaHme. DelleHIe HadalbHO-KpaeBon 3a1aqdn (4.6), (4.2) ¢ weod-
HOPOOHBIM 2paruunbim Ycaoeuem Buga (4.3)—(4.5)

du
(a5e +pu) |, = n(@.t). T€ID. Jal+13£0 (129
MOZKHO CBe€CTH K PEIICeHNIO 3ada" I C HEeOJHOPOIHBIM VpPpaBHEHHUEM, HCOIHO-

POOHBIM Ha1aJbHBIM YCJIOBHUEM N OaHOPOaHleI/L I'PaHNTTHBIM YCJIOBUECM. ﬂJIH
OTOI'O Ha O HCKaTh pelleHne B BIIEC
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w(z,t) =U(Z,t) + w(T,t),
rae U(Z,t) — HOBasg Hem3BecTHasA QYHKINSA, a W(T,t) — ABazZ Il HEIPEPBIBHO
nudgdepernupyeMad 0 T U OAUH pa3 Mo ¢ BhIOpaHHad (PYHKIINA, KOTOopasd
VIOBICTBOPSAET TPAHITHOMY VCJIOBHIO (4.3).

B Dpunoxennn 5 mpuBegeHb IpUMephl TaknX GYHKINT W(x, t) B ciydae
OJHOI IPOCTPAHCTBEHHOU IepeMeHHOIL.

B cayuae necmayuonaprozo neodnopodrnozo rpaHntHOTO yeaoBus (4.5)
MOYKHO HCIOJIB30BATh IPUHINI J[roaMens, MO3BOIAIOMINN CBECTH K pelle-
HIIIO 3aJa41 ¢ 60Jee IPOCTHIM IMPAHNYHBIM YCIOBIEM. DelleHle HadalbHO-
KPaeBOM 3a,1a4N I OJHOPOIHOTO ypaBHeHs (4.1) (f(:i‘, t) =0) c ogHOpOI-
HBIM HadalbHBIM yeaoBueM (4.2) (¢(Z) = 0) u HeoIHOPOIHBIM TDAHMTHBIM
ycaoBueM (4.5) maercs GopMyIon:

u(z,t) =

! !
0 /81):1375—7'”(:2‘77_)(17_:
0

&O/U(:Z‘,t—T)

— (3, +/ Ft— 1) 8(7_7—)(17',

rjae v(T,t) — pelleHne BCIOMOTATeIbHON 3a a4l IS OJHOPOTHOTO YpaB-
HeHns (4.1) ¢ oAHOPOAHBIM TPAHMYHBIM ycaoBueM (4.2) m 6olee IPOCTHIM
IPaHUYHBIM yCIoBUeM (o 1 3 He 3aBUCAT OT )

(aa—z—l—ﬁu) ‘ =1, || + [3] # 0.

4.1. MeTopn paszaeneHuns nepeMeHHbIX ANs1 YPaBHEHUS
TENMONPOBOJHOCTM Ha OrPaHUYEHHOW MPSMON

P pumep 4.1.1. MeTogoMm pasgereHus mepeMeHHBIX HAUTHU PeIleHIe
u(x,t) HATATBHO-KPACBON 3a1a4N [T OJHOPOJHOTO YPABHEHIA TEILIONPO-
BOTHOCTH

ou 5 0%u
5 = ¢ a2 D={x: 0<z<n/4}, 0<t, (4.1.1)
¢ TPAHIYHBIMI YCI0BHAMI Ha 0D
ou
=0 W =0 0<t (4.1.2)




I HalaJbHBIM YCIOBIEM
u‘ = g(x) = 2cos 2x — 3cos 6z, 0< < 7w/4 (4.1.3)

Pewenue. CHavara HalgeM 4YacTHBIE pPelIeHUA 00HOPOJHO20 YpaBHe-
aus (4.1.1), yaoBreTBopsroie 00nopodHbiM TPAHTIHBIM yeaoBmaM (4.1.2)
B BHJe

u(x,t) = X(x)T(t) #0. (4.1.4)
Doxacrasum (4.1.4) B (4.1.1) u pasgernm mepeMeHHBIE

! _ 2 " Tl(t) _ X”(ZL‘) _
X()T'(t) =aT(t) X" (z) & AT T X (1) -\

Orcroga moxytaem O/Y
T'(t) + X\a*T(t) = 0, (4.1.5)
X"(x) + AX () = 0. (4.1.6)
Doxacrasum (4.1.4) B ogHOpO 1HBIE T'paHUtIHBE yeaoBusd (4.1.2), momxyanm

T(HX'(0) =0 = X'(0) =0,
(4.1.7)
T(H)X(r/4) =0 = X(r/4)=0.

Demmenne 3aga4in lrypma-Jluysmas (4.1.6), (4.1.7) opusegero B Dpu-
moxennn 1 (m.6). CobcTBeHHBIC 3HAYMCHNA I COOTBETCTBYIOIIIE NIM COOCT-
BeHHBIC (yHKUNN npu | = 7/4 nmetor caeayiomui Bug (91.18), (91.19)

Ap = 4(2n + 1)%,

Xn(z) =cos(2(2n 4+ 1)z), n =0, .
Temeps pacemorpum OY (4.1.6) mpu A = A,

T!(t) + \a*T,(t) = 0.

Ero O6HI€€ pemenne mnMeeT B

T,(t) = Apge ™% =1, .
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Tax, MBI HAIILIN CIeTHOE MHOXKECTBO IacTHBIX pereHni (4.1.4)

8

up(x,t) =T,(t) X, (z) = A, e et cos(2(2n + 1)), n =0,

Dermmenne ncxoanon 3agaqdn (4.1.1)-(4.1.3) 6ygem nckath B Buge (pyHK-
IMIOHAIBHOTO PAga

u(z,t) = > up(a,t) = > A, et cos(2(2n + 1)), (4.1.8)
n=0 n=0

npeamnoIarasg, 9To ero MoxkHO Aud@epeHnnpoBaTh OANH pa3 Mo IepeMeH-
HOI t 1 ABa pa3a Mo MepeMeHHOI .
Doxacrasum (4.1.8) B HagaxpHOE yeaosue (4.1.3), moxyamm

g(x) = é A, cos(2(2n + 1)a). (4.1.9)

Hast mHaxox geHus kod>dduinentoB Pypre A, BOCIOIb3yeMCsS 0PTOro-
HAJIBHOCTBIO COOCTBeHHBIX QyHKIN Ha [0, 7 /4]

/4
/ cos(2(2n + 1)x) cos(2(2k + 1)x) dx = g5nk-
0

YmuOZEIM 06€ dacTn paBercTBa (4.1.9) Ha cos(2(2k 4+ 1)x) u npounTerpu-
pyeMm mo x Ha unTepsate [0, 7 /4], momydnm

/4 o /4

/g(x) cos(2(2k+1)x)dx=>_ A, / cos(2(2n+1)x) cos(2(2k+1)x) dx = Ak%.
0 n=0 9

OTcroga Haxo UM

/4

/ g(x)cos(2(2n + 1)z) dx. (4.1.10)
0

b
T
DoacraBuM »>Tu KodhdunneHTs B (4.1.8), moayunM pemeHne MCX0IHON 3a-
Jadn B Buge (PYHKINOHAILHOTO PsAa.

B mamem caydae ¢gyuknus g(x) B (4.1.3) mMeeT BuA, MO3BOIAIOIINI
HanTn Kod>(pduuneHnTsl Pypoe (4.1.10) He mpuberas K HHTETPHPOBAHIIO.
Docae noacranoBku (4.1.8) B HatanpHoe yeaoBue (4.1.3) moxyuamv (4.1.9) B
BHE

2 cos 2x — 3cos 6z = Y A, cos(2(2n + 1)x). (4.1.11)

n=0
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DJepBoe caaraeMoe B J€BOU YacTH SABIACTCA COOCTBEHHOU (PYHKITIEH
Xo(x) = cos 2z, Bropoe — X(x) = cos 6x. CpaBHuBasg Kod>(pPUUNCHTHI
IpU O INHAKOBBIX COOCTBEHHBIX (DYHKIINAX B JEBOU 1 IPABON TacTAX PaBeH-
crBa (4.1.11), moxyunm

Ag=2, Ai=-3, A,=0 mpu n#0,1. (4.1.12)

DoacraBum xoddpurmenTs: (4.1.12) B (4.1.8), moxy<InM perreHne mexo -
HOU 3a Jatil.

—4a’t

Omeem. u(x,t) = 2e cos 22 — 37307 cos 6.

3amevanmne. Dyukuns [pura (4.27) paccMOTpPEHHON 3aJatdi HMeeT
BI 1T

G(x,y;t,7) = % Z—:o o0 4(2nt1)*(t=7) cos(2(2n + 1)x) cos(2(2n + 1)y),

a peleHMne 3adaqdll MIpeacTaBJadeTCa C HOMOHHﬁO(ﬁYHKHHH FpHHaAB B I€e

(4.26)

/4
u(w,t) = /g(y)G(fv,y;t,O) dy.

3agada 4.1.1. SDemuTh HaYaIbHO-KPAaeBYIO 3alady Iad ypaBHEHUS
TeILIOTPOBO THOCTI

o _ a0
3t_a3x2

C OJHOPOAHBIMU TI'PAHHNYIHBIMI YCJIOBUAMM M 3aJaHHBIM HaYTaJbHBIM YCJO-
BUIEM.

1. uf =wu =0, u‘ = 3sin 2x — sin 3x.
x=0 r=m =0

2. u| =u, =0, u‘ = 2sin & — 3sin dx.
z=0 r=n/2 t=0

3. u, =wu =0, u‘ = 2cos x + 3 cos 3.
z=0 r=n/2 t=0

4. u, = U, =0, u‘ =34 cos x — 5cos 2.
x=0 r=m =0

5. u| =wu =0, u‘ = 2sin(z/2) — sin x.
x=0 r=27 t=0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

u‘ LT | = 0, u‘t_oz 3sin(x/2) — sin(3z/2).
u ‘ T = 0, wu T cos(x/2) — 2 cos(bx/2).
u‘ = U, =0, wu| =1+4cos2x —2cos4x.
u‘xzoz u‘x:%: 0, wu T sin(x/2) — 3sin x.
u‘xzoz uw‘x:%: 0, wu T 2sin(x/4) — sin(3z/4).
u ‘ T u‘x:%: 0, wu T 3 cos(x/4) — cos(3x/4).
uw‘xzoz uw‘x:%: 0, u T 2 cos(x/2) — cos x.
u‘ =ul =0, u| =sinx— 2sin 3z.

=0 r=m t=0
u‘ = U, =0, wu| = 3sin z — sin 3x.
u‘ =u =0, u‘ = cos & — 3 cos dH.
u‘ =u =0, wu| =2-—cosax+ 3cos 2x.

=0 r=m t=0

u‘xzoz u‘x:%: 0, wu T sin(x/2) 4+ 3sin 2.
u‘ LT | = 0, u‘t_oz sin(x/2) 4+ 2sin(5x/2).
u ‘ T = 0, wu T 2 cos(x/2) 4 cos(3x/2).
u‘ = U, =0, wu| =2-—cos2x+ cos 6bx.
u‘xzoz u‘x:%: 0, wu T 3sin(x/2) 4 sin x.
u‘xzoz uw‘x:%: 0, wu T sin(x/4) — sin(5z/4).
u ‘ :u‘ =0, u| =cos(x/4)—2cos(5zx/4).

r=2m =0
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24.

25.

26.

27.

28.

29.

30.

Uy, = U, =0, u‘ = cos x — 3cos 2x.
x=0 r=27 t=0
ul =u| =0, u‘ = sin 2x — sin dz.
x=0 r=m =0
ul = u, =0, u‘ = sin x 4+ 2sin 3.
z=0 r=n/2 t=0
Uyl =u =0, u‘ = cos & + 2 cos 3.
z=0 r=n/2 t=0
Uy, = U, =0, u‘ = 2cos x — cos 3x.
x=0 r=m =0
ul  =u =0, u‘ = sin x — 3sin dz.
x=0 r=27 t=0
ul  =wu,| =0, u‘ = sin(3x/2) — sin(5x/2).
x=0 r=m =0

P pumep 4.1.2. DemuTh HavalbHO-KPAeBYIO 3a1a4dy 11 HEOTHOPOI-

HOT'O YpaBHEHUA TEILIOIIPOBOITHOCTHU

ou 5, 0%u
— =a"=— x,t), D={r: 0<zx<7w/4}, 0<t,
2T fe). D= 4}
C OTHOPOIHBIMI TPAHUYIHBIMU YCIOBUAMI
0
T —0, W =0, 0<t¢
Oxlz=0 r=r/4

U HalaJbHBIM YCJIOBHUEM

rae GyH

Pewenue.

u‘ = g(x) = 2cos 2z — 3cos 6z, 0<x < 7w/4,

KIIHS
f(x,t) = cos 2t cos 10z,

(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

Cuadana pemuM BcmoMmoraTerbHyio 3anady IlTypma-Jluy-

BUJLIA, KOTOpPasd IMOJdyvIaeTCA B pe3yJjJbTaTe pa3JeJeHUA IIepeMEeHHBIX B O IHO-

pogaoM ypaBHeHnu (4.1.13) mpu f(x,t) = 0 ¢ 0 JHOPO THBIMI TPAHNITHBIMII
yeroBuamu (4.1.14) (em. Dpumep 4.1.1 (4.1.6), (4.1.7))

{X”(x) + 2\ X (2) =0,
X'(0)=0, X(nx/4)=0.
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DelmeHne 3TON 33,1240 npuBegeHo B Dpuaoxkennn 1 (1. 6). CobcTBeHHBIE
3HAYEeHNsA 1 COOTBETCTBYIOIINE UM COOCTBeHHBIE (DYHKIINN NMEIOT CJIeIyio-

mun Bug (D1.18), (91.19) opu | = 7/4

Ap = 4(2n + 1)2,

X, (x) = cos(2(2n + 1)x), n =0, 0. (4.1.17)

Dermmenne ncxoauon sagadn (4.1.13)-(4.1.16) 6ygem uckath B Buie pas-
ToXKeHNA B QYHKINOHAIBHBIN PSII 10 cobcTBeHHBIM (yHKumaM (4.1.17) c
HEM3BECTHBIMI KO3(MDPUIIEHTAMI Uy, (1)

W t) = 3 un () Xo(2) = 3 un(t) cos(2(2n + 1)), (4.1.18)

npeanogaras, 9To ero MOXKHO aud@epeHnnpoBaTh OJUH pa3 [0 IepeMeH-
HOI t 1 ABa pa3a Mo MepeMeHHOI .
DazaoxnM GyHxmmo f(x,t) B pAI 00 cO6CTBEHHBIM (DYHKINIAM

flat) = ni:;O Ful )X () = ni:;O Falt) cos(2(2n + 1)) (4.1.19)

B namem cayuae xoadpunueHTsr DPypbe f, (f) Terko HAX0AATCA. DaBEHCTBO
(4.1.19) nmeer Bug

cos 2t cos 10x = > f,(t) cos(2(2n + 1)x), (4.1.20)
n=0

rje B JeBon dacTu cos 10x = Xy(x) — cobcrBeHHAs QYHKINA.
CpaBauBag Ko>(p@PUINEHTHI TPU OIMHAKOBBIX COOCTBEHHBIX (DYHKITHAX
B JICBOW I IPaBON dacTaxX paBeHcTBa (4.1.20), moxymm

fo(t) =cos 2t,  f,(t)=0 npu n # 2. (4.1.21)

DazaoknM QYHKINIO ¢(x) B AL IO COOCTBEHHBIM (QYHKIIIIM
g(x) = > g Xn(z) = D gncos(2(2n + 1)x). (4.1.22)
n=0 n=0

B mamen sagade xos>pdunuenTsr Oypbe ¢, JTerK0 HaXOIATCI. DaBeHCTBO
(4.1.22) nmeer BUA

2 cos 2x — 3cos 6 = Y gncos(2(2n + 1)), (4.1.23)
n=0
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re B JeBon dacTu cos 2x = Xg(x), cos 6x = X (x) — cobcTBeHHBIE (DYHK-
muu. CpasHuBasg KO3 PUINEHTHI TP 0AMHAKOBBIX COOCTBEHHBIX (DYHKIIIAX
B JICBOW I IPABON IacTAX paBeHcTBa (4.1.23), moxymm

9=2, g1=-3, ¢,=0 nmpu n#0,1. (4.1.24)

Doxacrasum (4.1.18) u (4.1.19) B ypaBuenue (4.1.13)

ni::() {du;t(t) + a?2%(2n + 1)%u,(t) — fn(t)} cos(2(2n + 1)z) = 0.

B ¢urypuon cxodke {-} xosdduimenTsr Pypbe pasiokeHns HYIA MO TOI-
HOU CHCTeMe COOCTBEHHBIX (PDYHKIINN, CIeIOBATEIbHO, OHU PAaBHBI HY.TIO.
Orcroga moxygaem OAY 111 nCKOMBIX KOd(DPUUIEHTOB Uy, ()

Doxacrasum (4.1.18) u (4.1.22) B HavaabHOe yeaoBue (4.1.15), moxytanm

S {un(0) = gncos(2(2n +1)2) = 0 = un(0) = g (4.1.26)

n=0

Ucxomere dpyHKUNN u,(t) sBasoTces pemeHnaMn 3atad Komm (4.1.25),
(4.1.26) gxz OAY. B mamewm cayuae, yuanteBas (4.1.21), (4.1.24), Bce 3a-
taqn Komm (4.1.25), (4.1.26) mpu n # 0, 1,2 mMetor permenus u,(t) = 0,
T.K. ypaBHeHus ogHoponHsl (f,(t) = 0 mpu n # 2) un HadaIbHBIC YCIOBUI
ayaessle (g, = 0 mpu n # 0,1). Bazaun Komu opun n = {0, 1,2} mueror
CJAeIYIOMINT B

duo(t)

T Tt (t) =0, uy(0) =2; (4.1.27)
du (t
du%p + a?100uy(t) = cos 2t, u(0) = 0. (4.1.29)

Dermmv 3a a4y (4.1.27). Obmee permenne quddepeHInaIbHOrO ypaBHe-

HI
U (t) = Aoe_a24t
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MO/ICTABUM B HadaJdbHOE YCIOBUE, MTOJYINM
up(0) = Ay = 2.
Demmennem 3aaa+n Komm (4.1.27) aBasercs QyHKII
up(t) = 24, (4.1.30)
AHaJIOTHMHO HaXoAUTCA pemieHne 3a1a4qn Kommn (4.1.28)
uy (t) = =33, (4.1.31)

Dangem obmmee permerne Y (4.1.29) MeTogoM Bapualui moCTOSHHOM.
Oob11iee perreHne cOOTBETCTBYIOMIEr0 ogHopoaHoro Y nmeeT Buj

u(t) = A26—a2100t‘
Oommee permenne HeoguopoaHoro Y OygeMm nmckaThb B BiLie
uy(t) = Ay(t)e 100, (4.1.32)
Doxacrasuum (4.1.32) B Y (4.1.29), noxyunm

dA2 (t) _ €a2100t

— 7 = cos 2t.

dt

OTcroga Haxo UM

1

Aolt) = (10a)* + 4

ea2100t(a2100 cos 2t 4+ 2sin 2t) + Ay,
Obmree pemerne Heogroporuoro 1Y (4.1.29) umeer Bup

us(t) = (a2100 cos 2t 4+ 2sin 2t) + Agema’100t,

(10a)* + 4

DaigeMm As, MOACTABUB MOIYICHHOE BBIpaKeHIe B HadalbHOE YCIOBHE
us(0) = 0. Demmenne 3aga1n Komm (4.1.29) npumer Bup

Uuy(t) = (a®100 cos 2t 4 2sin 2t — a®100e~“1%).  (4.1.33)

(10a)* + 4
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Doxacrasum (4.1.30), (4.1.31), (4.1.33) u u,(t) = 0 opu n # {0,1,2} B

(4.1.18), moxy<mm pemeHMe I/ICXO,HHOfI 3a a4,

Omeem. u(x,t) = 2e” U os 20 — 3¢V cos Gt

+ a?100 cos 2t + 2sin 2t — a21006_a2100t) cos 10x.

(10a)* + 4(
3amMmevaHue. CDyHKHI/IH I'puna (4.8) paccMOTPEHHON 32,141 IMeeT B

G(x,y;t,7) = — Z —a42n 1) (- )Cos(2(2n + 1)x) cos(2(2n + 1)y),
a pelleHne 3aJatin HpeﬂCTaBJIHeTCH ¢ momomblo (GyHKIUN I'puHa B BHIe
(4.10)

/4 t w/4

M%QZ/QMGW%L®@+//fwﬂGW%Lﬂ@wi

3agada 4.1.2. DemunuTh HadaIbHO-KPaeBYIO 3ajady IS HeOJHOPOI-
HOT'O ypaBHEHUA TeILIONPOBOIHOCTH

du 282
— x,t D={x: 0<ax<l}, 0<t
Oty pat). D= )
C OJHOPOJHBIMI T'PAHHYHBIMU YCIOBUAMIE U 3aJaHHBIM HAYAILHBIM YCJIO-
BHIEM
u‘t_oz glz), (0<ax<l).
1. u| =wu =0,
x=0 r=m
flx,t) =sin xcos t, ¢g(x)= 3sin 2z — sin 3x.
2. ul = u, =0,
z=0 r=m/2
f(x,t) =2sin 3z cos t, g¢g(x)=2sin x — 3sin Hz.
3. u, =wu =0,
z=0 r=m/2
f(x,t) = cos basin t, ¢g(x)=2cos x+ 3cos 3.
4. uy| = U, =0,
x=0 r=m

f(x,t) =2cos 3xsint, g¢g(xr) =3+ cosax —5cos 2.
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10.

11.

12.

13.

14.

15.

f(x,t) = sin z cos t,

=0,

f(a,t) = sin(5x/2) sin t,

= Uu
x=0

=0,

=T

Uy

f(ax,t) = cos(3x/2) cos t,

J::ﬂ'/Q_

Uy = Uy, 5

f(x,t) = 2cos 2z cos t,

=0,

r=2r

U = Uu
x=0

f(x,t) = 2sin xsin 3t,
— 0,

Ul = uy,
r=2r

f(a,t) = sin(a/4) sin 2t,

=0,

Uy
r=2r

= Uu
x=0

f(ax,t) = cos(x/4) sin t,

Uy = Uy

J::O_

f(x,t) = 2cos 2z cos t,

Uu =Uu

=0,

=T

f(x,t) = sin 22 - ¢,

U = U =
v r=n/2

x=0

?

f(x,t) = sin xsin t,

J::ﬂ'/Q_

f(x,t) = cos 3z sin t,

::ux 5

g(x) = 2sin(x/2) — sin x.

g(x) = 3sin(x/2) — sin(3z/2).

g(x) = cos(x/2) — 2 cos(5x/2).

g(x) =14 cos 20 — 2 cos 4.

g(x) = sin(x/2) — 3sin x.

g(x) = 2sin(x/4) — sin(3z/4).

g(x) = 3cos(x/4) — cos(3x/4).

g(x) = 2cos(x/2) — cos x.

g(x) = sin x — 2sin 3z.

g(x) = 3sin = — sin 3.

g(x) = cos x — 3 cos Hz.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Uy

=0,

=T

= Uu
x=0 v

f(x,t) =cos xcost, g¢g(xr)=2—cosax+3cos 2.

=0,

r=2r

flx,t) =sin z-t, g(x)=sin(z/2)+ 3sin 2z,

= Uy, ::O7
x=0 r=m

x,t) = 2sin(3x/2)sin t, g(x) = sin(x/2) + 2sin(5x/2).

=

uyl =u| =0,
=0 r=m

flx,t) = cos(x/2)sin 2t, g(x) = 2cos(x/2) 4 cos(3x/2).

x:ﬂ/Q__

Uy = Uy, 5

flx,t) =cos dosin t, g(x) =2 — cos 2x + cos 6.
u =u
x=0

f(x,t) = 3sin 2zsin t, g(x) = 3sin(x/2) + sin z.

=0,

r=2r

U = U,

flx,t) =sin(x/4) cos t, g(x) =sin(x/4) — sin(5x/4).

U = Uu
xx:O

flx,t) =2cos(3x/4)cos t, g(x) = cos(x/4) —2cos(bx/4).

=0,

r=2r

=0,

Uy = Uy,
r=2r

x=0

flx,t) =3cos xsint, g(x)=cosa — 3cos 2.

Uu =u

=0,

f(x,t) =sin xsin t, g¢g(x) =sin 22 — sin Sz,

U = U,

_O7
x=0

x:ﬂ/Q__

f(x,t) =sin ba - t, g(x) = sin x + 2sin 3z.
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=Uu

27. U,

=0,
r=n/2

f(x,t) =cos xcost, g(x)=cosx+2cos 3.

28. u,

=0,

=T

=u
x=0 v

f(x,t) = 3cos 2xsin 2t, g(x) = 2cos x — cos 3.

29. u| =u =0,

r=2r

f(x,t) =sin 2zsin t, g¢g(x) =sin x — 3sin Hz.

30. ul =u,

=0,

fla,t) =sin(x/2)cos t, g(x)=sin(3z/2) — sin(5z/2).

4.2. MeTon pasgeneHus nepeMeHHbIX B NMPsSIMOYrofbHOM obnacTw,
KPYrOBOM CeKTOpe, NPSAMOYrofibHOM Napannenenunese,

NPSMOM KPYrOBOM UMAMHAPE U CEKTOPE NPSIMOro
KPYrOBOIro LUAMHAPA

Ppumep 4.2.1. 1) Dantu pelmeHne HaIaTbHO-KPACBOM 3a1a<l 111
YpaBHEHIA TeILIONPOBOIHOCTH B MPAMOYTOIbHIKe DD

ou
5 = a’Au+ f(e,y,t), D={(x,y):0<e<m 0<y<w/2}, 0<t,
(4.2.1)
¢ PPAHUYHBIMI YCIOBHAME Ha 0D
J J
o =u| =20 =% =0, 0<t (4.2.2)
=0 =" ay y=0 ay y=r/2
I HATaJIbHBIM YCIOBHEM
u‘t_oz g(x,y) = 2sin xcos 2y, (x,y) € D, (4.2.3)
rie
f(x,y) = 3sin 2x cos 4y cos t. (4.2.4)
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2) DanTn pelreHne Ha9aIbHO-KPAEBOU 334N I YPABHEHUA TeILIO-
TIPOBOTHOCTU B KPYT'OBOM ceKTope )

d
3—1; = a*Au+ f(r,o,t), D={(r,p):0<r<b 0<p<w/2}, 0<t,
(4.2.5)
¢ PPaHIYHBIMI yCJIOBIAME Ha 0D
d d
=22 ] =0, o<t (4.2.6)
899 =0 899 p=m/2 r=b
I HalaJbHBIM YCIOBIEM
M(Q)r
u‘t_oz g(ryp) = Jo 1b cos 20, (4.2.7)
rie
,LL(O)T
flryo,t) =2J, QT sin t, (4.2.8)

(2" — k-pIil Kopenb ypaBHeHIA Jo, (1) = 0, Jo,(x) — pyaxung deccens 2n-ro
HOpsIKA.

Pewenue. 1) Cratana Hangem perrerne 3agadn Hltypua-/lmysumis,
KOTOpas MOIyYaeTca B pe3yabTaTe pa3jJeleHHS MepeMeHHBIX B OJHOPO/I-
HoM ypaBHenun (4.2.1) mpu f(x,y,t) = 0 ¢ 0AHOPOIHBIME TPAHNITHBIMII
yeroBuaMnu (4.2.2). DelleHne »TON 3ajJa4n IpuseieHo B Dpmmvepe 3.8.1.
CoOCTBeHHBIE 3HAYCHNA 1 COOTBETCTBYIOIINE UM COOCTBeHHBIE (DyHKIIN
3agarorcs popmyramn (3.8.19), (3.8.20)

2 5 1
Nk =17+ (2k)%, v, y) = sin(n) cos(2ky), |[val|* = %

n=1,00, k=0,c.

DellleHne ICXOTHOU 3a a4 Oy 1eM ICKATh B BUIe PA3I0KEHUI B PAI IO
TUM COHOCTBEHHBIM (DYHKITUAM, IpeanoIarasd BO3MOKHOCTE ero auddepen-
NUPOBATH IBa Pa3a MO IPOCTPAHCTBEHHBIM MEPEMEHHBIM (X, y) U OJINH pa3
10 IepeMeHHon ¢,

u(x,y,t) = ilgunk(t)vnk(x,y) = i::lgunk(t) sin(na) cos(2ky). (4.2.9)
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sBectuse yuxuun f(x,y,t) u g(x,y) (4.2.3) u (4.2.4) Takxke pasio-
KM TIO CHCTeMe COOCTBEHHBIX QOYHKUU Uk (2, Y)

flx,y,t) = 3sin 2z cos 4y cos t = D> > far(t)vpr(z,y) =

n=1k=0
= > > far(t)sin(nz) cos(2ky), (4.2.10)
n=1 k=0
g(x,y) = 2sin x cos 2y = Z Z gnkvnk(x,y) =
n=1k=0
= > > gnrsin(nz) cos(2ky), (4.2.11)
n=1k=0
rie
1
fnk(t) = 72// f(xa Y, t)vnk(xa y) de‘dy,
onkl [
1
Ink = W//g(x,y)vnk(x,y) dedy, n=1,00, k=0,0c.
nkll” b

B mammem xoHKpeTHOM caydae KoahuineHTsr Dypbe fii(t) 1 gnp MOKHO
HaAnTH He Tpuderas K MHTETPUPOBAHUIO.

Bamernm, 9T0 v9g(x, y) = sin 2z cos 4y, vii(x,y) = sin x cos 2y, u cpas-
HIM KO3 UIIEHTH IIPI O JIMHAKOBBIX CO6CTBeHHBIX (MyHKIuAX B (4.2.10)
n (4.2.11), noxyanm

foa(t) =3cos t, fur(t) =0 mpu (n, k) #£ (2,2),
(4.2.12)

g1 = 27 Gnk = 0 apn (na k) # (17 1)

Doxacrasum (4.2.9), (4.2.10) 8 AY (4.2.1), moxyamm

0 9 {dunk(t)

dt

N un(t) - fnka)} vuil ) = 0,
n=1k=0

B cuty momHOTH cucTeMbl co6CcTBeHHBIX pyHKIUN B D moayuum O/1Y

dunk(t)
dt

+ a*Xpptink(t) = fur(t), n=T,00, k=0,0. (4.2.13)

Docae moacranoBku (4.2.9) u (4.2.11) B HavambHOE ycaoBue (4.2.3) mo-
Iy SIIM
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> 3 {0a(0) = gu}ras(.9) = 0 = use(0) = g (1.2.14)

n=1,00, k=0,c.

Bcee 3agaun Komm (4.2.13), (4.2.14) kpome aByx npu (n, k) = (1,1) n
(n,k) = (2,2) mmeror ogroponusie /1Y u oAHOpPOAHBIC HAYAIBHBIC YCJIO-
Bus (4.2.12), caegoBaTenbto u,, = 0 opu (n, k) # (1,1) u (n, k) # (2,2).
DeIleHNAMI OCTAIbHBIX 3aga4d Komn

duq (t
%() +a*Aun(t) =0, up(0) =2;
dug(t
UQTQLL() + a*Agougs(t) = 3cos t,  ug(0) =0
ABIAIOTCA (PYyHKINN
g (1) = 20t = 2=, (4.2.15)
sin ¢ 4 a?20 cos ¢ — a?20e~4" 20
t) = 4.2.16
uz(f) a*100 1 1 (4.2.16)
Doxacrasum (4.2.15), (4.2.16) u u,(t) = 0 mpu (n,k) # (1,1),
(n,k) # (2,2) B (4.2.9), moxyunm permenne 3agadn (4.2.1)-(4.2.4)
u(x,y,t) = 2¢~ " sin z cos 2y+
—I—S(Sin t+a’20cos t — a2206_“220t) sin 2x cos 4y‘ (4.2.17)

a*400 + 1

2) Crauarna Hangem pemenne 3ajgadn Hltypma-J/lnyBumisa, xoropas mo-
JIydaeTcsa B pe3yabTaTe pasIeleHns epeMeHHbBIX B O THOPOTHOM ypaBHEHIIe
(4.2.5) mpu f(r,¢,t) = 0 ¢ ogHOpPOAHBIMI T'DaHUIHBIMEI yeaoBmaME (4.2.6).
DellleHne >Tou 3aga4du npuBegeHo B Jpumepe 3.8.1. CobcTBeHHBIC 3HaME-
HIA I COOTBETCTBYIOMINE UM COOCTBeHHBIE (DYHKIINN 33 Jaf0TCI (POPMY.IaMu

(3.8.28), (3.8.29)

(2n)\ 2
Ak = (M%) v Uk (@) = Jon(V Akr) cos(2ny),
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A2 (00 + 1
el = = (2, e2) ¥ —os k=T
rie MEE”) — k-pIll KOpeHb ypaBHeHU Jo, (1) = 0, Jo,(x) — GyHKIIT Deccens

2n-T0 TopAIKa.

DellleHne ICXOTHOU 3a a4 Oy 1eM ICKATh B BUIe PA3I0KEHUI B PAI IO
TUM COOCTBEHHBIM (DYHKITUAM, IpeIIoIaras BO3MOKHOCTD ero nuddepeH-
NUPOBATH IBA Pa3a MO IPOCTPAHCTBEHHBIM IIEePEMEHHBIM (7, ) U OJINH pa3
10 IepeMeHHon ¢,

ulrpt) = 3 3wt (rg) =

x o (21),
= > > unk(t)Jon ('ukb ) cos(2ngp). (4.2.18)

n=0 k=1

sBectHbre pyuxunn f(r, ¢, t) u g(r, ¢) (4.2.8), (4.2.7) Taxxke pasmioxnm
IO CUCTeMe COOCTBeHHBIX (DYHKINH Uk (7, )

), ~
f(ra 997t) = 2J0 (Iqu> sin ¢ = Z Z fnk(t)vnk(ra 99) =
n=0 k=1
00 00 ME{?”)T
= > > fur(t) o ; cos(2n¢p), (4.2.19)
n=0 k=1
R o o
g(r, ) = o | == | cos 20 = ZMZ GnkVnk (1, p) =
n=0 k=1

00 00 (2n)

r

=2 > YnkJom (”"})) cos(2nyp), (4.2.20)
n=0 k=1

riae

1
fnk’(t) = WIZ/ f(ra 2 t)Unk(T, 99)74 d?“d(p,

1
Ink = W//g(r, ©)opk(r, ) drde, n =000, k=1, 0c.
nkll” p

B mammem xoHKpeTHOM caydae KoahuineHTsr Dypbe fii(t) 1 gnp MOKHO
HaAnTH He Tpuderas K MHTETPUPOBAHUIO.
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b b
CpaBHuM KO>)QUINEHTH IPU OJUHAKOBBIX COOCTBEHHBIX (DYHKIIAX B
(4.2.19) u (4.2.20), moxy-mm

foo(t) = 2sint,  fur(t) =0 opu (n, k) # (0,2),

(0) (2)
Bamernm, 910 voa(r, @) = Jy ('LLQ T) . oon(r ) =y ('ul T) cos 2¢.

(4.2.21)
g1 = 17 gnkZOHpI/I (nak) # (171)

Doxacrasum (4.2.18), (4.2.19) B Y (4.2.5), noxydnm

Sy {M T @A) — fnku)} vr(rp) =0 =

n=0 k=1 dt
Ay (t
ud];( ) + a2)‘nkunk(t) — fnk’(t)a n =0, 00, k= 1, 0. (4222)

Docae noacranoskn (4.2.18), (4.2.20) B HagaxpHOe yeaoBue (4.2.7) mo-
Iy SIIM

é gl (e (0) = guitomp(r,0) = 0 = wnk(0) = gui, (4.2.23)

n=0,00, k=1,0c.

Ecan mantn pemenus 3aga+d Komm (4.2.22), (4.2.23) u,(t) n mogcra-
BuTh B (4.2.18), moxyuum permerne ncxonson 3aga4n (4.2.5)-(4.2.8) B Buze
(DYHKIIOHAILHOTO PALA.

Bcee sagaun Komm (4.2.22), (4.2.23) kpome aByx npu (n, k) = (0,2) n
(n,k) = (1,1) nmetor oguHopoguse Y 1 0IHOPOIHBIC HaYATbHBIC YCIOBUA
(4.2.21), crenoBaTenbHO, Uy, (t) = 0 mpu (n, k) # (0,2) u (n, k) # (1,1).

DeleHnAMI 3a1a4 Ko

duqq (t =0 0) =
17;() + a2)\11U11(t) ” Ull( ) 17

d t — —
7”607275() a2)\02uO2(t) = 2sin t, UOQ(O) 0

ABIAIOTCA PYHKINN
g (t) = el (4.2.24)
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2(6_“2A02t + a?Agg sin t — cos t)
1 —|— a4)\%2

UOQ(t) =

(0) 2 (2) 2
| B2 i
rjae Aoz = (b) ;A = (b) :

Doxacrasum (4.2.24), (4.2.25) B (4.2.18), momydnm pemeHne 3a1aqdn
(4.2.5)(4.2.8)

, (4.2.25)

2(@_“2/\02t + a®\go sin t — cos t) Jo(\/ Ao2 7”) i
1 —|— a4)\%2

—I—e_azA“th(\/)\ﬂ r)cos 2,

u(r, o, t) =

Omeem. 1) u(x,y,t) = 2~ gin x cos 2y+

S(Sil’l t + a?20 cos t — a?20e~"2) sin 2z cos 4y
a?400 + 1 '

2(6—a2/\02t + a2)\02 sin t — cos t) JO(\/ )\02 T) +
1 —|— a4)\%2

—I—e_azA“th(\/)\ﬂ r)cos 2¢p,

2) u(r,p,t) =

(2n)
rae /A, = 'ukT, ,ugfn) — k-u xopenb ypaBHeHus .Jo, (1) = 0, Jo,(x) -

pyHKIUA Jeccend 2n-ro mopsIKa.

3agada 4.2.1. Danutu pelleHne HaYaIbHO-KPAeBOU 3a1adn IS ypaB-
HEHIS TeILIONPOBOIHOCTIH

ou 5
5 = @ Au+ f,

B MIPAMOYTOJbHIKE I B KPYTOBOM CEKTOPE € O THOPOTHBIMI T'DAHTIHBIMI
VCIOBUAMHI, KaK B 3ajade 3.8.1, 1 HaTaIbHBIM YCIOBUEM

Uu = (.
e

- u‘y:ﬂ'/QZ 0,

flz,y,t) = 2sin x cos ycos t, g(x,y) = sin 2z cos 3y.
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10.

11.

= u ‘ =u
S0g0:71'/4

flr o t) = QJQ(M(E)T/Z?) sin 2psin t,  g(r,p) = J6(,u56)r/b) sin 6.

Y
»=0

l‘:ﬂ'/2_

f(x,y,t) =3cos xcos ysin t, g(x,y) = 2cos 3z cos 2y.

= U‘ = u?“
p=m/3

flropt) = JB(V{3)T/b) sin 3pcos t, g(r,¢) = J6(1/£6)r/b) sin Gp.

Up| = Uy :

y:ﬂ'/2_

flz,y,t) =cos 2xsiny - (t+1), ¢g(x,y)=3cos xsin Jy.

= u‘ =u
p=m/2

flropt) = Jl(/igl)r/b) cos p-(t+2), g(r,¢) = Jg(ugB)r/b) cos 3.

T = U = U‘ = O7
r=n/2 y=0 y=m

Uu
¥ =0

x=0
flx,y,t) = 2sin xsin 2ysin t, g(x,y) = sin 3z sin y.

= ugo‘ = U = O7
p=m r=b

fript) = Jl(ligl)r/b) cos p-t, g(r,p) = JQ(MgQ)r/b) cos 2¢.

u =u :uy‘ :Oa

x=0

= uy‘

r=m y=0

flx,y,t) = 2sin 2z cos ycos t, g(x,y) = 3sin x cos 2y.

r:b_

U =Uu ‘ =Uu
S0g0:71'/3 "

flropt) = 2J3/2(1/f3/2)7“/b) sin(3¢/2) sin t,
g(r, @) = Js (181 Jb) sin(5/2).

y:ﬂ'/2_

flx,y,t) = cos xsin ysin t, g(x,y) = 2cos 3z sin 3y.

?

- u‘
r=n/2 y=0

— ) |
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

u‘ = u‘ =u| =0,
=0 p=m/2 r=b
Frop.t) = B(p?r/b)sin 2pcos t,  g(r,0) = 2Ji(pi"r/b) sin dp.
Uyl = Uy, = u‘ = u‘ =0,
z=0 r=m y=0 y=m

flz,y,t) = cos xsin 2y -t, g(x,y) = cos 2xsin y.

Flryp,t) = T ya(i /2 [b) cos(p/2) - .,
g(r, ) = Japa (1 /) cos(3p/2).

=u = u‘ =0
v r=n/2 y‘y:O y=m/2 ’

flx,y,t) = 2sin 3z cos ycos t, g(x,y) = 2sin x cos 3y.

=0
r=b ’

=u

ng‘ = Uy

go:O_ ‘gp:ﬂ'/él
flr o t) = J4(Mg4)7“/b) cos dpsin t, g(r,p) = J4(,u(14)r/b) cos 4.

Uu

= Uu = O
y‘y:ﬂ'/? ’

flz,y,t) = 2sin 2z sin ysin t, g(z,y) = sin xsin 3y.

=0
r=b ’

= U ‘ = U
S0g0:71'/2

Flrypt) = Ji(ub e /by sin pcos 2t,  g(r, o) = Ja(ui’r/b) sin 3.

=Uu =Uu

l‘:ﬂ'/2_

flz,y,t) =2cos xsin 2y -t, g(x,y) = cos 3xsin y.

=0
r=b ’

flx,y,t) = 2cos 2z cos ysin 2t, g(x,y) = cos x cos Jy.

?
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22.

23.

24.

25.

26.

27.

28.

29.

30.

= U‘ = u?“
p=r/4

flropt) = JQ(V@T/b) cos 2pcos t, g(r,p) = 2J6(1/{6)r/b) cos 6.

=u =u =0
r=n/2 y‘y:O y‘ ’

flz,y,t) = 2sin xcos ysin t, g(x,y) = sin 3z cos 2y.

=0
r=b ’

= U ‘ = U
S0g0:71'/3

flropt) = J3(/~Lg3)7“/b) cos 3p-t, g(r,p) = 2J6(,u(16)r/b) cos 6.

Uu =Uu

x=0

:U‘ =Uu

=T y=0

flx,y,t) = 2sin xsin ysin £, g(x,y) = sin 2z sin y.

=0
r=b ’

flropt) = 2J1/2(1/{1/2)7“/b) sin(¢/2) sin ¢,

g(r, ) = Jyo(?r [b) sin(3p/2).
- ‘y:ﬂ'/?z

flz,y,t) =2cos xcos 3y -t, g(x,y) = cos 3z cos y.

Uu =Uu ‘
v r=m/2 Y y=0

=u
x=0

?

= U‘ = u?“
p=r/4

flryo,t) = 2J4(1/{4)r/b) sin dpcos t, g(r,p) = Jg(l/éS)T/b) sin 8¢.

flx,y,t) = 2cos xcos 2ysin t, g(x,y) = cos 2x cos y.

:u‘ = U

&
7 po=m/3

=0,
b

r—=

=0
F(ry 1) = Jy (1P 1) cos(20/2) sin t,

glr, ) = a1 [b) cos(3p/2).
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Ppumep 4.2.2. 1) Dantu pelmeHne HaIaTbHO-KPACBOM 3a1a<l [T
VPpaBHEHNIA TEILIONPOBOIHOCTH B MPAMOYTOJIBHOM MapaJLIelerne e

D={(r,y,2):0<ae<m 0<y<n/2,0<z< 7}
ou

5 = a’Au+ flx,y, z,t), (v,y,2) €D, t>0, (4.2.24)
¢ TpaHIYHBIME ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.30), (3.8.31),
0 0 0
o =ul =22 =ZE =5 =u| =0 (4.2.25)
=0 =" ay y=0 ay y=r/2 Oz 12=0 =7

U HalaJbHBIM YCJIOBHUEM

u‘t:o: g(x,y,z) = 3sin 2z cos 2y cos(3z/2), (x,y,z) € D, (4.2.26)

rie
flx,y, z,t) = sin x cos 4y cos(3z/2) sin t. (4.2.27)

2) DanTn pelreHne Ha9aIbHO-KPAEBOU 334N I YPABHEHUA TeILIO-
NIPOBOJHOCTU B IPAMOM KPYT'OBOM IUINHAPE

D={(r,g,z): 0<r<b 0<p <2, 0< 2z < h},

W — But f(rp.nt). (o2 €D, 150 (4:2.28)

¢ TpaHIYHBIMI ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.32), (3.8.33),
Ju Ju Ju

| === === =0 4.2.29

0z 12=0 0z lz=h or lr=b ( )

U HalaJbHBIM YCJIOBHUEM

(2)
u‘tzoz g(r.p,2) = Jy (V1b 7“) cos 2pcos(mz/h), (r.p,z) €D, (4.2.30)
rie
) AUy
flroe.z,t) =]y 2b sin @ cos(mz/h) - (t + 1), (4.2.31)
y,ﬁ”) — k-bi KopeHb ypasaenus J, (v) = 0, J,(x) — QyHKINA Decceas n-ro
mopsAIKa.
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3) DanTn pemieHne HAYAIBHO-KPACBOU 3a1a49N IS YPABHEHUA TeILIO-
IPOBOJHOCTU B CeKTOpe MPAMOI0 KPYrOBOI'O UIINHIPa

D={(r,g,z): 0<r<b 0<p<n/2, 0<z<h},

J
5= A but f(rpz ). (rez) €D, t>0 (4.2.32)
¢ TpaHIYHBIME ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.34), (3.8.35),
J J
gup _ 9 —u| =u =u =0 (4.2.33)
899 =0 899 p=m/2 r=b 2=0 z=h
I HATaJIbHBIM YCIOBHEM
M(Q)r
u‘t—oz g(ryp,z) =3.Jy QT cos 2¢sin(3nz/h), (r,p,z) € D, (4.2.34)
rie
M(Q)r
flryo,z,t) =2, IT cos 2¢psin(mz/h), (4.2.35)
,ugfn) — k-pm KopeHB ypaBHeHus Jo,(p) = 0, Jo,(x) — QyHKIIT Deccens

2n-T0 TopAIKa.

Pewienue. 1) Demenne 3anadn m3IokKeHo B Hadade riaBbl. OHO mpe-
CTaB/ISeTCA B BUe pasjoxkenus B pag (4.17)
[ee] [ee] [ee]
u(x,y, 2, t) = > Ut (E)Vpgern (2, Y, 2) (4.2.36)
n=1 k=0 m=0

10 COOCTBEHHBIM (PYHKIIAM

om + 1
m z) (4.2.37)

Unkm (2, Y, 2) = sin(na) cos(2ky) cos (

sagaqn [Itypma-/JInyBurra, KkoTopas moaydaeTcsa B pe3yabTaTe IpUMeHe-
HIA MeToJa pa3jeJeHUs IMepeMeHHBIX 11A COOTBeTCTBYIOIIEI0 OTHOPOI-
HOTO ypaBHeHns (4.2.24) ¢ rpanmaabivn yeaoBmamu (4.2.25). Dta 3agatda
[MTypma-JIuyBuaia perieHa B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAMCHUA \pjm
BBIMUCIAOTCA 10 dopumyre (3.8.46), a cooTBeTCTBYIOMME M COOCTBCHHBIC
GyHKIIN onpeensioTcsa popmyaoi (3.8.47). DeusBecTHBIC KOd(DPUUNEHTHI
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Unjm (t) SBIAIOTCA pemennamn 3a1a41 Komm (4.23), (4.24). B namen 3agasqe
koaQuneHTs Pypbe frpm(t) U Gppm PA3TOXKEHUN B PAIBI IO COOCTBEHHBIM
dyaxamam (4.18) u (4.19) gerxo HaxoAATCA, He Hpuberas K MHTETPIPOBa-
ano (4.20) u (4.21).

B Bripaxkennn (4.2.27) sin a cos 4y cos(3z/2) = vi9(x,y, 2) — cobcTBeH-
Hasg (PYHKINIA, CIeJoBaTeIbHO,

fl?l(t) = sin t, fnkm(t) =0 npu (nakam) # (1727 1)

B Beipaxennn (4.2.26) sin 2z cos 2y cos(3z/2) = voi(x,y,2) — cober-
BeHHasA (DYHKINUA, CIeJOBaTeIbHO,

g211 = 37 Gnkm = 0 pu (na kam) # (27 17 1)

Orcroga cregyer, uTo Bee 3agaqn Komn (4.23), (4.24) opu (n, k,m) #
# (1,2,1) u (n,k,m) # (2,1,1) numeror ogroponusie /1Y n oxHOpOTHBIE
HavaIbHBIC YCIOBHSA, CIeJ0BATEIBHO,

Upgm(t) =0 mpu (n,k,m) # (1,2,1) u (n,k,m) # (2,1,1).  (4.2.38)

Ocranpuble 3agadn Ko nMeoT BI

d t
%1() + @ N (f) = sin t, - win(0) = 0; (4.2.39)
dusgyy (t
%() a*Aonuan(f) = 0. uz11(0) = 3. (4.2.40)

Demennamu 3a1a4 (4.2.39), (4.2.40) aBasroTcsa QyHKINN

1 _ 42
a?Xjgrsin t — cos t 4 e~ Mt

a4)\%21 —|— 1

u21(t) =
(4.2.41)

U (t) = e~

Doxacrasuum (4.2.38), (4.2.41), (4.2.37) B (4.2.36), mOIyHInM pelIcHIe 3a-
a4 (4.2.24)-(4.2.27)

u(x,y, z,t) = 3Nl in 22 cos 2y cos(3z/2)+

(a®Aj918in t — cos t + e_azAmt) sin x cos 4y cos(3z/2)

—I_ a4)\%21 —|— 1

?
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r1e COGCTBEHHBIC 3HAYMCHNA BRIMUCIAIOTCA o Gopmye (3.8.46)

77 41
121 4 3 211 4

2) Demenne 3agaqn (4.2.28)(4.2.31) mmeMm B Buge pasIokKeHHS B DAL
(4.17)

oo oo o0

u(r,p, z,t) = 3PN Z—:o Unfern () Ve (75 0, 2) (4.2.42)

10 COOCTBEHHBIM (PYHKIIAM

(n)
Unkem (15 0, 2) = Ty, (ka T) (A, cos ne + By sin np) cos(mmz/h)  (4.2.43)
sagaan HlTypma-JInyBuirsg, KoTopas moaydaeTca B pesyabTaTe IpIMeHe-
HIIL MeTOJa pas3geleHns IIepeMeHHBIX 111 COOTBETCTBYIOMIErO OJTHOPOI-
HOTO ypaBHeHns (4.2.28) ¢ rpanmaabivu yeaoBmamu (4.2.29). Dta 3agata
Itypma-JInysuria permena B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAYCHIA Ay ki
BBIMUCIAOTCA 1o dopumyre (3.8.58), a coOTBeTCTBYIOMIE UM COOCTBCHHBIC
dyHKINI onpeensioTcsa popmyaoi (3.8.59). DeusBecTHBIC KOd(DPUUNEHTHI
Unjm (t) SBIAIOTCA pemennamn 3a1a41 Komm (4.23), (4.24). B namen 3agasqe
K0 punneHTs Pypwe frm(t) 1 gniym PA3TOKEHNN B PAIBI IO COOCTBEHHBIM
dyaxamam (4.18) u (4.19) gerxo HaxoAATCA, He Hpuberas K MHTETPIPOBa-

ano (4.20) u (4.21).
Vgl)r

b

CTBeHHasd (PYHKIUA, cIe1oBaTeIbHO,

fl?l =t+ 17 fnkm(t) =0 npun (nakam) # (1727 1)
7/{2)7“
b

cTBeHHasdA (PYHKIUA, CIeJoBaTeIbHO,
g =1, gum=0 mpu (n,k,m)#(2,1,1).

Orcroga cregyer, uTo Bee 3agaqn Komn (4.23), (4.24) opu (n, k,m) #
# (1,2,1) u (n,k,m) # (2,1,1) numeror ogroponusie /1Y n oxHOpOTHBIE
HavaIbHBIC YCIOBHSA, CIeJ0BATEIBHO,

B Beipaxennn (4.2.31) J; ( ) sin @ cos(mz/h) = vi91(r, ¢, 2) — cob-

B Beipaxkennu (4.2.30) Jy ( ) cos 2¢ cos(mz/h) = vor1(r, ¢, z) — cob-

Ungm(t) =0 mpu (n,k,m) # (1,2,1) u (n,k,m) # (2,1,1).  (4.2.44)
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Ocranpuble 3agadn Ko nMeoT BI

duqo (t

Ztl( ) + a2)\121u121(t) =1+ 1 U121(0) = O, (4245)
dugy (t

Etl( ) + a2)\21lu211(t) = O, UQll(O) = 1. (4246)

Demennamu 3a1a4 (4.2.45), (4.2.46) aBasroTcsa QyHKINN

ulgl(t) = /(CLQ)\lgl), (4247)

( L 1) e~ Mt Ly 4]
GQ)\121

a2)\121

us1(t) = e~ Aot

Doxacrasum (4.2.44), (4.2.47), (4.2.43) B (4.2.42), moxy<nM pelicHne 3a-
raqn (4.2.28)-(4.2.31)

A2

u(r,p, 2,t) = e~ Aot T, (br) cos 2¢ cos(mz/h)+

+ ( ! 1) R | a2 (2 fh)
pEr— e prywl AN s sin @ cos(mz prrw—.
r1e COGCTBEHHBIC 3HAYMCHNA HaXoqaTcs mo dopumyae (3.8.58)
Mot = (w/h)? + (4" /b)) o = (w/h)2 + (/b))
I/]E,n) — k-bit KopeHb ypasaenus J) (v) = 0, J,(x) — QyHKINA Decceas n-ro

[mopsaaKa.

3) Demenne 3amaun (4.2.32)(4.2.35) umeM B Buge pPas3IoKeHISI B DAL
(4.17)

oo oo o0

u(r,p, z,t) = > L Z_:l Unfern () Ve (75 0, 2) (4.2.48)

10 COOCTBEHHBIM (PYHKIIAM

(20),

Unkem (75 0, 2) = Jop ('ukb ) cos(2nyp) sin(mmz/h) (4.2.49)

sagaan HlTypma-JInyBuirsg, KoTopas moaydaeTca B pesyabTaTe IpIMeHe-
HIIS MeTola pasleleHns IIepeMeHHBIX II8 COOTBeTCTBYIOMETo OTHOPOI-
HOTO ypaBHeHns (4.2.32) ¢ rpanmaabivu yeaoBmamu (4.2.33). Dta 3agata
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Itypma-JInysuria permena B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAYCHIA Ay ki
BBIMUCIAOTCA 1o dopumyre (3.8.71), a cooTBeTCTBYIOmME NIM COOCTBCHHBIC
GyHKIIN onpeensioTcsa popmyaoi (3.8.72). DeusBecTHBIC KOd(DPUUNEHTHI
Unjm (t) SBIAIOTCA pemennamn 3a1a41 Komm (4.23), (4.24). B namen 3agasqe
K0 punneHTs Pypwe frm(t) 1 gniym PA3TOKEHNN B PAIBI IO COOCTBEHHBIM
dyaxamam (4.18) u (4.19) gerxo HaxoAATCA, He Hpuberas K MHTETPIPOBa-

ano (4.20) u (4.21). o

B Beipamxennn (4.2.35) J, ('ulbr) cos 2psin(mz/h) = viyi(r, p, 2) — cob-

CTBeHHasd (PyHKIUA, CJIeT0BaTeIbHO,
f111:27 fnkm(t) =0 pu (nakam) # (17171)
(2)

B Berpaxennn (4.2.34) J, (Mbr) cos 2psin(37z/h) = vi93(r, @, 2) — cob-

cTBeHHadA (PYHKIUA, CIeJoBaTeIbHO,
gi23 = 37 Gnkm = 0 npun (na ka m) 7& (17 27 3)

Orcroga cregyer, uTo Bee 3agaqn Komn (4.23), (4.24) opu (n, k,m) #
# (1,1,1) u (n,k,m) # (1,2,3) umeror ogroponusie /1Y n oxHOpOTHBIC
HavaIbHBIC YCIOBHSA, CIeJ0BATEIBHO,

Ungm(t) =0 mpu (n,k,m) # (1,1,1) u (n,k,m) # (1,2,3).  (4.2.50)

Ocranpuble 3agadn Ko nMeoT BI

dulﬂ(t)

dt + a2)\111u111(t) = 2, u111(0) = O, (4251)
duyos(t
Zj( ) + a2)\123u123(t) = O, U123(0) = 3. (4252)
Demennamu 3a1a4 (4.2.51), (4.2.52) aBasroTcsa QyHKINN
2(1 — e~ At _a?
ulﬂ(t) = ( 9 ) ulgg(t) = 3e “ /\123t. (4253)
a*A1

Doxacrasuum (4.2.50), (4.2.53), (4.2.49) B (4.2.48), moxy4nM pelrcHune 3a-
a4 (4.2.32)-(4.2.35)

(2)
u(r, o, z,t) = 3e~ @t ], (Mbr) cos 2psin(3wz/h)+
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Er- T) cos 2¢psin(mz/h),

r1e COGCTBEHHBIC 3HAMCHNA HaXoqaTcs mo gopumyae (3.8.71)

At = (7/h)? + (M(12)/b)27 Aigg = (37/h)* + (MgQ)/b)Qa
,ugfn) — k-pm KopeHB ypaBHeHus Jo,(p) = 0, Jo,(x) — QyHKIIT Deccens
2n-T0 TopAIKa.
Omeem. 1) u(z,y,z,t) = 3e~ "Ml gin 24 cos 2y cos(3z/2)+
(a®Aj918in t — cos t + e_azAmt) sin @ cos 4y cos(3z/2)
a4)\%21 + 1 ’

77 41
rae A = Z’ A211 = Z
(2)

vyr

2) U(T, 0, th) — 6—a2/\211tJ2 ( lb

) cos 2¢ cos(mz/h)+

1

iy
+ ] J 2b sin p cos(mz /h)———

( L 1) em Mt 4] —
a2)\121

a2)\121 CLQ}\IQI7
(1/5”/())2, Ao11 = (7/h)* + (1/9/())2, I/]E,n) — k-BIll KOpeHb
0, Ju(x) — ¢yHKIUA Deccens n-ro mopsagka.

) M(Q)
3) U(T, 0, 2, t) — 36—a /\123tJ2 2b

riae \ig1 = (7/h)* +

ypasaenus .J, (1)

r

) cos 2¢sin(3wz/h)+

2(1 — e_azAmt) ,LL(12)7“ .

J. 2 h

+ pEr— 2| =5 | cos esin(wz/h),

rae My = (7/h)? + (17 /0)%, Moz = (37/R)2 + (57 /b)% ™~ Kbt xo-

perb ypaBHeHUA Jo, (1) =0, Jo,(x) — QyHKIII Deccens 2n-ro nmopsAika.

3agada 4.2.2. DanuTu pelleHrue HaYaIbHO-KPAaeBOU 3a1adn IS ypaB-
HEHIS TeILIONPOBOIHOCTIH

ou 5
5 = @ Au+ f

225



B MMPpAMOYT'OJIBHOM IlapaJiieaerininene, B IIPpAMOM KPYT'OBOM LHUJINHIAPpE WNIN

B CEKTOpe IIpAMOIO KpYI'oBOr'o IMINHIAPa € OAJHOPOIHBIMU I'PaHUTHBIMUI

yeroBuaMn Ha 0D, kak B 3agade 3.8.2, 1 HaYaIbHBIM VCIOBHEM U| = (.
t_

1.

10.

11.

flryp, z,t) = JQ(MgQ)r/b) cos 2psin(mz/h) cos t,
g(ryp,z) = Jl(u(ll)r/b) sin @ sin(27z/h).
flryp, z,t) = JQ(MgQ)r/b) sin 2¢p cos(mz /2h) sin t,
g(ryp,z) = JG(MgG)r/b) sin 6y cos(3mz/2h).
flx,y,z,t) = 3sin x cos ysin(z/2),
g(x,y,z) = 2sin 2z cos ysin(3z/2).
flryp, z,t) = JQ(V{l)T/b) sin @ sin(mz/h)sin t,
g(ryp,z) = JQ(I/{Q)T/Z)) cos 2psin(mz/h).
flryp, z,t) = J3(1/{3)r/b) sin 3 cos(mz /2h) cos t,
g(ryp,z) = J3(1/§3)r/b) sin 3¢ cos(37z/2h).
flx,y,z,t) = cos xcos ysin zsin t,
g(x,y,z) = cos 3z cos ysin 2z,
flryp, z,t) = Jl(ugl)r/b) cos psin(mwz/2h) - t,
g(ryp,z) = JQ(MgQ)r/b) cos 2¢psin(mz/2h).
fr.2.t) = Ju(uir /b) cos psin(rz/2h).
g(ryp,z) = J3(,LL(13)T/b) cos 3psin(mz/2h).
flx,y,z,t) = cos xsin ysin z cos t,
g(x,y,z) = cos 2w sin 3y sin 2z.
flryp, z,t) = JQ(I/{Q)T/Z)) sin 2psin(wz/2h) cos t,
g(ryp,z) = Jl(l/él)r/b) cos @sin(mz/2h).
fr. e, t) = Ji(uir/b) cos gsin(2mz/h) - (t = 1),
g(r.¢.2) = L ("1 /b) cos gsin(rz/h).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

flx,y,z,t) = sin xsin ycos(z/2) cos t,

g(x,y,z) = sin 3xsin 2y cos(z/2).

flryp, z,t) = JQ(MgQ)r/b) cos 2p cos(mz /2h) cos t,
g(ryp,z) = Jl(ugl)r/b) sin @ cos(mz/2h).

flryp, z,t) = J3/2(1/{3/2)r/b) sin(3¢/2) cos(mz/2h) - t,
g(ryp,z) = J3/2(1/§3/2)r/b) sin(3¢/2) cos(3mz/2h).
f(x,y, z,t) = sin 2z cos y cos(z/2) cos t,

g(x,y,z) = sin x cos 2y cos(z/2).

flryp, z,t) = JQ(I/{Q)T/Z)) sin 2¢p cos(mz /2h) sin t,
g(ryp,z) = Jl(l/fl)r/b) sin ¢ cos(mz/2h).

flryp, z,t) = Jl(ugl)r/b) sin @ cos(2mz /h) cos t,
g(r. ¢, 2) = Js(ui"'r /b) sin 3 cos(mz /h).
f(x,y,z,t) = cos xsin ysin zsin t,

g(x,y,z) = cos 3xsin 3ysin z.

flryp, z,t) = 2J1(,u(11)r/b) sin @ cos(2mz/h),

gr . 2) = Ji(yr/b) cos p cos(mz/h).

flryp, z,t) = Jl/Q(V{I/Q)T/b) cos(¢/2) cos(mz/2h) sin t,
g(r, 0. 2) = Jiya (031 [b) cos(p/2) cos(372 /2h).
flx,y,z,t) = cos xsin 2ysin(z/2) cos 2t,
g(x,y,z) = cos 2xsin ysin(z/2).

flryp, z,t) = JQ(ILL(E)T/Z)) cos 2psin(wz /2h) sin 2t,
g(ryp,z) = JQ(MgQ)r/b) cos 2¢sin(3mz/2h).
f(x,y,z,t) = sin x cos ysin 2z sin ¢,

g(x,y,z) = sin 3z cos 3ysin z.
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24. f(ryp,z,t) = Jl(u(ll)r/b) sin ¢ cos(mz/2h) sin t,
g(ryp,z) = J3(,LL(13)T/b) sin 3 cos(mz/2h).

25. f(x,y,z,t) =sin 2xsin ycos(z/2) cos 2t,
g(x,y, z) = sin xsin 3y cos(z/2).

26. f(ryp,z,t) = Jl(l/él)r/b) sin @ sin(mwz/2h) cos t,
g(ryp,z) = Jg(l/éQ)r/b) sin 2¢ sin(mz/2h).

27. f(x,y,z,t) = cos xsin 2y sin(z/2) sin t,
g(x,y,z) = cos 3 sin ysin(3z/2).

28. f(ryp,z,t) = SJQ(V{Q)T/Z)) cos 2¢psin(mz/h),
g(ryp,z) = Jg(l/éQ)r/b) cos 2psin(2mz /h).

29. f(x,y,z,t) = cos xcos ysin(z/2) - t,
g(x,y,z) = cos 2z cos ysin(z/2).

30. f(ryp,z,t) = J3(,LL(13)T/b) cos 3y sin(wz/2h) sin t,
g(ryp,z) = Jg(ug:%)r/b) cos 3psin(3mz/2h).

4.3. MeTon uHTerpansHoro npeobpasosatus Jlannaca

PELUEHMS HaYaNbHO-KPaeBbIX 3a/la4y Ha KOHEYHOM OTpe3Ke
M NoNybeCKOHEYHOW NPSAMOA

Onpepgenenue. Ppeobpazosanuenm Jlanaaca [7] KOMILIEKCHO3HATHON
dyaxunn f(t) mencrBureabHoro apryMmenrta t (¢t > 0) (minm usobpasice-
nuem GyHxmun f(t)) HaseBaeTCA QYHKINSI KOMILICKCHOTO IME€PEMEHHOTO
p=s+1io

Lif] = F(p) = [ f(t)e"dt. (4.3.1)

DpeobpaszoBanne .Jlamraca cymecTByeT 408 KyCOYHO-HEIPEPBIBHBIX
dyHKuni, yaosretsopsomux ycrosmuio |f(t)| < Me™ rne M > 0 u sy > 0.
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Yucao sy HasbIBaeTCsA nokazamenem pocma Gpysxunu f(t), a cama QyHK-
nus f(t) opu ¢t > 0 Ha3BIBacTCA opueunatom. [ Beskoro opurnuata f(t)
dyuxuusa F(p) onpegereHa B HOIYIIOCKOCTH Rep > $g, ABISETCA aHAIUTI-
qeckon u mpu p — oo F(p) — 0.

Do u3BecTHOMY M300paxkennio F(p) opurnnan f(f) B ToUKax HelpephIB-
HOCTH HaAXOJAUTCA ¢ IOMOIIBI0 0OpaTHOrO IpeobpasoBanns Jlamraca

1 a+100
5=V [ F(p)p. 120, (4.3.2)

a—100

27?@

rae Rep = a > so. B Touxax t paspsiBa mepBoro pona ¢yekmun f(t)
f(t=0)+ f(t+0) f(t+0)
2 2

B Dpuroxenun 7 mpuBeIeHbl OCHOBHBIE CBOICTBa Mpeobpa3zoBanms Jlam-

nHTerpal paBeH cecan t # 0, n npu t = 0.

JaCa 1 Ta6JII/IHa HEKOTOPBIX OPUT'NTHAJOB 1N UX H306p&)K€HHI>i.

3&CCMOTpI/IM HalaJbHO-KPaeBYIO 3adaq1y [IJd YpaBHEHIA TEILJIOIIPOBO -
HOCTI

3_u .2 A
ot Ox?

C HaTaJbHBIM YCJIOBHUEM

+ f(z,t), D={a: 0<a<l}, t>0 (4.3.3)

u _=gl) (4.3.4)

M HEOTHOPOIHBIMU KPaeBbIMHI YCJIOBUAMUI

du

(a5 Brar) | = milt) o]+ 1] # 0

(4.3.5)

du
(025 ) | = palt). el + 132l 0.

[lns pemeHnsa ncnoab3yeM npeodpasoBanue Jlamraca mo mepemMeHHon .
0*u ( t)

Dpeanogoxnm, Grto u(x,t), , fla,t), p;(t) ABasioTcs opurnHa-

mavu. Joxoxum U(x, p) = Llu], F(:L‘,p) = L[f], Mi(p) = L[], npumennm
npeob6pasoBanne Jlamraca k ypasaenmuo (4.3.3) u yureMm cBoncTBo audde-
PEHIIPOBAHNA opurnHata (cM. Dpmiaoxkenne 7, Tabanma 7.1, m. 3)

du

L5 | =pUlx.p) = u|_ =pU(x,p) = g(2). (4.3.6)

-
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Dpuxoaum x O/Y BTOpOro mopsagka ¢ mapamMeTpoM p

L, d2U
a5 = pU(x,p) = —F(z,p) = g(x). (4.3.7)
Dpumensas npeobpasoBanne Jlamraca x rpaHmgHBIM yeroBuaM (4.3.5),
IMOJIYI1IM

(Oélg—g + 51U) = Milp);
(4.3.8)
(QQZ—Z + ﬁQU) = My(p).

Demmaem 3agaty (4.3.7), (4.3.8), maxoanm m3odpaxernne U(x,p). Dpu-
MeHsgeM obpaTHoe mpeobpasoBanne Jlamraca (4.3.2), HaX0 UM HCKOMOE pe-
menne u(x,t) = L7HU].

P pumep 4.3.1. Demnts HavarbHO-KpaeByio 3agady (4.1.1)-(4.1.3) me-
ToAOM IpeobpasoBanus Jlamraca.
0%u
Ox?
Doaoxum Uz, p) = Llu], npumennm npeobpasosanne Jamraca x ypaBHe-
ano (4.1.1) un rparmasbM yeaoBuaMm (4.1.2), yareMm cBoicTBO anddepe-

Pewenue. Dpeamoaoxnm, Ito u(w,t), ABIAIOTCA OPUTMHATIAMIU.

NUPOBaHISA OpUrHHaIa (cM. Jpuroxenne 7, Tabanma 7.1, . 3), mpuxomm
k OIY
L d*U
a*—— — pU = —2cos 2x — 3 cos 6x (4.3.9)
d?

C I'PaHNT'IHBIMHI YCJIOBUAMIN

dU
dx

J::O_

— 0. (4.3.10)

’ l‘:ﬂ'/4_

O6mee pemerne Y (4.3.9) umem B Buge CyMMBI OO6IIET0 PEIICHNA O -
HOpoaHOTO ypaBHeHUus Uy, 1 YacTHBIX peleHun HeonHopoauoro Y Ug n
U9, COOTBETCTBYIOMNX CIaraeMBIM B IpaBol dacTn ypaBHeHns (4.3.9)

U(x,p) =Uso+ Uqy + Uy, (4.3.11)

Obmiee pelieHme COOTBETCTBYIOMIEN0 OTHOPOIHOTO ypaBHeHus (4.3.9)
nMeeT BU
VP _VP
Uso = Chrea” + Coe™ a ™.
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JIydime ero 3anucath B Bie TUHETHOU KOMOUHAIINN (PYHIaMEHTAJIbHBIX
peIIeHnil, 0THO U3 KOTOPBIX VIOBICTBOPAECT MePBOMY I'PAHIIHOMY YCJIOBUIO
(4.3.10), a apyroe BTOpOMY TPDAHITHOMY YCJIOBITIO

U,o = C,ch (\/7]_?:6) + C;sh (\/7]_? (ZL‘ — %)) . (4.3.12)

Yactroe pemenne U, uiiem B Bue
Uy = Acos 2x + Bsin 2x.

DoacrasuM B Y
d*U
aQF — pU = —2cos 2x.
x

a*(—4A cos 2v — 4Bsin 22) — p(Acos 2z + Bsin 2x) = —2cos 2u.

DaugeM
2
A=—— B=0.
P+ 4da?
CremoBaTeIbHO,
2
Uy = cos 2.
P+ 4da?
AHaTOTUYTHO HAXOIIM
3
Usp = m cos 6x.

Obmree pemerne (4. .11) OAY (4. .9) umeer Bug

en=an () rcn (23

3
—I—p s cos 2x + m cos 6x. (4.3.13)

Doxacrasum (4.3.13) B rpannunsie yeaosus (4.3.10), waigem C = Cy = 0.
Hraxk,

3
cos 26 + ————cos 6x.

U =
(#:p) p + 4a? p + 36a?
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DpumeHnM obpaTHOoe mpeobpasoBanie Jlamraca, yINTHIBasg COOTHOIIE-
are (cM. Dpmroxerne 7, Tabanma 7.2, m. 3)

L—l [ 1 — e—at
pta ’
HaXO M HCKOMOe pelrenne u(x,t).
Omeem.
u(x,t) = 2e 74 cos 22 + 3707 cos 6a. (4.3.14)

P pumep 4.3.2. DemuTh HavaTbHO-KPAEBYIO 3a1a4dy 11 HEOTHOPOI-
HOT'0 ypaBHeHN TemtonpoBoarocTn (4.1.13)-(4.1.16) meTogom mpeobpaso-
BaHug Jlamraca.

Pewenue. DaccyMoTpuM HadaIbHO-KPaeByIo 3aady 11 HeOJHOPO JHOTO
ypaBHEHI TemaonpoBoguoctn (4.1.13)

—=a"— t 4.3.15
at " ou + ) ( )
C OJHOPOJHBIMHI T'PAHNIHBIMEI I HAaYaIbHBIMI YCIOBIAMI
ou
R u‘t:O_ 0, (4.3.16)
rie
f(x,t) = sin tcos 10z. (4.3.17)

Demmenne 3agaqn (4.1.13)-(4.1.16) aBasgeTcs CyMMON pelleHHUsA 3a 140
(4.3.15)(4.3.17) u pemrenns 3agaun (4.1.1)-(4.1.3), HAILIEHHOTO B IpeIbI-

ayiteMm Dpumepe 4.3.1.
82
DpeanoaoxnM, ITo u(x, t), —126 n f(x,t) ABIAIOTCS OpUTrHHATAMH. DO-
moxum Uz, p) = L[u], F(x,p) = L[f], npumennm npeobpasosanne Jamraca

K ypaBHeHmio (4.3.15) u rpannmassiM yeaoBuaMm (4.3.16), yaTeM CBONCTBO

muddepeHnnpoBanusa opurnsata nu Lsin t] = (cM. DpmaoxkeHne 7,

pP+1
Tabauma 7.1, n. 3, Tabauna 7.2, n. 7), opuxoanm k O /Y
d*U
2 —
a5~ pU = 1 cos 10z (4.3.18)
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C I'PaHNT'IHBIMHI YCJIOBUAMIN

dU
dx

J::O_ ’

=0 (4.3.19)

O6mree pemenne Y (4.3.18) mveeT B
- e (£-3)-
a a

1 1
TR pt (100)
Doxacrasum (4.3.20) B rpannunsie yeaous (4.3.19), wangem C = Cy = 0.
Hraxk,

cos 10x. (4.3.20)

1 1
p*+1 p+(10a)®

DpuMeHNM oOpaTHOe mpeobpaszoBanue Jlamraca, yIUThIBag TEOPEMY VM-

cos 10x.

U(ZL‘,p) =

HOKeHIA Dopens (cM. Dpmaoxkerne 7, Tabanma 7.1, n. 7) u cooTBeTCTBIE
OPUTHMHAIOB 1 n3obpaxkenun (cM. Dpmroxkerne 7, Tabanma 7.2, m. 7)

L—l

1 2
7 —I_ 1] = Sil’l t, L_l [m] = 6_(10a) t.
P P a

Daxoaum pemerne 3agaqan (4.3.15)-(4.3.17)
! 2
u(x,t) = /sin re” W0 =T 7 . cos 102 =
0

_ ((10&)2 sin t — cos t + e_(lo“)zt) cos 10:13- (43.21)
1+ (10a)?

Dermmenne 3a1a4u (4.1.13)-(4.1.16) npeacraBaseT co60I CYMMY pEIICHIN

(4.3.14) m (4.3.21).

Omeem.

((10&)2 sin t — cos t + e_(lo“)zt) cos 10x

ulw,t) = 1+ (10a)?

_An2 _ 2
12 4 cos 20 4+ 3735 cos 6.
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3agaya 4.3.1 u 3agada 4.3.2. Merogom npeobdpasoBanus Jlamraca
PeInTh HadaIbHO-KPaeBble 3aJadu 1A YPaBHEHUSA TEILTONPOBOIHOCTH C
IICXOTHBIMI JaHHBIMI, 3aJaHHBIMU B 3agatde 4.1.1 u 3agate 4.1.2.

Ppumep 4.3.3. DemuTh HavaTbHO-KPAEBYIO 3a1ady III YpPaBHEHUS

TEILIOIIPOBOIHOCTU
0 0?
a—? - aQa—;g +f(e,t), D={r: 0<z<A4oc}, t>0  (4.3.22)

C HaTaJbHBIM YCJIOBHUEM

u‘t_oz g(x) =sin x (4.3.23)
I TPaHIIHBIM YCIOBHEM
d
a—z _=cost, (4.3.24)
rie
flaz,t)=1-e"", (4.3.25)

Pewenue. DacceMoTpuM TpH 3aJa4n

gur 207U D t>0 1.3.26
ot a 2 B I, > ( )
ul‘tzoz g(x) = sin z, (4.3.27)
8u1

9t lomo= 0 (4.3.28)
UQLZOZ 0, (4.3.30)
3u2

9t loco= 0 (4.3.31)
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I11 8U3 282163
Qug _ 0wy 4.3.32
T a 902 BD, t>0 ( )
u3‘t_0= 0, (4.3.33)
J
% e p(t) = const. (4.3.34)
Torga GyHKIINA
u(x,t) = uy(x,t) + ug(a, t) + ug(x, t) (4.3.35)

ABJIeTCA pereHneM 3a a4 (4.3.22)-(4.3.253).
Dermmmm 3aga1y 1 (4.3.26)(4.3.28).
2
Dpeanosoxum, 49To u(x,t) n 7Y amnmores OpUTrIHATAMU. O OJOKIM

Ox?

U(x,p) = L[u], npumernm npeobpasosanne Jlamraca k ypaBaermnio (4.3.26),
rpaHniHOMY yCI0BHIO (4.3.28) 1 yuTeMm cBoncTBO AuddepeHInpOBaHNA OPH-
rugata (M. Dpunoxenne 7, Tabmuma 7.1, m. 3). Dpuxogmm k O1Y

L d*U

a“— — pU = —sin « (4.3.36)
x

C TPAHUYHBIM YCJIOBUEM
dU
dx
O6miee permenne Y (4.3.36) umem B Bue CyMMBI OOLICTO peIIeHNA
COOTBETCTBYIOMIET0 0 JHOpO THOT'O /[y 1 9acTHOTO peleHns Heo THOPO THOT'O

= 0. (4.3.37)

x:O_

P P 1
U(l’,p) = 016_\/735 + CQG%QE + 5 T a2 sin .

3aecsy gomxkuo 661Th Cy = 0, mHate U(x, p) 6yaeT HEOTPAHITIEHHO BO3-
pactaTh mpn x — —+oo. I'panmtanoe ycaosue (4.3.37) maer Torma Cf =

1 1
= a———— * —=, CIeJ0BaTEIbHO,
p+a* \/p
1 1 » 1
U(z,p)=a —e U 4 sin . 4.3.38
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[l HaXO0XK TeHUsA OPUTHUHAJIA BOCIOIb3YEMCS TeOPEeMON YMHOKEHUA J0o-
peas (cM. Dpmaoxkenne 7, Tabmuna 7.1, m. 7) un Tabinmen coOTBEeTCTBUA
OPUTHMHAIOB 1 n3obpaxkenun (cM. Dpuroxenne 7, Tabmuma 7.2, m. 3 u m.

12)
1

L—l
p+a’

> 1 7 1 2
=e Ll | e | = ——exp N
VP Vit 4at
Dpumennm o6paTHOe peobpasoBanie Jlamtaca k (4.3.38), moxyanm pe-
menne 3agadn 1 (4.3.26)(4.3.28)

¢
Uy / —e 4“6 U T)dT—I—e *tgin ¢ =
0

~lgin 7. (4.3.39)

Demmenne 3aga4n 11 (4.3.29)-(4.3.31), (4.3.25).
Dpumennm npeobpasoBanne Jlamraca Kk ypasHennio (4.3.29) u rpanmd-
HOMY yeaoBuio (4.3.31), momytnm

L d*U 1 dU
a’—— —pU = —=¢7*, — =0. (4.3.40)
da? P dx le=0
Oo1ee perrenne ypaBHEHUs (4.3.40) eCTh
1 1 o
Ul(x,t) =Che” & —|—026a + —- se "
p p—a
3geck nomkuo ObITH Cy = 0, nnade U(x,p) 6yaeT HEOTPAHUYICHHO BO3-
pactaTh npn © — +oo. I3 rparngsoro ycaoBus (4.3.40) maxommm C =
1
= —a : , CTeTOBATeIbHO
P2 p—a?
1 7 1 1 1
Uz, t) = e S+ = e ", (4.3.41)

pr p—a® p p-a

[l.11 HAXOXK TeHUA OPUTHHATA BOCIOIB3YEMCI TeOpeMOon Jope s i Tad -
el COOTBETCTBIS OPUTHHAIOB I n300paxennn (cM. Dpmroxkerne 7, Tab-

mnna 7.2, m. 13 u m. 3)
5 t x? x ¢ ( x )
J—exp | —— | — —erfc
TP\ T2 a 2a/t)
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1
p—a’

— eazt

L—l

Dpumernm obpaTHOE TpeobpasoBanie Jlamraca k (4.3.41) moxymM pe-

menne 3agadm 11 (4.3.29)(4.3.31)

) e =7) dr 4

i
+ [ et dr e, (4.3.42)
0

3aMedanue. DallJeHHOE PelleHne, COOTBETCTBYIOIIEe Heo THOPOIHOCTI
AY f(x,t) =1-e™*, mo3Boaser HanTn pemenns 3agadn (4.3.29)-(4.3.31)
¢ Heo JHOPOIHOCTAMI Buja,f(x,t) = f(t)e™ ¢ momombio naTerpata Joa-
Meas (eMm. Dpmaoxkerne 7, Tabanma 7.1, m. 8)

i(e.t) = L™ [pF(p)U(p)] = wa(0)f (1) + [ F(r)udi(t = 7)dr.

rae F(p) = L[f].

Demmenne 3aga4n 111 (4.3.32)(4.3.34).
Dpumennm npeobpasoBanne Jlamraca k ypasHennio (4.3.32) u rpanmd-
HOMY yeaoBuio (4.3.34), moxytanm

AU dU
2 _pU=0 —
“ dx? p ’ dx

= M(p),

r=0
rae L{u] = M(p). Obmee pemenne Y ecTb

Ulx,t) = C’le_@x + C’ge@x,

3aech Cy = 0, Tax kak pyukiug U noaxHa OBITH OTpaHIYeHA IPH & — +00.

1
I3 rpannynoro ycaosusa Haxoaum C = —alM (p)——, caegoBaTenbHo,
U(,t) = —aM(p)——e 2 (4.3.43)
3’;7 = —Q p —e€ & LD,
VP
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[1s1 HaXOK AeHIA OpUTHHAIA ICHOIb3yeM nHTerpal Joamvens (cM. Dpu-
noxenne 7, Tabmuma 7.1, o. 8)

t

u(z,t) = L7 [pM(p)Ui(p)) = wa(0)p(t) + [ p(r)ui (t = 7)dr,  (4.3.44)

rae ui(x,t) = L7U;] — pemenue cooTseTcTBYyIOMmell 3atadn npu u(t) = 1,

torga M(p) = — B (4.3.43)

T

I3 Tabanubl cOOTBETCTBUA OPUTHHAIOB U N306paKeHNN (CM. D PILIO-
xenne 7, Tabuma 7.2, n. 13) Haxo1nMm

a? 22 x
uy(t) = _ﬁ te” 3% + 1 - erfc (Qaﬁ) .

Bamernm, aTo u(0) = 0, Tak kak erfc(oo) = 0,

1 2
ull (t) — \/_ t3/2 € 4a2t

I3 narerpara Joamens (4.3.44) noxygaem pemerne 3a a4 111 (4.3.32)

(4.3.34)

ug (i, t) = I e A=
0
_ L =y 4.3.45
e \/_/COS TW T. ( .. )

Dermenne ncxoauon 3agaqdn (4.3.22)-(4.3.25) naercs popmyravu (4.3.35),
(4.3.39), (4.3.42) 1 (4.3.45).

Omeem.

u(x,t) = ie_“zt/eazT ~%gin 2 —I—/ Ddr - e " —
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3agada 4.3.3. DemuTh HaYaIbHO-KPAaeBYIO 3alady Iad ypaBHEHUS
TeILIOTPOBO THOCTI

Ju ,0%u _
a_a w—l—f(x,t), D={z: 0<2<+x}, t>0

C HaTaJbHBIM YCJIOBHUEM

1. f(z,t) =0, g(x) = sin z, u = et

2. f(x,t) =0, g(x) = sin z, Ug| = et

3. f(x,t) =sin z, g(x) =0, u| = cos t.

4. f(x,t) =sin z, g(x) =0, Ug| = COS t

5. f(x,t) =0, g(x) = cos z, u = sin t.

6. f(a,t)=0, g(x) = cos z, Ug| = sin ¢

7. f(x,t) = cos x, g(x) =0, ul = et

8. f(x,t) =cos x, g(x) =0, Ug| = et

9. f(a,t) =0, glx) =e™", u| _ = cos t.
10. f(a,t) =0, glx) =e™", Ug| = cOS t.
11. f(a,t) =€, g(x) =0, u = sin t.




12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
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5. SAAAYIN AJIAA BOJIPOBOI'O YPABPEP UA

MaTtemaTndeckas MoIeTh, OMNCHIBAIONIAA Magdble MPOTOTbHBIE KoJaeba-
HIS VIOPYTOTO CTEeP:KHA, PAacIoJoKeHHOTo Baorb ocu (Ox, TOpencTas-
asieT coOGON HAaYaTIbHO-KPaeBYIO 3adady IS BOJHOBOTO ypaBHeHUs [2, 4,

5, 10-12]

p(x)S(x)g—tZ = % (k(x)S(x)g—;L) + S(x)f(x,t), =€ (0,1), t>0, (5.1)

C I'PaHNIHBIMHI YCJIOBUAMHN IIDU X = 0 u r = 1 HaYAILHBIMU VCIOBUAMUI

u‘tzoz g(x), x € [0,1],

. (5.2)
Sl = @), @ el

3gech u(wx,t) — BeImdnHa OTKJIOHEHHS BAOJH CTCPKHA B MOMEHT Bpe-
MeHI ¢ cevYeHHnsd, PacIIOJOKEeHHOIO B HavalbHBII MOMEHT BDEeMeHH B paB-
HOBECHN B TOYKe ¥, ¥ — mepeMeHHas Jlarpasxa (B MOCIeIVIOMNNT MOMEHT
BpeMeHI { 5TO CedeHle HAXOAUTCA B TOUKe ¢ KoopauHarton x + u(x,t)),
S(x) — mIomAaIb MOMEPETHOrO CEUCHNA CTepXKH:I, p(x) — JMHENHAs MIOT-
HOCTB Maccsl, k(z) > 0 — Moxyms yopyroctu FOmra, f(r,t) — ImHefHAT
ILIOTHOCTH PaBHOCHCTBYIOMEN BHEITHIX CILI.

Ecin konen crepxHsa npu x = | uMmeeT 3a1aHHoe cMelnenue ji(t), pac-
CMaTpHUBaeTCsA TPaHIYHOe YCIoBUe epBoro pojaa (ycrosue Jupuxie)

u‘x:l: p(t), t>0. (5.3)

Ecan opu x = [ 3agana cura v(t), geiicTByfomas Ha cedenne S(), pac-
CMaTPUBAIOT 2PAHUUHOE YCA06UE 6MOoPo2o poda (ycroBue DelMaHa )

du

o v(t), t>0, (5.4)

x:l:
v(t)
KD)S(0).
Ecan npu x = [ 3agaHo yupyroe 3akpeinierne ¢ Ko>pUIITEeHTOM KeCT-
KOCTH 3aKPeILIeHNII (v, pAaCCMaTPUBAIOT 2PAHUUHOE YCAOBUE MPEMbE20 POIQ

rae v(t) =

(vcroBus Dobena)
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=0, >0, (5.5)
8%

K()S(D).

Ecin mpu x = [ 3agana ynpyras omopa, KOTopas MmepeMeIiaeTcs o 3a-

rae h =
JTaHHOMY 3aKkoHY [i(t), pacCMaTpHUBAaIOT HEOTHOPOTHOE TPAHIMTHOE YCIOBHE

du
(3—1‘ + hu)

TpeThero poaa

= u(t), t>0, (5.6)

z=l
tae p(t) = hi(t).

B Tom cayuae, korga xoad@uineHTs B ypaBHeHHn (5.1) mOCTOAHHEBI
p(x) = const, S(x) = const, k(x) = const, ypaBHeHIIe IPIHIMAET BIL]

d*u 5, 0%u
(e ] 5
re a? — ﬁ) f(ZL‘,t) — f(xat)
p p

3ameduanme [2, 4, 5, 10-12]. BoxnoBoe ypasuerne (5.7) ommchiBaeT
MaJble MolepedHble OTKJIOHeHUsA u(x, t) 0THOPOIHOU, YIPYTOll, HATAHY TON

cTpyHBL, Tae a? = —, T — ciIa HaTSKeHId, p — INHelHaA IIOTHOCTD MacChl,

f(x,1)

, f(x,t) — TuHeNHAS MTOTHOCTH PABHOACHCTBYIONICH BHEII-

fla,t) =

HIX CUJI.

BorroBoe ypaBHeHUE

*u o (O*u  O*u
o @ﬁ@ﬂ”“” )

OIIICBIBAET MAajble HOIepedHble OTKIOHCHNA u(x,y,t) 0THOPOTHON, YIPY-
O, HATAHYTOU MeMOpaHHI.
KorebareabHble IBUKEHNA ¢ MAIBIMEI aMILIITYIaMI B 11eaIbHON, CKI-

MaeMOoIl, I30TPOHHOM, aTnabaTuIeCKol KIIKOCTH (3BYKOBBIC BOTHBI) OIIII-
CBIBAIOTCSA BOTHOBBIM ypaBHEHUEM

82
a—tg = a’Au+ f(z,1), (5.9)
k C
rae u(Z,t) - moTeHImAT CKOPOCTH KuAKocTn U = —grad u, a® = ﬂ, k= Fp’
£o v

Cp — TEeILJIOEMKOCTSD IIPpU IMOCTOAHHOM OaBJEHU, CU — TEeIIJIOEMKOCTD IIPHU I10-
CTOAHHOM 06’]:_>€M€7 Po, Lo — PAaBHOBE€CHBIC 3HATECHUA TaBJCHUA 1 IIJIOTHOCTH,
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v

f(z,t) = - U — moreHnnat o6beMHON IIOTHOCTH PABHOICUCTBYIOIICH

BHeITHUX CILJI.
B magaJapHBINT MOMEHT BpeMeHHI 3a1al0T paclipeiejJcHlie CKOPOCTH B KaZK-

IO TOYIKe

qﬁfg@% FeDUID (5.10)
I OTHOCHTEIbHOE I3MCHEHNE LIOTHOCTH JKILIKOCTIL

ou

—| =pz r e DUID 11

Da HempoHUIaeMon rpanuite 0D 3aJaf0T TpaHITHOE YCIOBHE

du
onlep v(t), t>0,

0 n) — HOpMaJIbHAs COCTABIAIONIAL 38 IaHHON CKOPOCTH T'pa-

rae v(t) = —(v
aumsr V0,

Ecan rparnna 0D cBo6oaHa (HeBecoMas ILIEHKA), TO

q —0, t>0.
oD

YpaBaernuto (5.9) ymoBreTBOpseT KakJIag KOMIOHCHTA HAIPIKCHHOC-
Ten »aexrputdeckoro E = (Ey, By, E3) nan marantHoro H = (Hy, Hy, H3)
moJell, eCal paccMaTpHBaTh pPacIpOCTpaHeHHIe >IeKTPOMATrHHTHBIX BOJH

B M30TPOIHOU, OTHOPOIHOU, HEMPOBOJAIICH cpele. B »ToM ypaBHeHUU

C

a2 = —, C — CKOpPOCTb CBe€Ta B BaKyyMe, ¢, {f — COOTBETCTBEHHO OTHOCH-
£

TeJAbHBIC JUIJICKTPHUICeCKad I MalHITHaA IIPOHUITAeMOCTH Cpelbl.

Nznoxum memod pazdeaenus nepementblie peulenus HauaibHO-Kpae6blT
3adau 0458 00HOPOIHO20 B0AHOE020 YPAEHEHUS.

DaccMmoTpuM 3agady 111 oduopodnozo Y (5.9) (f(x,y,z,t) =0)

0%

&5ZJA% TeD, t>0, (5.12)

C 00HOPOOHBIMU TPAHTTHBIME YCIOBUAMI

(a5h 4 5u) | =0, lal+ 13120 (5.13)
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I HAYAJIbHBIMU YCJIOBUAMI
%ﬂzg@% (5.14)
3u‘
Ot lt=0
Nmem wactabie permenns Y (5.12), ymoBiaeTBopsmomue 00nopodnvim

eparuunvim yeaosusm (5.13) B Buge

=p(z), TeDUID. (5.15)

u(z,t) =v(x)T(t) #£0. (5.16)
Doxacrasum (5.16) B ypasrenune (5.12), pasgeany mepeMeHHBIE

N _ () _ Av(x)
T"(t)v(z) =aT(t) Av(Z) & 7T (1) = (7]

DocaeqHee PaBeHCTBO BHIMOAHICTCA B obractu (T € D, t > 0), caexo-
BaTeIbHO, JeBad 1 IpaBble YacTH PaBeHCTBA MOCTOSHHBI. (OOO0O3HAYUM DTV
KOHCTAHTY —A

() _ e _
a?T(t) ~ wo(z)
Orcroga moxytaem O/Y
T"(t) + \a®T(t) =0, t>0 (5.17)
u 1Y
Av(z)+ \(Z) =0, T €D. (5.18)
Docae mogcranoBku (5.16) B rparuntHOe yeaosue (5.13), moaytmm
Ov Ov
T(t) (oza—ﬁ + ﬁv) ‘6D: 0 & (oza—ﬁ + ﬁv) ‘aD: 0. (5.19)

Bagaga (5.18), (5.19) massBaeTcs sagaden HlTypma-/lnyBumrs Haxox-
DeHUSA coOCMEeHnblT 3Hauenuti A 1 COOTBETCTBYIOIINX MM COOCTMGEHHBLL
dynryui v(T) #Z 0 omeparopa Jlamraca B obaactu D ¢ TpaHIYHBIMI YCIO-
susamu (5.19).

DPeAMOIOKIM, ITO U3BECTHBI COOCTBEHHBIE 3HAUYECHUI A,, N = 1,00, I
COOTBETCTBYIOIINE UM COOCTBeHHBIe (DYHKUNE U, (T), KOTOPBIe 06pa3yioT
OPTOHOPMUPOBAHHYIO, TIOJHYIO CUCTeMY (PYHKUUN (CBOMCTBA COOCTBEHHBIX
3HAYCHNN U COGCTBEHHBIX QVHKINI M. B pasjgere 3.8).
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Dacemorpum OAY (5.17) mpu A = A, n = 1, co. Obmmue pemeHns 3Tux
ypaBHEHUN

T,(t) = A, Cos(\/Tnat) + B, sin(\/Tnat), n =1, 00, (5.20)

ecan \, 7Z 0. B ToM caytvae, Korga HOIb ABIAETCI COOCTBEHHBIM 3HATEHUIEM
Ao = 0, obmiee pemenne O/Y (5.17) nmeer Bug

To(t) = AO + Bot.

Dermmenne Been 3agaqn (5.12)-(5.15) (ecan A, # 0) umem B Buge pyHK-
MIIOHAIBHOIO PAIA

u(z,t) = goTn(t)vn(f) _
— é (A cos(yAat) + By sin(y/Aat) ) (7). (5.21)

npeanogaras, ITo ero MOXHO auddepeHInpoBaTh IBak bl 10 ¢ 1 T.
DensBecTHBIe KodpdunueHTs A,, B, HaugeM u3 Ha4aIbHBIX YCIOBUI

(5.14) u (5.15). Doacrasum (5.21) B (5.14), moxyunm

9(7) = 3 Apvn (). (5.22)

n=1

CaegoBaTeabHo, A, — KosddunneHTsl Pyphbe pasIoKeHNs I3BeCTHON (PYHK-
nnn ¢(&) mo moaHon B D cucTeMe cOOCTBEHHBIX (DYHKINN v,(T), n = 1, c0.
Naa onpegereHns A, BOCIOIb3yeMCS OPTOHOPMHPOBAHHOCTBIO COOCTBEH-

HBIX (DYHKIININ
/// v (T T)dT = Opy.

YmuoznM (5.22) Ha vi(T) U IPOUHTETpUpYeM 10 T B DD, MOXyHIIM

///9 k(T)dT = ZA ///vn T)dr = A, k=1,00. (5.23)
Docae mogcranoBku (5.21) B (5.13), moay-mm

T) = i::l Bn\/Tnavn(:Z‘)
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Bocmoassyemcs  opTOHOPMHUPOBAHHOCTBHIO COOCTBEHHBIX  (PYHKIINI,
HangeMm Bj,

= Z B fa///vn T)dT —Bk\/ia k=1,0c. (5.24)

Urax, pemennem 3agaan (5.12)-(5.15) asagercsa Gyuknus u(z,t), 3a-
TaHHaA QYHKIIOHAIBHBIM psagoMm (5.21), tae A, u B, BBIYHCIAIOTCA IO

dopmyram (5.23) u (5.24).

Temeps paccMOTPUM MeMOO PeUEHUSs HAUAALHO-KEPGLESOT 3adauu 044
HEOIHOPOOHO20 60AHOB020 YPABHEHUSA.

DaccmoTpuM 3a1ady 1t weodwopodwozo 1Y (5.9) (f(z,t) £ 0) ¢ ogno-
POTHBIMI T'PaHIIHBIME yeaoBuamu (5.13) n HavaxsHbIMEI yeaoBuamn (5.14),
(5.15).

DPEAMOTOKIM, ITO U3BECTHBL COOCTBEHHBIE 3HATEHHU \,, I OPTOHOPMIU-
pOBaHHBIEC COOCTBeHHBIE (MYyHKINN v, (T) 3aaa4dn Typma-Inysnmrs (5.18),
(5.19), xoTopas MoOIydaeTCS B pe3yabTaTe MPIMEHEHNA MeTOa pasese-
HIA MEePeMEHHBIX IS COOTBETCTBYIOIIET0 OJHOPOIHOTO ypaBHeHns (5.12)
¢ TpaHmYHBIME yeaoBuaMn (5.13).

Dyaem nckaTs permenne 3agadn (5.9), (5.13)-(5.15) B Buge pasrtoxeHns
B DA [0 COOCTBEHHBIM DYHKUUAM v, (T), n = 1,

8

oo

u(T,t) = D uy(t)va(T), (5.25)

n=1

r1e uy,(t) neuzsecmuui. UsBectrbie pyukunu f(7,t), g(Z), p(T) Taxxke pas-
JOZKIM B PAJBL II0 COOCTBEHHBIM (DYHKINAM

oo

f(zt) =3 fult)on(T), (5.26)

n=1

9(7) = Y gu (7). (5.27)

n=1

p(T) = i Pnvn(T), (5.28)

n=1
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r1e KoapduuneHTsr Pypoe f,(t), gn, Py BEIUHCIIIOTCA IO (DOPMYIAM

falt) = [[] £z tyon(7)dz, (5.29)

gn = [[[ 9(z)va(7)dz, (5.30)
po = [|[ p(E)va(7)dT, 0 =T, . (5.31)

DpeanogoxnM, IT0 pai (5.25) MOKHO mowIeHHO AnddepeHnnpoBaTh
ABaK ABI O t 1 T. DoxcTaBuM (5.25), (5.26) B (5.9), moxyanm

é {d Z;(t) + a2 Anun(t) — fn(t)} ou(E) = 0.

B cnny momHOTEI ccTeMBl cO6CTBeHHBIX GVHKINN v, (T) B D, caenyer

d?u,(t)
dt?

+ a* My (t) = fo(t), n=T, x. (5.32)

Doacrasum (5.27), (5.28) cooTBeTCTBEHHO B HadaIbHbIC yeaoBIA (5.14),
(5.15), moxyunm

i::l {un(0) — gntvn(Z) =0 = u,(0) =¢gn, n=1,00; (5.33)
> (duy(0) ) ity (0)
nZ::l{ It _pn} v () =0 = p = pn, n=1,00. (5.34)

Demmenne 3anad Komm mas w,(t) (5.32)(5.34) (ecam A, # 0) moxHO
IOJIYINTh, HalpUMeD, OllePalllOHHBIM MeTO JOM

un(t) = / ! sin(a\/Tn(t — 7)) fo(T)dT + gn Cos(a\/Tnt)+

a

>

—I_alﬁ sin(a\/Tnt) P (5.35)

Doxacrasum (5.35) B (5.25), popMaIbHO HOIYHNM pemerne 3ana4dn (5.9),

(5.13)(5.15).
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Docae nogcranosku (5.35) B (5.25) u ydera BbIpameHHN A1 Koahdu-
nneHToB DPypbe (5.29)-(5.31), momyuuMm mpeacTaBICHIE PELICHNA 3a1a40
(5.9), (5.13)-(5.15) ¢ momombro pyuKIUN I'pruHa

u(z, 1) = [ ///f(?JaT)G(f,?];t,T)dng+///9(g)aG(f2}?Z$t»0)dy+
+ [ p@)G (. 5:1.0)d. (5.36)
rie .

G(r,gt.7) = X e sin (@t = 7)) va(G)va(F) (5.37)

n=1
— Pynryus Ipuna, 1In Gyuryus 6 AUSHUSL MOUCUHO20 UCTROUHUKA.

MeTon pasgeneHus nepeMeHHbIX A BONHOBOrO ypaBHEHUS Ha
OrpaHWYEHHOWU NpsSIMOK

P pumep 5.1.1. MeTogoMm pasgereHus mepeMeHHBIX HAUTHU PeIleHIe
u(x,t) HaIATBHO-KPAEBOI 3a1adn /IS BOIHOBOIO YPABHEHIS

*u 5, 0%u
¢ TPAHUYHBIMU YCIOBUAMI
ou
=0 — =0 0<t 5.1.2
ul’zo ’ Ox le=n/2 ’ ( - ) ( )
I HATATbHBIMI YCIOBUAMI
u‘t_oz g(x) = 2sin 3z +sin bz, (0 <ax < 7/2), (5.1.3)
3“‘ —pla)=0, (0<z<m/2 5.1.4
8tt:0_p(x):’ (0 <z < 7/2). (5.1.4)

Pewenue. CHavara HalgeM 4YacTHBIE pPelIeHUA 00HOPOJHO20 YpaBHe-
aus (5.1.1), yaoBreTBopsronIie 00HOPOoIHbIM TPAHTTHBIM yeaoBIAM (5.1.2)

B BHJe
u(z,t) = X (x)T(t) £ 0. (5.1.5)
Doxacrasum (5.1.5) B (5.1.1) u paszernm mepeMeHHBIE
11 i
X (@)T() = T X" (2) = 0 A0y

a’T'(t) X(z)
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Orcroga moxytaem O/Y
T"(t) + \a*T(t) = 0, (5.1.6)
X"(x) + AX () = 0. (5.1.7)
Doxacrasum (5.1.5) B ogHOpO AHBIE T'paHUIHBE yeaoBuA (5.1.2), momxyanm

THX0)=0 = X(0)=0,
(5.1.8)
THX'(7/2)=0 = X'(x/2)=0.

Demmenne 3aga4tn lrypma-Juysmras (5.1.7), (5.1.8) npuseiero B Dpu-
moxennn 1 (m. B). CoOCTBeHHBIE 3HAYEHIS I COOTBETCTBYIOIINE M COHCT-
BeHHBIC (pyHKUnN npu | = 7/2 umeror caeayiomui Bug (91.22), (91.23)

A= (2n 4 1)%

Xo(xz) =sin(2n+ 1)z, n =0,0cc.
Temeps pacemorpum (5.1.6) mpu A = A,
T (t) + AT, (t) = 0.

Ero O6HI€€ penieHne MOZKHO 3allliCaThb B B €

T,(t) = A, COS(\/TnCLt) + B, sin(\/Tnat).

Tax, MBI HAIILIN CIeTHOE MHOKECTBO IacTHBIX pemeHni (5.1.5)
up(z,t) =T,(t) X, (z) =

= [A, cos ((2n + 1)at) + B, sin ((2n + 1)at)]sin(2n + 1)z, n =0, cc.

Demmenne Bcen 3agadn (5.1.1)-(5.1.4) 6ygem nckatb B Buie QYHKINO-

HaJIBHOT'O Psiaga
00

u(x,t) = nZ::o up(z,t) =
= i):o [A, cos((2n + 1)at) + By, sin ((2n + 1)at)]sin(2n 4+ 1)z,  (5.1.9)

npeanoaaras, 9YTo ero MOAKHO qudepeHInpoBaTh IBa pa3a Mo mepeMeHHON
t 1 o mepeMeHHON .
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Doacrasum (5.1.9) B Hagaxpable yeaosusg (5.1.3) u (5.1.4), noxyanm

g(x) = io Apsin(2n + 1)z, (5.1.10)
p(x) ij: B,(2n 4+ 1)a sin(2n 4 1)x. (5.1.11)

0
st Haxox nenns ko> duineHToB A, 1 B, BOCIOIb3yeMcs OPTOTOHATD-
HOCTBIO COOCTBEHHBIX (pyHKUNN Ha [0, 7/2]

n

/2
/ sin(2n 4+ 1)x - sin(2k + 1)z dx = 25%.
0

YmuOZEIM 06€ acTn paBercTBa (5.1.10) Ha sin(2k 4 1) u opounTerpn-
pyem mo x Ha [0, 7/2], momydnm

/2 /2

/g(x) -sin(2k 4+ Dade = > A, / sin(2n 4+ 1)z - sin(2k 4+ 1)x de = Ak%.
0 n=0 9

Anarormuano u3 (5.1.11) noxyunm
/2 .
/ p(x) -sin(2k 4+ 1)ax dx = B (2k + 1)a1.
0

OTcroga Haxo UM

/2
4
A, = — / g(x) - sin(2n 4+ 1)x dx, (5.1.12)
s
0
/2
B, = 4 / () -sin(2n + 1)z dx (5.1.13)
" (2n4 Dar , P ' o

Docae moacranoBkun A, n B, B (5.1.9) moaydnm mckoMoe pelieHne B
BIe pAja.

B mamewm caydae ¢yukunn g(x) u p(z) B (5.1.3) m (5.1.4) umeror
KOHKDETHBII BILI, [TO3BOIAIONINN HanTu Kod(dunneHTsl Pypoe (5.1.12)
(5.1.13), He mpuberas K HHTETPHPOBAHNK. Docte HoacTaHoBkn (5.1.9) B
HadaabHOe ycaosue (5.1.3), moxyuamm (5.1.10) B B e

2sin 3x + sin dx = Y A, sin(2n + 1)z. (5.1.14)

n=0
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B reBon wacTu sToro paBercTBa sin 3x = X (), sin 5z = Xy(x) — cob-
cTBeHHBIe PpyHKINN. CpaBHUM KOd(DQUIINEHTH TP O TMHAKOBBIX COOCTBEH-
HBIX (DYHKINAX B JeBOM U MPABOH YacTAX paBeHcTBa (5.1.14), moxywamm

Ai=2, Ay=1, A,=0 mpum n#1,2. (5.1.15)

Docae moxgcranoBku (5.1.9) B HavambHoe ycaoBme (5.1.4), momyunm
(5.1.11) B BugC

0= > B,sin(2n+ 1)a-sin(2n + 1)z.
n=0

Orciona Bce K0d(PPUIIUEHTHI

B,=0, n=T1, 0. (5.1.16)

Doxacrasum (5.1.15) u (5.1.16) B (5.1.9), moxy<uM pelreHne MCXOIHON
3aJatm.
Omeem. u(x,t) = 2cos 3at - sin 3z + cos dat - sin 5.

3amevanmne. Dyukuns [pura (5.37) paccMOTpeHHON 3aJati HMeeT
BI 1T
4 = 1

G(x,y;t, 7)=—

Ta nZ::o (2n+1) sin(a(Zn+1)(t=7)) sin((2n+1)z) sin((2n+1)y),

a peleHMne 3adaqdll MIpeacTaBJadeTCAd C IIOMOIIBIO (bYHKIJ;I/II/I FpI/IHa B BHu1e

(5.36)

/2 /2
OG(x,y;t,0
uw,t) = [ o280 gyt () Gl yit,0) dy.
0 0

ot

3agada 5.1.1. DemuTh HavYaIbHO-KPaeBYIO 3agady IJd BOJHOBOTO

VpaBHEHU
O*u 5, 0%
oz " oa?
C OTHOPOJHBIMI TPAHUYIHBIMI U HaYaJIbHBIMI YCJIOBUAMII.
1. ul =u, :u‘ =0, w| =sin x — 2sin 3.
z=0 r=m/2 t=0 t=0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

ut‘ = cos * — 3cos 3x.
=0

ut‘ = cos & + 3cos 2x.
=0

ut‘ = sin(z/2) + 2sin z.

t=0
t=0

t=0

U 0: cos 2x + cos 4.
=

| = 2sin(x/2) + sin x.

;| =sin(x/4) + 2sin(3x/4).

t=0

;| = 2cos(x/4) + 3cos(3x/4).

t=0

t=0

u| = 3sin x + sin 3x.
t=0

u| =sin x 4+ 3sin bx.
t=0

ul = 3cos x + cos dHx.
t=0

Ul = cos x — cos 2x.
t=0

t=0

t=0

uy;| = cos 2x — cos 4zx.
=0

u|  =sin(x/2) + 2sin(3x/2).

u| = 2cos(x/2) — cos(5x/2).

;| = cos(x/2) + 2cos x.

u;| = 3sin(x/2) — sin 2.
;| = 2sin(x/2) — sin(5x/2).

;| = cos(x/2) — cos(3z/2).



20 U = U = Ut‘ —
=0 r=2r t=0
21. u =u =u ‘
=0 v r=2r ! t=0
22. u, =u = ut‘
=0 r=2r t=0
23. u =u =u ‘
v =0 v r=2r ! t=0
24. u =u = u‘ =
=0 r=m t=0
25. u = U, = u‘
=0 r=n/2 t=0
26. u, =u = u‘
=0 r=n/2 t=0
27. u =u = u‘ =
v =0 v r=m t=0
28. u =u = ut‘ =
=0 r=2r t=0
29. u =u =u ‘ =
=0 v r=m ! t=0
30 U = U = Ut‘ —
=0 r=m =0

Uy

Uy

Uy

Uy

u ‘

t=0

t=0

t=0

t=0

= 2sin(x/2) — 3sin z.

= 3sin(x/4) + 2sin(3x/4).
= 5 cos(x/4) 4 cos(3x/4).
= 3cos x + 2 cos 3.

= 2sin x — sin 3.

= 5sin x — sin 3.

= 2cos x — cos 3.

= cos & + cos 3x.
= sin & — 3sin 3x.
= 2sin(x/2) + 3sin(3x/2).

= sin 2x + sin 3.

P pumep 5.1.2. DemuTh HavaTbHO-KPAeBYIO 3a1a4dy 111 HEOTHOPOI-

HOT'O BOJHOBOI'O YpPaBHCHNA

d*u , 0%u
C OJHOPOJHBIMI I'PAHIIHBIMIE YCIOBIAMM
= = < 1.

u =0, o (0< 1) (5.1.18)

I HaaIbHBIMHI YCIOBISAMI

u‘t_oz g(x) = 2sin 3z +sin bz, (0 <a < 7/2), (5.1.19)

ou
EL:O: p(x) (0<z<7/2), (5.1.20)

riae

i

) = 3e~!sin x.

(5.1.21)



Pewenue. CHavara pemmM BcemoMorarelbHyio 3agady HITypma-Jlny-
BILLIA, KOTOPad IMOIYIaeTCA B pe3yIbTaTe pasJeJeHNs IIepeMeHHBIX B 0 JHO-
pogaoM ypaBHeHnu (5.1.17) mpu f(x,t) = 0 ¢ 0 THOPO THBIMI TPAHNITHBIMII
yeroBuamn (5.1.18) (em. Dpumep 5.1.1, sagaga Hltypma-JInysuwrs (5.1.7),

(5.1.8)) {X”(x) +AX(2) =0,

X(0)=0, X'(x/2)=0.
Dermenne »Tol 3ajadn mpuBeseHo B Dpmioxkennn 1 (m. B). CobcTsen-

HBIC 3HATCHIA I COOTBETCTBYIOIIIE IM COOCTBeHHBIC (PYHKIINN IMEIOT CJIe-
ayromuni Bug (91.22), (31.23) mpu | = 7/2

A= (2n4+1)% n=0,0c,

Xo(xz) =sin(2n+ 1)z, n =0,0cc. (5.1.22)

Dermmenne ncxoauon sagadn (5.1.17)-(5.1.21) 6ygem uckats B Buge pas-
ToXKeHNA B QYHKIIOHAIBHBIN PSII HO0 cobcTBeHHBIM (yHKuuaM (5.1.22) ¢
HEM3BECTHBIMI KO3(MDPUIIEHTAMI Uy, (1)

(. t) = gun(t)xn(x) — gun(t) sin(2n + 1)z, (5.1.23)

IpeAnogaras, ITO ero MoKHO AuddepeHInpoBaTh IBaKIbLl 0 ¢ U IO .
DazaoxnMm m3BecTHele GyHKINN f(x,t), g(x) n p(x) B pagst mo cobet-
BeHHBIM (yHKIuAM (5.1.22)

fla.t) = é Fult) X () = é Fu(t) sin(2n + 1)z, (5.1.24)

oo

g(x) = i::oann(:L‘) = Z::()gn sin(2n + 1)z, (5.1.25)
plx) = i::oann(x) = i::opn sin(2n + 1)x. (5.1.26)

B mamewm cayuae xoadduiuentst f,(t), g, U p, TerK0 HAXOIATCA. Da-
BercTBa (5.1.24), (5.1.25) u (5.1.26) numeroT B

e 'sina =Y f,(t)sin(2n + 1), (5.1.27)
n=0

2sin 3x + sin bx = Y g, sin(2n + 1)z, (5.1.28)
n=0

0= > ppsin(2n+ 1)z, (5.1.29)
n=0
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rje B JeBBIX dacTAX sin @ = Xg(z), sin 3z = Xj(x), sin dbx = Xy(x)
cobcTBernsle pyuknnn. CpaBHuBasg KOd>(PQUINEHTHI P 0 INHAKOBBIX CO0-
CTBEHHBIX (DYHKINAX B JEBBIX I MPABBIX IacTaX paBeHCTB (5.1.27), (5.1.28),
(5.1.29), moxymm

folt) =3e™",  fu(t) =0 mpu n #0, (5.1.30)
g=2, ¢=1 ¢g,=0 mpu n#1,2, (5.1.31)
pn =0 mpn n=0,00. (5.1.32)

Doxacrasum (5.1.23) u (5.1.24) B ypaBrenne (5.1.17)

i {d 3:2@) + a®(2n + 1)%u,(t) — fn(t)} sin(2n + 1)x = 0.

n=0
B ¢uryprou ckodxe xoddpduiineHTs Pyphe pasIoKeHUs HYII O MOJHON
cucTeMe COOCTBEHHBIX (DYHKINN, CJIeI0BATEIbHO, OHU PaBHBI HYy.I0. OT-
crioga moaydaeM O/IY 11a nckoMbIX KodQOUIIEHTOB Uy, (t)

2U
d d;(t) +a’(2n + 1)%u,(t) = fu(t), n=0,0. (5.1.33)

Doxacrasum (5.1.23), (5.1.25), (5.1.26) B HavaxbHble yeaoBus (5.1.19) u
(5.1.20), moxy<mm

Y HAun(0) — gp}sin2n+ 1)z =0 = u,(0) =g,, n=0,00; (5.1.34)
n=0

< | du, (0 . du, (0
> { udzf ) —pn}sm(Qn—l-l)x =0 = udt( ) = pn, n=0,00. (5.1.35)
n=0

Ucxomere dpyHKUNN Uy, (t) sBasoTces pemeHnaMn 3atad Komm (5.1.33),
(5.1.34), (5.1.35). Bce sagaun Komm mpum n # 0,1,2 mMeor pemeHns
up(t) = 0, 7.x. Y oasopoarsl (f,(t) = 0 mpu n # 0) n HavaIbHBIE
yCI0BUA 0IHOPOAHEL (g, = 0, p, = 0 mpu n # 1,2).

Samaun Komn npu n # 0, 1, 2 uMeioT cIeayiommni BT

d?ug(t

2652( ) + a*ug(t) = 3e™", ug(0) =0, uy(0)=0, n=0; (5.1.36)
d?uq (t

Z;Q( B ui(t) =0, wi(0) =2, v\(0)=0, n=1 (5.1.37)
d?us(t

Z;( )+ at23 up(t) =0, uz(0) =1, uy(0) =0, n=2. (5.1.38)

Demmmm 3a a1y Kommn (5.1.36). Obmee pemenne Y
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ug(t) = Agcos(at) + Bysin(at) + Uy
HacTHoe pelleHne Heo JHOPOIHOIO YPABHEHN HMIIeM B BIIE
Ugy = Ae™".
Docre nogcranosku B Y (5.1.36) maxoaum A = 3/(1 + a?). Obmee
pemerne Heoguopouoro 1Y (5.1.36) umeer Bup
up(t) = Agcos(at) + Bysin(at) 4+ 3e™" /(1 + a2).

Koadpunuenter Ay u By HallgeM, II0ICTaBUB 3TO BEIpasKeHNe B Hadalb-
able ycaoBus (5.1.36). Demenne 3anaqn Kommn (5.1.36) mpuMeT B

wy(t) = 3 (1 sin(at) — cos(at) + e_t) /(1 +a?). (5.1.39)

a

Demmm 3agaqy (5.1.37). Obmee permenne anddepeHInaIbHOTO YPABHEHIIS
uy (t) = Ajcos(3at) + By sin(3at).
DoICTaBUM B HadalbHbIe YCI0BUA, HangeM A; = 2, By = 0.
Demmennem 3aaa+n Komm (5.1.37) aBasgercs QyHKII
uy (t) = 2 cos(3at). (3.1.40)
Ananorntino HaxoguM permenie 3agadn Kommn (5.1.38)
us(t) = cos(bat). (3.1.41)
Doxacrasum (5.1.39), (5.1.40), (5.1.41) u u,(t) = 0 opu n # 0,1,2 B
(5.1.23), moxy€muM pelieHne MCX0IHON 3a,1atI.
Omeem. u(x,t) =3 (2 sin(at) — cos(at) + e_t) sin /(1 4 a®)+
+2 cos(3at) sin 3x + cos(5at) sin Hz.

3amedanne. Oyukuns ['puna (5.37) paccMOTPEHHON 33,1451 IMeeT BI
4 = 1

_ Z - -
ma =y (2n + 1)
a pelleHne 3aiadu IpeIcTaBIgeTCsA ¢ TOMOINbIo (GYHKINN ['puHa B BuIe

(5.36) o

/2
u(x,t):/ /f(y,T)G(x,y;t,T) dydT—l—/g(y)

G(x,y;t,7)= sin(a(2n+1)(t—7)) sin((2n+1)x) sin((2n+1)y),

0G(x,y;t,0)
Ot

dy+

/2

+ [ ply) G(x,y;,0)dy.
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3agada 5.1.2. DemunuTh HadaIbHO-KPaeBYIO 3ajady IS HEOJHOPOI-

HOT'O BOJHOBOI'O YpPaBHCHNA

2 2
g—tgzaQ%—l—f(x,t), D={z: 0<a<l}, 0<t

C OTHOPOOIHBIMU T'PAHU'THBIMHI 11 HAYTAJIBbHBIMUI YCJIOBUAIMUI

10.

=), | =p) O<e<h,

d \
=0

t=0
= Uy, = O7

z=0 r=m/2

fx,t) =sin 5xe™'t, g(x) =0, p(x)=sinx — 2sin 3z.

x:ﬂ/Q__

U = Uu
xx:O

?

f(x,t) =2cos 52t%, g(x) =0, p(x)=cosx—3cos 3.

Uyp| = Uy =0,
x=0 r=m

flxz,t) =2cos 3xsh t, ¢g(x)=0, p(x)=cosz+ 3cos 2.

0
f(x,t) =sin ze™'t, g(x) =0, p(x)=sin(x/2)+ 2sin z.

ul =wu, =0,
x=0 r=m
flx,t) =sin(bx/2)sh t, g¢g(x) =sin(x/2) + 2sin(3x/2), p(x) =0,
u,| =u| =0,
x=0 r=m

f(x,t) = cos(3x/2)3t%,  g(x) = 2cos(x/2) — cos(52/2), p(x)=0.

x:ﬂ/Q__ ’

fla,t) =cos 2xch t, g(x)=cos 2z +cos 4z, p(x)=0.

flx,t) =sin x(t* +1), g(x) =0, p(x)=2sin(x/2)+sin .

=0 r=2r

fla,t) =sin(x/4)e”", g(x) =0, p(x)=sin(x/4) + 2sin(3z/4).

=u =0,
=0 r=2r

f(z,t) =cos(x/4)t*, g(x) =0, p(x)=2cos(x/4)+ 3cos(3x/4).




11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Up| = Uy =0,
x=0 r=27

flz,t) =2cos 2xte™, g(x) =0, p(x)=cos(x/2)+2cos .

ul  =ul =0,

0
f(x,t) =sin 2ze™,  g(x) = 3sin x +sin 32, p(x) = 0.

ul =u =0
z=0 v r=m/2 ’

f(x,t) =sin x(t* —t), g(x) =sin x4+ 3sin 52, p(x) = 0.

u =u =0
“le=0 r=m/2 ’

f(x,t) =cos 3xsh t, ¢g(x)=3cos x4+ cosdzx, p(x)=0.

=0
f(z,t) =2cos at?, g(x) =cos x —cos 2z, p(x)=0.

0
flz,t)=sinxzcht, g¢g(z)=0, p(x)=3sin(x/2)— sin 2z.

u|_ S Ua| = 0,
f(x,t) =sin(3x/2)e”, g(x) =0, p(x)=2sin(x/2) — sin(5x/2).
u,| =u| =0,

x=0 r=m

flx,t) = cos(x/2)(t —t*), g(x) =0, p(x)=cos(x/2)— cos(32/2).

Up| = Uy =0,
z=0 r=m/2
f(x,t) = cos date™, g(x) =0, p(x)=cos 2z — cos 4.
U = U = 5
r= r=27

0
f(x,t) =sin 22t?, g(x) = 2sin(x/2) — 3sin x, p(x) = 0.

Y a::O: e x:?ﬂ': ’
flx,t) = 2sin(x/4)e™, g(x) = 3sin(x/4) + 2sin(32/4), p(x) = 0.
Uy S u = 0,
f(z,t) = cos(3x/4)e™?, g(x) = 5cos(x/4) + cos(3z/4), p(x)=0.
Uyp| = Uy =0,

x=0 r=27

f(x,t) =cos ate™, g(x) =3cos x +2cos 3z, p(x)=0.
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24. wu =u

0
f(x,t) =2sin xe™!, g(x) =0, p(x)=2sin x — sin 3z.

25. u| = u, =0,
z=0 r=m/2
f(x,t) = 3sin 52t*, g(x) =0, p(x)=5sin x —sin 3.
26. u,| =u =0,
z=0 r=m/2

flz,t)=cosxsht, g¢g(x)=0, p(x)=2cosx— cos 3uz.

27. Uy = u,

f(x,_t(; = cos 2ate™, g(x) =0, p(x)=cos x4+ cos 3.
28. u ;=
f(x,t) =sin 2xte™, g(x) =sin 2 — 3sin 3z, p(z) = 0.

2=0 - 0

flx,t) = 2sin(x/2)t?, g(x) = 2sin(x/2) + 3sin(32/2), plx) =0.
30. u| =wu =0,

=T

0
f(xz,t) =sin xsh t, ¢g(x)=sin 2z +sin 3z, p(x)=0.

29. u = U,

5.2. MeTon pasgeneHus nepeMeHHbIX B NPsSIMOYrofbHOM obnacTw,
KPYrOBOM CeKTOpe, NPSAMOYrofibHOM Napannenenunese,

NPSMOM KPYrOBOM UMAMHAPE U CEKTOPE NPSIMOro
KPYrOBOIro LUAMHAPA

Ppumep 5.2.1. 1) Dantu pelmeHne HaIaTbHO-KPACBOM 3a1a<l [T
BOJIHOBOTO YPaBHEHNUA B IPAMOYTOJIbHIKe [

0%u
52 = a’Au+ fla,y,t), D={(r,y):0<ae<m 0<y<w/2}, 0<t,
(5.2.1)
¢ PPAHUYHBIMI YCIOBHAME Ha 0D
J J
o =u| =28 =% =0, 0<t (5.2.2)
=0 =" ay y=0 ay y=r/2
I HATATbHBIMI YCIOBUAMI
u‘t_oz g(x,y) = 2sin x cos 2y, (5.2.3)
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du

E‘t:oz p(x,y) = 4sin x cos 4y, (:L‘,y) eD, (5.2.4)

riae

f(x,y,t) = 3sin 2 cos 4ye™". (5.2.5)

2) DalTu pelIeHne HAYaIbHO-KPAEBON 3aJadn A8 BOTHOBOT'O ypaBHe-
HIIT B KPYTOBOM ceKTope [

82
a—tzbza?Au—l—f(r,go,t), D={(r¢):0<r<b 0<p<n/2}, 0<t,
(5.2.6)
¢ TPAHUYHBIME YCIOBIAME Ha 0D
2, 2,
a2yl =0, o<t (5.2.7)
899 =0 899 p=r/2 r=b
I HATATBHBIMU YCJIOBUAMI
(2)
u‘t_oz g(r,p) = Jy ('ulb T) cos 20, (5.2.8)
ou Iugl)r
a‘tzo— p(r,p) =2Jy ( ;| €os 4o, (5.2.9)
e
0,
Flrp.t) = 2Jy | == ™ (5.2.10)

(2" — k-prit Kopenb ypasHeHus Jo, (1) = 0, Jo,(v) — yuKmIA Deccens 2n-ro
HOpsIKA.

Pewenue. 1) Cratana Hangem perrerne 3agadn Hltypua-/lmysumis,
KOTOpas MOIyYaeTca B pe3yabTaTe pa3jJeleHHS MepeMeHHBIX B OJHOPO/I-
HoM ypaBHenun (5.2.1) mpu f(x,y,t) = 0 ¢ 0AHOPOIHBIME TPAHUTHBIMII
yeroBuaMn (5.2.2). DelleHne »TON 3ajJa4n IpuseieHo B Dpumvepe 3.8.1.
CoOCTBeHHBIE 3HAYCHNA 1 COOTBETCTBYIOIINE UM COOCTBeHHBIE (DyHKIIN
3agarorcs popmyramn (3.8.19), (3.8.20)

2(§ 1
Ao = 12 + (2k)2, vni(x, y) = sin(nx) cos(2ky), ||vnk||2 = M

8 ?
n=100, k=0,c.
DellleHne ICXOTHOU 3a a4 Oy 1eM ICKATh B BUIe PA3I0KEHUI B PAI IO
TUM COOCTBEHHBIM (DYHKITUAM, IpeIIoIaras BO3MOKHOCTD ero nuddepeH-
IUPOBATH ABAZKIBI IO HEePEMEeHHBIM (X, Y, ),
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u(x,y,t) = i i Ui ()i (2, y) = i i U (t) sin(nx) cos(2ky).

n=1k=0 n=1 k=0
(5.2.11)

UsBectuse ¢pyukuun f(x,y,t), g(z,y), plz,y) (5.2.3)-(5.2.5) rakxe
Pa3I0KIM 110 CHCTeMe COOCTBeHHBIX (DYHKINH Upy (X, y)

f(x,y,t) = 3sin 2z cos 4y et = Zl Yo fur(Wvpr(,y) =
n=1 k=0

oo

= i::l P fnk(t) sin(na) cos(2ky), (5.2.12)

g(xay) = 2sin x cos 2y = Z Z gnkvnk(xay) =
n=1 k=0

= > > gk sin(nx) cos(2ky), (5.2.13)
n=1 k=0

pla,y) =4sin wcos dy = 3 > purvnk(a,y) =

n=1k=0
= Z—:u;op"k sin(nx) cos(2ky), (5.2.14)
rie
1
for(t) = W//f(xayat)vnk(xay) dxdy,
nkll” b
1
nkll” b
1
Pnk = ||U k||2 //p(xay)vnk(xay) de‘dy, n = 17007 k= 0,00.

D

B namem xoHkpeTHOM ciydae KoddduuueHTsl Dypbe fur(t), gnk U Pnk
MOZKHO HAlTH He Opuberas K NHTCTPUPOBAHIIO. 3aMeTHM, ITO vyy(x,y) =
= sin 2z cos 4y, vyi(x,y) = sin xcos 2y, vis(x,y) = sin x cos 4y, u cpas-

HIM KO3 QUIIEHTH IPU 0 IMHAKOBBIX COOCTBEHHBIX QYHKIIIAX B (5.2.12)
(5.2.14), moxyamm

foo(t) = 3e™",  fur(t) =0 mpum (n, k) # (2,2),
g1 = 27 Gnk = 0 apn (na k) # (17 1)7
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pi2 =4, par =0 npu (nak) 7 (172)7
Doxacrasum (5.2.11), (5.2.12) B Y (5.2.1), noxyunm

< o (d%u,
Z_:l k_o{ dt];(t) + a* Xt (t) — fnk(t)} vni(,y) = 0.

B cury momHOTHI cucTteMbl pyHKIUN B DD

d2unk(t)
dt?

+ a* Xtk (t) = fur(t), n=T1,00, k=0,0cc. (5.2.15)

Docae nogcranoskn (5.2.11), (5.2.13) u (5.2.14) B HavaIBHBIC YCIOBUA

(5.2.3), (5.2.4) moxyunm

n=1 k=0
ne1 k=0 t dt

n=1,00, k=0,c.

Bcee sagaun Kommn (5.2.15)-(5.2.17) xpome Tpex mpu (n,k) = (1,1),
(n,k) = (1,2) u (n, k) = (2,2) mmeror oxgnopoauste Y 1 ogHOpOIHBEIE Ha-
qaapHBle yeroBua (5.2.16), (5.2.17), caegoBareabHO, uni(t) = 0 mpn
(n,k) # (1,1), (n,k) # (1,2) u (n, k) # (2,2). DemeHNsIMEI 0CTATbHBIX

3aJad Kormn

d?uq (1 dui1(0

d??( ) +a*Apun(t) =0, u(0) =2, illt( ) 0;
d?uyo(t dui9(0

de( ) +a*Apupa(t) =0, u(0) =0, i;t( ) = 4;
d2u22(t) 9 _¢ du?Q(O)
i T @ Anun(t) =3¢, up(0) =0, —2= =0

ABIAIOTCA (PYHKIININ
u1(t) = 2 cos(ay/Ant) = 2COS(CL\/5t), (5.2.18)
4 4
ua(t) = sin(ay/Ajot) = sin(av'17t), (5.2.19)

av/17
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3 1 . _
ugy(t) = b Lo sin(ay/Agat) — cos(ay/Apat) + € ] =
3 1. _
=1 202 1203 sm(2a\/5t) — Cos(2a\/5t) +e ] . (5.2.20)

Doxacrasum (5.2.18)(5.2.20) u uy(t) = 0 mpu (n, k) # (1,1), (n, k) # (1,2),
(n,k) # (2,2) B (5.2.11), noxyunwm permenne 3aga4n (5.2.1)-(5.2.5)
4sin(ay/17t) sin x cos 4y

av/17

;] sin 2z cos 4y

1 + 20a?

u(x,y,t) = 2cos(aV/5t) sin x cos 2y +

1
2a/5

2) Crauarna Hangem pemenne 3ajgadn Hltypma-J/lnyBumisa, xoropas mo-

sin(2a\/5t) — Cos(2a\/5t) +e

+3

JIydaeTcsa B pe3yabTaTe pasIeleHns epeMeHHbBIX B O THOPOTHOM ypaBHEHIIe
(5.2.6) mpu f(r,¢,t) =0 ¢ oqHOPOIHBIMI T'DAHUYIHBIMI yeaoBIAME (5.2.7).
DellleHne >Tou 3aga4du npuBegeHo B Jpumepe 3.8.1. CobcTBeHHBIC 3HaME-
HIA I COOTBETCTBYIOMINE UM COOCTBeHHBIE (DYHKIINN 33 Jaf0TCI (POPMY.IaMu

(3.8.28), (3.8.29)

(2n) 2
Ak = (%) v Uk (@) = Jon(V Akr) cos(2ny),

2n 2 5710 +1
ol = 7 (b (2 L0 D),
(2n)

rae py — k-BI KopeHb ypaBHeHUs Jo,(p) = 0, Jy,(x) — QyHKINA Deccens
2n-T0 TopAIKa.

n=0,00, k=1,0o,

DellleHne ICXOTHOU 3a a4 Oy 1eM ICKATh B BUIe PA3I0KEHUI B PAI IO
2TUM COOCTBEHHBIM (PYHKUINIAM, Ipernoaaras BO3MOKHOCTE ero nuddepen-
NUpOBaTh ABa pasa I0 ImepeMeHHBIM (7, ¢, 1),

oo t) = 35 (v, ) =

n=0 k=1
00 00 ,LL(Qn)T

= > > unk(t)Jan kT cos(2ny). (5.2.21)
n=0 k=1

UsBectuse Gyuxuun f(r, ¢, t), g(r,¢) n p(r, ) (5.2.8)-(5.2.10) rakxe
Pa3I0KIM 110 CHCTeMe COOCTBeHHBIX (DYHKUUH U (7, )
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n=0 k=1
00 00 ME{?”)T
= > > fur(t) o ; cos(2ny), (5.2.22)
n=0 k=1
i .
olrog) = B[ M5 cos 20 = 55 5 guralrp) =
00 00 ,LL(Qn)T
=3 X guon |~ | cos(2ng). (5.2.23)
n=0 k=1
A o
o) =200 (157 [ cos o = £ 5 pusvalrp) =
L,
-y ankJQn —— | cos(2ny), (5.2.24)
n=0k=
rie
fnk k||2 //f 997 Unk )Td?“d(pa
gnk k||2 //g Unk )rdrd</97
Pnk = k||2 //p Unk’ )7“ drd(ﬁ, n —= 0,00, k= 1,00.

B mamem xoKpeTHOM caydae KoahduuneHTs Pypbe frr(t), guk T Pk
MOZKHO HAUTH He Opuberas K HHTeTPUPOBAHIIO. 3aMeTHM, ITO vg2(r, p) =

,LL(O)T M(Q)r M(4)7”
=Jy 2b , v(r,e) = J; IT cos 2¢p, vea(r,¢) = Jy ;| cos 4.

CpaBHUM KO>()PUINEHTHI IPH OJNHAKOBLIX COOCTBEHHBIX (DYHKINAX B
(5.2.22)-(5.2.24), noxyunm

foa(t) = 272, fur(t) = 0 mpu (n, k) # (0,2),

gin =1, gn=0mpu (n, k) # (1,1),

P22 = 27 Pnk = 0 apn (na k) # (27 2)
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Doxacrasum (5.2.21), (5.2.22) B Y (5.2.6), noxyunm

A d2unk(t) 9
2 2 5+ @ Atk (t) = fur(t) ponk(r ) =0 =
A (t
Zt/;( ) b 0t (1) = furlt), n=0%, k=T  (52.25)

Docae nmogcranoskn (5.2.21), (5.2.23), (5.2.24) B HavaIbHBIC YCIOBUA

(5.2.8) u (5.2.9) moxyanm

0 2 [ duyi(0 du,. (0
> > +O) — Puk ¢ Unk(ry0) =0 = +(0) = Dok (5.2.27)
n=0 k=1 dt dt

n=0,00, k=1,0c.
Bcee sagaun Kommn (5.2.25)-(5.2.27) xpome Tpex upu (n, k) = (0,2),
(n,k) = (1,1) u (n, k) = (2,2) nmetor ogropoausie [IY m oxHOpOIHBIC

HadaldbHbe ycaoBusa (5.2.26) u (5.2.27), caegoBareabHo, u,,(t) = 0 mpn

(n, k) #(0,2), (n, k) # (1,1), (n, k) # (2,2).

DellleHIAME 3a a4 Kormmn

Pug(t) | =Y duys(0)

dt2 +a )\OQUOQ(t) = 2e 5 UOQ(O) = 0, dt = 0,
duq (t duq1(0

dltlQ( ) + CLQ)\HUH(t) = O, UH(O) 1, illt( ) = 0,
d2u22(t) 9 dUQQ(O)

772 +a )\22u22(t) =0, UQQ(O) =0, 7t =2

ABIAIOTCA (PYHKINN

2
2 [e™# — cos(ay/Aat) + ~ sin(a )\ogt)]
UOQ(t) = 11 a2)\02 02 , (5228)
uy1(t) = cos(ait), (5.2.29)
2 sin{ay/ oot
Uu(t) = sin(avAz ), (5.2.30)
av/ A2z
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(0) (2) (4)
_ M _ M Ha_
rae \/ Aoz = - A1l = Agg = )
Doacrasum (5.2.28)(5.2.30) u uni(t) = 0 opu (n, k) # (0,2), (n, k) #
(1,1) u (n, k) # (2,2) B (5.2.21), moxyunm pemenne 3agaqdn (5.2.6) (5 2.10)

Jo(\ ez 7)

2 [e_% — cos(ay/Agat) + sin(ay/Agat)

1) = (A2
U(T,(p, ) 4 _I_ a2)\02 —I_
2 sin(av/Agat) Jy(V/ Aga 1) cos 4o

+ cos(ay A1) Ja(y/ A1 1) cos 2¢ +

)\22

Omeem.

4sin(av/17t) si 4
1) u(z,y,t) = 2cos(aV/5t) sin x cos 2y + sin(a ) sin @ cos v,

av/17
sin 2x cos 4y

1 + 20a?

sin(2a\/5t) — Cos(2a\/5t) 4+ et

1
3
2av/5
2 /
2 [e_% — cos(ay/Apat) + \ sin(a )‘0275)] To(V Aoz 1)
aAQp2
4+ a2)\02

2 sin(av/Agat) Jy(V/ Agg 1) cos 4o
A29 -

2) u(r,p,t) = +

+ cos(ay/A1t) Ja(y/ A1 1) cos 2 +

2n)
riae \/App = :Uij ,ugfn) — k-u xopenb ypaBHeHus .Jo, (1) = 0, Jo,(x) -
GYHKIII Deccelad 2n-ro HopaIka.

3agada 5.2.1. Danutu pelreHne HadaTbHO-KpaeBOU 3aJatin IS BOJTHO-
BOT'0 YPaBHEHIS

2
g—tgzaQAu—l—f

B IPAMOYTOJBHUKE IIN B KPYT'OBOM CeKTOpe ¢ OJHOPOIHBIMI I'PDAaHNYIHBIMI
VCIOBUAMHI, KaK B 3ajade 3.8.1, 1 HaTaIbHBIMU yCIOBUAMI

‘ _ 3u‘ B
u _ =49, ot t:O_p'




flz,y,t) =2sin xcos ye !, g(x,y) = sin 2z cos 3y,
p(x,y) = 3sin x cos 3y.

=0,

:U‘ =Uu
7 r=b

go:ﬂ'/4_

rop,t) = 20 (ur /b)sin 20 £, g(r.¢) = Jo(pr /b) sin G,
SJQ(,LLgQ)T/b) sin 2.

=

S

~
I

l‘:ﬂ'/2_

t) =3cos xcos ye 2, g(x,y) = 2cos 3z cos 2y,

Y,
x,y) = cos x cos 2y.

rop,t) = J3(r/b)sin 3p -, g(r, o) = Js(vi”r/b) sin G,
rop) = 2J3(1/§3)r/b) sin 3.

= Uu = O
y‘y:ﬂ'/? ’

flx,y,t) =cos 2xsiny- (t+1), g(x,y)=3cos xsin 3y,
p(x,y) = 2cos 2xsin 3y.

ng‘ = U‘ =Uu
©=0 p=m/2

Flroo ) = (v /by cos o - et g(r, o) = Js(utPr/b) cos 3,
p(r, @) = 2J1(M(11)r/b) cos .

Ul = Uy, = u‘ = u‘ =0,
z=0 r=n/2 y=0 y=m
flx,y,t) = 2sin xsin 2y - t, g(x,y) = sin 3xsin y,
p(x,y) = 3sin xsin y.
uSD‘go:O: uw‘gozﬂ': Y r:b: 07

flryp,t) = Jl(ligl)r/b) cos p-t, g(r,p) = JQ(MgQ)r/b) cos 2,
p(r, ) = 3J1(,u(11)r/b) cos ©.




10.

11.

12.

13.

14.

15.

16.

17.

flz,y,t) =2sin 2xcos ye™, g(x,y) = 3sin x cos 2y,
p(x,y) = sin 2z cos 2y.

?

go:ﬂ'/3_ Hr r=b
flrop.t) = 2J/z( Py [b)sin(3p/2) - 1

g(r, ) = Japa(vs 1 /1) sin(5/2), plr, ) Tsa (s [b) sin(3/2).

Uy = Uy, = U‘ = uy‘ =0,

z=0 r=m/2 y=0 y=m/2
f(x,y,t) = cos wsin ye ™, g(x,y) = 2cos 3xsin 3y,
p(x,y) = 3cos xsin 3y.
u‘ ‘ = U = O7

= 0 p=m/2 r=b

Flrop.t) = Jy(uPr/bysin 20 - et glr o) = 204(1Y r /b) sin 4o,
p(r, ) = Jg(,ug)r/b) sin 2.

z=0 r=m y=0 y=m

flz,y,t) = cos xsin 2y -t, ¢g(x,y) = cos 2z sin y,
p(x,y) = 2cos xsin y.

flrp,t) = J/z( T/b) cos(p/2) - e
g(r,p) = J3/2( r/b) cos(3¢/2), p(r, ) = 2J1/2( r/b) cos(p/2).

Ul = Uy, = uy‘ = u‘ =0,
z=0 r=m/2 y=0 y=m/2
flz,y,t) =2sin 3zcosy - (t+1), g¢g(x,y) = 2sin xcos 3y,
p(x,y) = sin 3z cos 3y.
uSD‘go:O: uSD‘go:ﬂ'/él: Y r=b 07

flropt) = J4(,u§4)7“/b) cos dp-e7t glr,p) = J4(,u(14)r/b) cos 4,
plryp) = JQ(MgS)T/b) cos 8.

= Uu = O
y‘y:ﬂ'/? ’

268



18.

19.

20.

21.

22.

23.

24.

25.

fla,y,t) = 2sin 2xsin ye 2,  g(x,y) = sin xsin 3y,

p(x,y) = 3sin 2z sin 3y.

= U ‘ = U
S0g0:71'/2

rop.t) = Ji(ps r/b)sin -t g(r,p) = Jy(ur/b) sin 3¢,
2J1(M(11)r/b) sin .

=

S

~
I

- u‘
r=m/2 y=0

= U‘ = O7
y=m

t) = 2cos xsin 2ye”!,  g(x,y) = cos 3xsin y,

Y,
x,y) = 3cos xsin y.

ropot) = 20 (A by sin ot g(r. o) = Ja(vfPr/b) sin 2.
(V{I)T/b) sin .

y:ﬂ'/2_ ’

flz,y,t) =2cos 2xcos y-t, g(x,y) = cos xcos 3y,
p(x,y) = 3cos 2z cos 3y.

USD‘ - u‘gp:ﬂ'/él: Ur
flr,pot) = JQ(VP)T/Z?) cos 2¢0 - e g(r,p) = 2J6(1/{6)r/b) cos G,
p(r.p) = 2J2(V§2)T/b) cos 2.

Y a::O: e J::ﬂ'/?z uy‘y:OZ uy‘y:ﬂ': 07
flx,y,t) =2sin xcos ye™ ', g(x,y) = sin 3a cos 2y,
p(x,y) = 3sin x cos 2y.
= = =0
USD‘@:O uw‘gozﬂ'/i% Y r=b ’

flr,pot) = JS(Mg:%)T/b) cos 3pet,  g(r,p) = 2J6(,u(16)r/b) cos 6,
p(r, ) = 2J3(M(13)r/b) cos 3.
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flz,y,t) =2sin xsin y - t, g(x,y) = sin 2z sin ¥,
p(x,y) = 3sin xsin 2y.

2. u‘

flrp,t) = 2J1/2< W”r/b) sin(p/2) - t
g(r.p) = Jya (P b) sin(3p/2). < ) = i (821 [b) sin(/2).

27. u,| =u —uy‘ :u‘ =0,
z=0 r=m/2 y=0 y=m/2
flz,y,t) =2cos xcos 3ye™, g(x,y) = cos 3z cos y,
p(x,y) = 3cos xcos y.
28. ‘ ‘ —u,| =0,
= 0 p=r/4 r=b

Flry o, t) = 2, /b)Y sin 4 - et,  g(r, ) = Js(1AVr /) sin 8¢,
p(r, ) = 3Ja(15"r /b) sin 4.
29. Uy g;:(): Uy x:ﬂ_: uy‘yzoz uy‘y:ﬂ_: O7

flz,y,t) =2cos xcos 2y - t, g(x,y) = cos 2z cos ¥,
p(x,y) = 3cos xcos y.

30. =0,

=u
p=n/3 r=b

Flryo,t) = Jypa(ul?r /) cos(3p/2) e
g(re @) = Japa (i1 ) cos(3p/2), p(r, >—2J3/2< P21 b) cos(30/2).

Ppumep 5.2.2. 1) Dantu pelmeHne HaIaTbHO-KPACBOM 3a1atl 111
BOJTHOBOT'O YPaBHEHNUA B IPAMOYTOJIBHOM Mapajielennieie

D={(r,y,2):0<ae<m 0<y<n/2,0<z< 7}

82
a—tg =a’Du+t fr.y,2.t). (v.y,2) €D, t>0, (5.2.31)

¢ TpaHIYHBIME ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.30), (3.8.31),

ou ou ou

_Oup_ Ou — 0 5.2.32
= ay ‘y:O ay ‘y:ﬂ'/? 82 ( )

=T

Uu =Uu

x=0

7= 0

270



U Ha1aJdbHBIMHI YCJIOBUAIMUI

u‘tzoz g(x,y,z) = 3sin 2z cos 2y cos(3z/2), (5.2.33)

du

E‘t—oz p(x,y,z) = 2sin x cos 2y cos(z/2), (x,y,z) € D, (5.2.34)

rie
f(x,y, 2,t) = sin x cos 4y cos(32/2) e . (5.2.35)

2) DalTu pelIeHne HAYaIbHO-KPAEBON 3aJadn A8 BOTHOBOT'O ypaBHe-
HIA B OPAMOM KPYT'OBOM LNIINHIPE

D={(r,g,z): 0<r<b 0<p <2, 0< 2z < h},

82
a—tg =a*Au+ f(r,p,2,t), (r,e,2) €D, t>0, (5.2.36)
¢ TpaHIYHBIMI ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.32), (3.8.33),
Ju Ju Ju
| == == =0 5.2.37
0z 12=0 0z lz=h or lr=b ( )
I HATATbHBIMI YCIOBUAMI
1/{2)7“
u‘t_oz glryp,z)=Jy ;| cos 2 cos(mz/h), (5.2.38)
o (1)
Sil= o) =271 ( ) cos ¢ (r,p.2) €D. (5.2.39)
rie
AUy
flrye, z,t) =1 2b sin @ cos(mz/h) - (t + 1), (5.2.40)
I/]E,n) — k-bit KopeHb ypasaenus J) (v) = 0, J,(x) — QyHKINA Decceas n-ro
HOpsIKA.

3) DanTu pelmeHne HaYaIbHO-KPACBON 3aAa<l IS BOJIHOBOIO YDaBHE-
HIA B CeKTOpe IPAMOT0 KPYyToBOTO HUINHIPA

D={(r,g,z): 0<r<b 0<p<n/2, 0<z<h},

d?u

o =@ Dut f(re.2t), (rne.z) €D, t>0 (5.2.41)
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¢ TpaHIYHBIME ycaoBuaMn Ha 0D, kak B Dpumepe 3.8.2 (3.8.34), (3.8.35),

g_u_:a_u_ :U_:U_:U_:O (5242)
P lp=0 899 p=m/2 r=b 2=0 z=h
I HATATbHBIMI YCIOBUAMI
M(Q)r
u‘t_oz g(ryp,z) = 3.J, 2b cos 2¢sin(3wz/h), (5.2.43)
Ju M(14)r
E‘t—oz pr,e, z) = Jy —5 | cos dosin(rz/h), (r,e,z) € D, (5.2.44)
rie
M(Q)r
flryo,z,t) =2, IT cos 2¢psin(mz/h), (5.2.45)
,ugfn) — k-pm KopeHB ypaBHeHus Jo,(p) = 0, Jo,(x) — QyHKIIT Deccens

2n-T0 TopAIKa.

Pewenue. 1) Demenne 3agaun (5.2.31)-(5.2.35) msroxeHo B Hadame
rraBbl. OHO HIeTCA B BUAe pas3aokeHHsI B pag (5.25)
u(x,y, z,t) = > U () Vg (T, Y, 2) (5.2.46)
n=1k=0 m=0

10 COOCTBEHHBIM (PYHKIIAM

2m + 12) (5.2.47)

Unkm (2, Y, 2) = sin(na) cos(2ky) cos (

sagaqn [Itypma-/JInyBurra, KkoTopas moaydaeTcsa B pe3yabTaTe IpUMeHe-
HIA MeToJa pa3jeJeHUs IMepeMeHHBIX 11A COOTBeTCTBYIOIIEI0 OTHOPOI-
Horo ypasHeHns (5.2.31) ¢ rpanmaabivu yeaoBmamu (5.2.32). DTa 3agatda
[MTypma-JIuyBuaia perieHa B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAMCHUA \pjm
BBIMUCIAOTCA 10 dopumyre (3.8.46), a cooTBeTCTBYIOMME M COOCTBCHHBIC
GyHKIIN onpeensioTcsa popmyaoi (3.8.47). DeusBecTHBIC KOd(DPUUNEHTHI
Unm (t) ABITIOTCA pemennaMu 3anad Kommn (5.32)-(5.34). B mamen 3agasqe
K02 PuuueHT. Pypbe frrm(t), Gnkms Pnkm DA3IOKEHHON B PALBL IO COOCT-

BeHHBIM QYHKIIAM (5.26)(5.28) merko HaxomaTcs, He mpuderas K MHTeT-
puposaumo (5.29)-(5.31).
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B Bripazkennn (5.2.33) sin a cos 4y cos(3z/2) = vi9(x, y, 2) — cobcTBeH-
Hasg (PYHKINIA, CIeJoBaTeIbHO,

fl?l(t) - G_Qta fnkm(t) =0 apn (nakam) # (1727 1)

B Bepaxkenusax (5.2.33), (5.2.34) sin 2x cos 2y cos(3z/2) = voni(x, y, 2),
sin @ cos 2y cos(z/2) = viyg(x, y, z) — cOGCTBeHHBIEC PYHKINN, CIeI0BATEIBHO,

g211 = 37 Gnkm = 0 pu (na kam) # (27 17 1)7

p110:27 pnkm:O Hopn (nakam) # (17170)

Orcroga crenyer, uTo Bee 3agatn Kommu (5.32)-(5.34) nmpu (n, k,m) #
#(1,2,1), (n,k,m) # (2,1,1), (n, k,m) # (1,1,0) umeror oxgnopoauste 1Y
I OJHOPOJHBIE HadalbHbIE YCIOBUA, CIeJ0BATEIbHO,

Upgm(t) =0 mpu (n,k,m) # (1,2,1), (n,k,m) # (2,1,1),
(n.k,m) # (1,1,0). (5.2.48)
Ocranabuble 3aga4n Komn nmeoT Bu

d?uy91(t) duy2;1(0)

2 _ - _ 0

dt2 + a )\121U121(t) = s U121(0) = O, dt = O, (5249)
d? t dus1 (0
7162121( ) + a®Xgpiugii (t) = 0, g1 (0) = 3, u211(0) = 0; (5.2.50)

dt dt
d? t duy1o(0
milg() —|— CLQ)\HOullo(t) = O, uﬂo(O) = O, UHO( ) = 2. (5251)

dt dt
Demmennamu 3a1a4 (5.2.49)(5.2.51) apasrorcsa QyHKINN

2 - —92t
sin(ay/Aj91t) — cos(ay/A21t) + e
ulgl(t) _ @ 121
4 + a2)\121 7 (5252)

UQll(t) =3 COS(CL\/ )\Qllt),

2 sin(a\/ )\110t)
ol == A

273



Doxacrasuum (5.2.48), (5.2.52), (5.2.47) B (5.2.46), moxy<InM pelmeHne 3a, a5
(5.2.31)-(5.2.35)

u(x,y, z,t) = 3cos(ay/A9q1t) sin 2x cos 2y cos(3z/2)+

_|_2 sin(ay/A110t) sin x cos 2y cos(z/2) N
av/ Ao

2
S sin(ay/A91t) — cos(ay/ Aja1t) + e 2| sin x cos 4y cos(3z/2)
av/A121
i 44 a’Ag ’
77 1 21
rae A\jg; = R Ml = —, Ag= — BBI'ICICHBL IO dopmyme (3.8.46)

4 9
2) Demrenne 3agaqn (5.2.36)(5.2.40) mmeM B Buge pasIokKeHHS B DAL
(5.25)

oo oo o0

u(r, o, z,t) = > 2 Z—:o Unfern () Ve (75 0, 2) (5.2.53)

10 COOCTBEHHBIM (PYHKIIAM

Unkem (15 0, 2) = Ty, ( ) (A, cos ne + By sin np) cos(mmz/h)  (5.2.54)

sagaqn [Itypma-/JInyBurra, KkoTopas moaydaeTcsa B pe3yabTaTe IpUMeHe-
HIIT MeToJa pa3fleleHns TepeMeHHBIX M1Jd COOTBeTCTBYIOIMETO OTHOPOI-
Horo ypaBHeHns (5.2.36) ¢ rpanmaabiME yeaoBmaMmu (5.2.37). DTa 3agata
[MTypma-JIuyBuaia pereHa B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAMCHUA A\pjm
BBIMUCIAOTCA 1o dopumyre (3.8.58), a coOTBeTCTBYIOMIE UM COOCTBCHHBIC
dyHKINI onpeensioTcsa popmyaoi (3.8.59). DeusBecTHBIC KOd(DPUUNEHTHI
Unm (t) ABITIOTCA pemennaMu 3anad Kommn (5.32)-(5.34). B mamen 3agasqe
K02 PuuneHTE Dypbe frim(t), Gnkm B Prkm PASIOKEHIN B PAIBI O COOCT-

BeHHBIM QYHKIIAM (5.26)(5.28) merko HaxomaTcs, He mpuderas K MHTeT-
puposaumo (5.29)-(5.31).

(1)

B Beipaxkennn (5.2.40) .J; (VQ

r

) sin @ cos(mz/h) = vi91(r, ¢, 2) — cob-

CTBeHHasd (PYHKIUA, cIeToBaTeIbHO,

fl?l(t) =t+ 17 fnkm(t) =0 npun (nakam) # (1727 1)
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(2)

r

Vlb ) cos 2 cos(mz/h) =

B sBeipaxkenmax (5.2.38), (5.2.39) Jg(
(1)

v'r
= wvoi(r, 0, 2), Ji | cos e = vi10(r, ,2) — cobCcTBeHHBIC (QYHKIIN,

CIeq0BaTEIbHO,
g211 = 17 gnk’m:O pu (nakam) # (27171)7

Piio = 27 Gnkm = 0 pu (nakam) # (17 170)

Orcroga crenyer, uTo Bee 3agatn Kommu (5.32)-(5.34) nmpu (n, k,m) #
#(1,2,1), (n,k,m) # (2,1,1), (n,k,m) # (1,1,0) umeror ognopoauste 1Y

1 0JHOPOJHEIC HadalbHEIE YCIOBHA, CIeJOBATEILHO,
Upgm(t) =0 mpu (n,k,m) # (1,2,1), (n,k,m) # (2,1,1),

(n,k,m) # (1,1,0). (5.2.55)

Ocranpuble 3agadn Ko nMeoT BI

d*uio (t duy91(0

7161221( ) + a*Agrupar(t) = t+ 1 upei(0) = 0, t121(0) =0; (5.2.56)
dt dt

d*ugn (¢ dua1 (0

7162121( ) + a*Xgpiugii (t) = 0, g (0) =1, 211(0) = 0; (5.2.57)
dt dt

d?uy1g(t duy19(0
a};g( ) +a*Apuiio(t) = 0, une(0) =0, 1;;( ) = 2. (5.2.58)

Demmennamu 3a1a4 (5.2.56)(5.2.58) apasrorcsa QyHKINN

t+1— cos(ayAait) — sin(ay/Aj91t)

ay/ A121
t =
u191(t) SV ;

u911(t) = COS(CL\/EL‘)7 (5.2.59)

2 sin(a\/ )\110t)
BN, T
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Doxacrasuum (5.2.55), (5.2.59), (5.2.54) B (5.2.53), moay4nm perrcHune 3a-
a4 (5.2.36)(5.2.40)

(2)
u(r, @, z,t) = cos(ay/Aa11t) J (Vl

r

b

) cos 2¢ cos(mz/h)+

cos ¢

_I_
av/ Ao

(1)
—|—2 sin(a )\110t)<]1 (Vlb 7“)

+ [t + 1 — cos(ay/A121t) — sin(ay/A121t)

(1)
1 vy Ty .
h
o Jl( ; )sm @ cos(mz/h),

r1e COGCTBEHHBIC 3HAYMCHNA HaXoqaTcs mo dopumyae (3.8.58)

9 9 9
2 2 (0 o
A91 = (E) + (z . A9 = (E) + 17 . Ao = 17 :
(n)

v, ' — k-pii xopenb ypasaenus J) (v) =0, J,(x) - GyHKIUA Decceas n-ro
mopsAIKa.

3) Demenne 3amaqn (5.2.41)-(5.2.45) umeM B Buge Pas3IoKeHISI B DAL
(5.25)

oo oo o0

u(r, g, z,t) = > 2 Z_:l Unfern () Ve (75 0, 2) (5.2.60)

10 COOCTBEHHBIM (PYHKIIAM

i
Unkm(ra ¥, Z) = J2n b

-~

) cos(2nyp) sin(mmz/h) (5.2.61)

sagaqn [Itypma-/JInyBurra, KkoTopas moaydaeTcsa B pe3yabTaTe IpUMeHe-
HIA MeTOoJa pa3JeleHUs MepeMeHHBIX 11 COOTBeTCTBYIOIIEI'O OTHOPOI-
Horo ypasHeHns (5.2.41) ¢ rpanmaabivu yeaoBmamu (5.2.42). DTa 3agatda
[MTypma-JIuyBuaia perieHa B Dpumepe 3.8.2, cOOCTBEHHBIE 3HAMCHUA \pjm
BBIMUCIAOTCA 1o dopumyre (3.8.71), a cooTBeTCTBYIOmME NIM COOCTBCHHBIC
GyHKIIN onpeensioTcsa popmyaoi (3.8.72). DeusBecTHBIC KOd(DPUUNEHTHI
Unm (t) ABITIOTCA pemennaMu 3anad Kommn (5.32)-(5.34). B mamen 3agasqe
K02 PuuueHT. Pypbe frrm(t), Gnkms Pnkm DA3IOKEHHON B PALBL IO COOCT-

BeHHBIM QYHKIIAM (5.26)(5.28) merko HaxomaTcs, He mpuderas K MHTeT-
puposaumo (5.29)-(5.31).
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(2)
B Bripaxennn (5.2.45) J; ('ulb T) cos 2psin(mz/h) = viyi(r, p, 2) — cob-

CTBeHHasd (PYHKIUA, cIeToBaTeIbHO,

flll(t) = 27 fnkm(t) =0 apn (nakam) # (17 17 1)
(2)

r

B sBepamennax (5.2.43), (5.2.44) ], (Mb )COS 20sin(3rz/h) =

0
— U123(T,99,Z), J4 b

(DYHKINH, CIeJoBaTeIbHO,
9123 =3,  Gnkm =0 1pn (na ka m) 7& (17 2, 3)7

P211 = 17 Gnkm = 0 pu (nakam) # (27 17 1)7

Orcroga crenyer, uTo Bee 3agatn Kommu (5.32)-(5.34) nmpu (n, k,m) #
#(1,1,1), (n, k,m) # (1,2,3), (n,k,m) # (2,1, 1) umeror oxgnopoauste 1Y

U OAHOPOAHBIC HalaJdbHBIC YVCJIOBUII, CJI€e1OBATEIBHO,

Ungm(t) =0 mpu (n,k,m) # (1,1,1), (n,k,m) # (1,2,3),

r

) cos dpsin(nz/h) = voy(r, ¢, 2), — cOBCTBEHHBIC

(n,k,m) # (2,1,1). (5.2.62)
Ocranpuble 3agadn Ko nMeoT BI
d*uq1(t duy11(0
7161121( ) + a*Aunn (t) = 2, up(0) =0, w1 (0) = 0; (5.2.63)
dt dt
d?uy93(t du193(0
7;?( ) + a*Apasupas(t) = 0, wup93(0) = 3, Zi( ) = 0; (5.2.64)
d*ug (t duy11(0
7“5;( L g1 (1) = 0. e (0) = 0. “2;( L1 (5.2.65)

Demmennamu 3a1a4 (5.2.63)(5.2.65) aBasroTcsa QyHKINN

2(1 — cos(av/A111t)
wn(t) = a1 7

u193(t) = 3cos(ay/Aiast), (5.2.66)

Sil’l(a\/)\gﬂt)
vl ==
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Doxacrasuum (5.2.62), (5.2.66), (5.2.61) B (5.2.60), moxy<nm perrcHne 3a-
a4 (5.2.41)-(5.2.45)

(2)
u(r, @, z,t) = 3cos(ay/Aast).J ('u?b 7“) cos 2¢sin(3wz/h)+

_I_sin(a\/)\gﬂt) 7 M(14)r
an/ )\211 b

2[1 — cos(av/A111t)] ,u(12)
+ J

a2)\111 b

) cos dpsin(mz/h)+

7“) cos 2¢psin(mz/h),

r1e COGCTBEHHBIC 3HAMCHNA HaXoqaTcs mo gopumyae (3.8.71)

2 9 9
o\ 2 (2) 371 2 (2) o\ 2 (4)
= () (1) = () (5] = () (5

,ugfn) — k-bIit KopeHBb ypaBHeHUA Jo, (1) = 0, Jy,(x) — PyHKINL Deccers

2n-T0 TopAIKa.
Omeem. 1) u(x,y, z,t) = 3cos(ay/Ag1t) sin 2x cos 2y cos(3z/2)+

_|_2 sin(ay/A110t) sin x cos 2y cos(z/2) N
av/ Ao

2
sin(ay/A91t) — cos(ay/ Aja1t) + e 2| sin x cos 4y cos(3z/2)
av/A121
i 4+ a’Ag ’
77 41 21
rae g = s Agpp = s Ao = 0

(2)
Vlb T) cos 2¢ cos(mz/h)+

2) u(r, g, z,t) = cos(ay Aa11t) Jo (

cos ¢

_I_
av/ Ao

(1)
—|—2 sin(a )\110t)<]1 (Vlb T)

0
sin(a )\121”] Jl 2

r

+ [t + 1 — cos(ay/ A1) — ) sin @ cos(mz/h),

a 121
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9 9 9
2 (W 2 ) )
rie A91 = (E) + (2 . Aol = (E) + 17 . Mg = 17 :

(n)

v, ' — k-pii kopenb ypasaenus J, (v) =0, J,(x) - QyHKIUA Decceas n-ro
mopsAIKa.

M(Q)r
3) u(r, e, z,t) = 3cos(ay/ A\ast) S 2 cos 2¢sin(3wz/h)+

b

_I_sin(a\/ )\211t)

a)\211

M(4)7”
Jy 1b cos dpsin(mz/h)+

s ;| cos 20 sin(mwz/h),

2 2 2

7\ 2 (2) 37\ 2 (2) 2 (4)
rae A = (E) -I-('ué , Algz = (T) + % , A1 = (E) + % ;
,ugfn) — k-pm KopeHB ypaBHeHus Jo,(p) = 0, Jo,(x) — QyHKIIT Deccens

2n-T0 TopAIKa.

2[1 — cos(av/A111t)] M(12)r
+ J

3agada 5.2.2. Danutu peleHne HadaTbHO-KpaeBOU 3aJatin 1A BOTHO-
BOT'0 YPaBHEHIS

2
g—tgzaQAu—l—f

B MMPpAMOYT'OJIBHOM IlapaJiieaerininene, B IIPpAMOM KPYT'OBOM LHUJINHIAPpE WNIN
B CEKTOpe IIpAMOIO KpYI'oBOoro nminmHIApPa € OAJHOPOIHBIMU I'PaHUTHBIMUI

yeaoBuaMu Ha 0D, kak B 3agate 3.8.2, 0 HaYAIbHBIMEI YCJIOBUAMIE U =9
Ju
E‘tzoz b
L. f(ryp,z,t) = JQ(MgQ)r/b) cos 2psin(mz/h) et
g(r, e, z) = J1(,LL(11)7“/b) sin @ sin(27z/h),
p(r,p,z) = QJQ(M(lQ)r/b) sin 2@ sin(27z/h).
2. f(r,p,z,t) = Jg(ﬂéQ)r/b) sin 2¢ cos(mz/2h) ch t,
g(r,p,z) = J6(,LL(16)r/b) sin 6 cos(3mz/2h),
p(r, e, z) = SJQ(,LL(E)T/Z)) sin 2@ cos(mz /2h).
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o

10.

11.

f(x,y,z,t) = 3sin x cos ysin(z/2) e 2t

g(x,y, z) = 2sin 2z cos ysin(3z/2),

p(x,y, z) = sin x cos ysin(3z/2).

flrop,z,t) = Jl(l/fl)r/b) sin @ sin(wz/h)sh ¢,

g(r, ¢, 2) = Jo(rb) cos 2psin(rz/h),

p(r, e, z) = Jl(l/él)r/b) cos wsin(mz/h).

flrip,2,t) = J3(1/{3)r/b) sin 3p cos(mz/2h) - (t + 1),
g(ryp,z) = J3(1/§3)r/b) sin 3¢ cos(37z /2h),

p(r, e, z) = 2J3(1/{3)r/b) sin 3y cos(3mz/2h).
f(z,y,2,t) = cos xcos ysin ze %,
g(x,y, z) = cos 3x cos ysin 2z,

p(x,y,z) = cos xcos ysin z.

flryp, z,t) = Jl(ugl)r/b) cos psin(rz/2h) e,
g(ryp,z) = Jg(ﬂéQ)r/b) cos 2¢sin(mz /2h),

p(r, e, z) = Jl(,u(ll)r/b) cos @sin(mz/2h).
flryp, z,t) = Jl(u(ll)r/b) cos psin(mz/2h) e,
g(ryp,z) = J3(,LL(13)T/b) cos 3psin(mz/2h),

p(r, e, z) = Jl(,ugl)r/b) cos @sin(mz/2h).
flx,y,z,t) = cos xsin ysin zch ¢,

g(x,y,z) = cos 2xsin 3y sin 2z,

p(x,y,z) = cos xsin ysin 2z.

flryp, z,t) = JQ(I/{Q)T/Z)) sin 2psin(wz/2h) - (2t 4+ 1),
g(r @, 2) = Ji (" b) cos @sin(nz/2h),

p(r. . 2) = Jo (157 /b) cos 2 sin(wz /2R).
flryp, z,t) = Jl(u(ll)r/b) cos psin(2rz/h) e,
g(ryp,z) = Jl(u(ll)r/b) cos psin(mz/h),

p(r, e, z) = Jl(,ugl)r/b) cos wsin(mz/h).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

f(x,y,z,t) = sin xsin ycos(z/2)sh ¢,

g(x,y,z) = sin 3xsin 2y cos(z/2),

p(x,y,z) = 2sin xsin 2y cos(z/2).

f(r .2 t) = Jo(ui?'r /b) cos 2 cos(mz/2h),

gr. ¢, 2) = Sy /b) sin o cos(n=/2h).

p(r, e, z) = Jg(,ug)r/b) sin 2 cos(mz/2h).

flryp, z,t) = J3/2(1/£3/2)r/b) sin(3p/2) cos(mz/2h) e,
g(ryp,z) = J3/2(1/§3/2)r/b) sin(3¢/2) cos(3mz [2h),
p(r, e, z) = J3/2(1/§3/2)r/b) sin(3¢/2) cos(mz /2h).
flx,y, z,t) = sin 2x cos ycos(z/2) - (t + 3),
g(x,y,z) = sin x cos 2y cos(z/2),

p(x,y, z) = sin 2x cos 2y cos(z/2).

flryp, z,t) = JQ(I/{Q)T/Z)) sin 2p cos(mz/2h) e,
g(r . 2) = () )r/b) sin p cos(nz [2h).

p(r, e, z) = 2J2(1/§2)r/b) sin 2¢p cos(mz /2h).
flryp, z,t) = Jl(ugl)r/b) sin ¢ cos(2mz/h) - t,
g(r. ¢, 2) = Ja(ui”'r/b) sin 3 cos(r=/h).

p(r, e, z) = 2J1(M(11)r/b) sin ¢ cos(mz/h).
f(x,y,2,t) = cos xsin ysin ze ",

g(x,y,z) = cos 3xsin 3ysin z,

p(x,y,z) = 3cos xsin 3ysin z.

flryp, z,t) = 2J1(,u(11)r/b) sin @ cos(2mz/h)ch t,
g(r. 0. 2) = Ji(piir/b) cos  cos(mz [h).

p(ro.2) = Ji(i"r /b) sin cos(mz/h).

flryp, z,t) = Jl/Q(V{I/Q)T/b) cos(p/2) cos(mz/2h) - (2t + 3),
g(ryp,z) = Jl/Q(Vgl/Q)T/b) cos(p/2) cos(3mz /2h),
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21.

22.

23.

24.

25.

26.

27.

28.

29.

p(r.2) = Jip(03?r [b) cos(2/2) cos(r /2h).
flx,y,z,t) = cos xsin 2ysin(z/2) sh ¢,
g(x,y,z) = cos 2z sin ysin(z/2),

p(x,y,z) = 3cos xsin 2ysin(z/2).

flryp, z,t) = JQ(MgQ)r/b) cos 2psin(mz/2h) e,
g(r. ¢, 2) = Jo(usr/b) cos 2psin(37z/2h).
p(r, e, z) = QJQ(MgQ)T/b) cos 2psin(37z/2h).
f(x,y,2,t) = sin 2 cos ysin 2ze™,

g(x,y,z) = sin 3z cos 3y sin z,

p(x,y,z) = 2sin x cos 3y sin 2z.

flryp, z,t) = Jl(u(ll)r/b) sin @ cos(mwz/2h) - t,
g(r. ¢, z) = Js(ui"'r /b) sin 3 cos(mz /2h),

p(r, e, z) = Jl(,ugl)r/b) sin @ cos(mz/2h).
flx,y,z,t) = sin 2z sin y cos(z/2) ch t,
g(x,y,z) = sin xsin 3y cos(z/2),

p(x,y,z) = 2sin 2z sin 3y cos(z/2).

flryp, z,t) = Jl(l/gl)r/b) sin psin(rz/2h) e,
g(ryp,z) = Jg(l/éQ)r/b) sin 2@ sin(mwz/2h),

p(r, e, z) = 2J1(1/{1)r/b) sin @ sin(mz/2h).
flx,y,z,t) = cos xsin 2y sin(z/2) - (t 4 2),
g(x,y,z) = cos 3xsin ysin(3z/2),

p(x,y,z) = 3cos xsin ysin(z/2).

flryp, z,t) = SJQ(V{Q)T/Z)) cos 2psin(rz/h) e,
g(ryp,z) = Jg(l/éQ)r/b) cos 2psin(27z/h),

p(r, e, z) = JQ(I/{Q)T/Z)) cos 2psin(2mz/h).

flx,y,z,t) = cos xcos ysin(z/2) sh ¢,
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g(x,y,z) = cos 2x cos ysin(z/2),
p(x,y,z) = 2cos x cos 3ysin(3z/2).
30. f(ryp,z,t) = J3(,LL(13)T/b) cos 3psin(mz/2h) ch t,
001, 0, 2) = Jo( ' ) cos Bpsin(3n=/2h),
p(r, e, z) = 2J3(M(13)r/b) cos 3psin(37z/2h).

5.3. MeTon uHTerpansHoro npeobpasosatus Jlannaca
pelleHns HadaNbHO-KpaeBbIX 3a/1a4 HAa OrpaHUYeHHOMN NPSIMOK

P pumep 5.3.1. Demnts HavaabHO-KpaeByio 3agady (5.1.1)-(5.1.4) me-
ToAOM IpeobpasoBanus Jlamraca.
0%u
dx?

Doaoxum Uz, p) = Llu], npumennm npeobpasosanne Jamraca x ypaBHe-

Pewenue. Dpeamoaoxnm, Ito u(w,t), ABIAIOTCA OPUTMHATIAMIU.

ano (5.1.1) n rparmasbM yeaoBuaMm (5.1.2), yareMm cBoicTBO anddepe-
NUPOBaHISA OpUrHHaIa (cM. Jpuroxenne 7, Tabanma 7.1, . 3), mpuxomm

k OdY

ZAU : :
e U = —p(2sin 3z + sin 5z) (5.3.1)
¢ TPAHUYHBIMU YCIOBUAMI
dU
U =0 — = 0. 5.3.2
z=0 ’ dx le=r/2 ( )

O6mee pemenne 1Y (5.3.1) ummeM B BIie CYMMBI 0OIIETO PEMICHUS CO-
OTBETCTBYIOIIET'0 OTHOPOTHOTO ypaBHeHUA U,, I YaCTHBIX PEIIeHUN HeOI-
Hopoauoro [AY Uy u Usy, COOTBETCTBYIOMNX CIaraeMbIM B TIPaBOU YacTH

ypasaeHns (5.3.1)
U(ZL‘,p) =U,, + Uy + Uy (533)

Obmiee pelieHme COOTBETCTBYIOMIEN0 OIHOPOIHOTO ypaBHeHus (5.3.1)
nMeeT BU

) _r
U,, = Cie«® 4+ Che™ a*,

JIydime ero 3anucath B Bie TUHETHOU KOMOUHAIINN (PYHIaMEHTAJIbHBIX
peIIeHnil, 0THO U3 KOTOPBIX VIOBICTBOPAECT MePBOMY I'PAHIIHOMY YCJIOBUIO
(5.3.2), a Apyroe BTOPOMY T'DAHITHOMY YCJIOBHIO
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U,o = Csh (gx) + C5ch (g (ZL‘ — g)) . (5.3.4)

Yactroe pemenne U, uiiem B Bue
Uy = Acos 3x + Bsin 3x.

DoacrasuM B Y
d*U
aQF — p*U = —2psin 3,
x

a?(=9A cos 3z — 9B sin 3x) — p*(Acos 32 4+ Bsin 3x) = —2psin 3z.

DaugeM
2
B=—-"L _ a-y
p2 + 9&2
CremoBaTeIbHO,
2p
Uy = ————sin 3.
1 p? + 9a?
AHaTOTUYTHO HAXOIIM
Up = ————5s1n dxa.
27 p? + 2542

O6mree pemerne (5.3.3) OAY (5.3.1) mmeeT Bup

U(x,p) =Cish (]—?x) + Cych (]—? (ZL‘ — z)) +

a a 2
P . p .
-I-m sin 3x + 9542 sin 5. (5.3.5)
Doacrasuum (5.3.5) B rpanmtnsie yeaoBus (5.3.2), Hangem C = Cy = 0.
Hraxk,

2p p :

Ulx,p) = msm 3r + msm Sx.

DpuMeHIM oO6paTHOe TmpeoOpasoBaHue Jlamraca, YIUTBHIBas COOTHOIIIE-
HIle OpUTMHATA I n300paxenns (cM. Jpuroxenne 7, Tabauma 7.2, m. 8)

P

L—l
p2 + a?

= cos at,

HaXO M HCKOMOe pelrenne u(x,t).
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Omeem.

u(x,t) = 2 cos(3at) sin 3z + cos(bat) sin Sz, (5.3.6)

P pumep 5.3.2. DemuTh HavaTbHO-KPaeBYIO 3a1a4dy 11 HEOTHOPOI-
HOT'0 BOTHOBOTO ypaBHeHus (5.1.17)-(5.1.21) meTogom npeobpasoBanus Jlamn-
Jaca.

Pewenue. DaccyMoTpuM HadaIbHO-KPaeByIo 3aady 11 HeOJHOPO JHOTO
BOJIHOBOTO ypaBHeHns (5.1.17)

O?u 232u
oz =g Tl (5.3.7)
C OJHOPOJHBIMI TPDAaHITIHBIMI 1 Hada bHEIMI YCIOBUIAMM
du ou
Y =0 a—x xzﬂ/g_ u‘tzo_ E‘tzo_ ) (538)
rie |
fx,t) = 3e !sin x. (5.3.9)

Demmenne 3agaqn (5.1.17)-(5.1.21) aBageTcs cyMMON pelleHNsA 3a 140
(5.3.7)-(5.3.9) u pemmenus (5.3.6) 3agaun (5.1.1)(5.1.3), HangeHHOT O B Ipe-

aeIayIeM Jpumepe 5.3.1.
0%u
DPpeanosoxmmM, ITo u(x,t), —— 1 f(x,t) ABIAOTCT OpUTHHATAMI. DO-
moxum Uz, p) = L[u], F(x,p) = L[f], npumennm npeobpasosanne Jamraca

K ypaBHeHIIO (5.3.7) n rpanndHbM yeaoBuaM (5.3.8), mpuxoamm x OY

d*U 3
2 2 .
a W — P U = —m Sin T (5310)
¢ TPAHIYIHBIMI YCIOBUAMI
dU
U =0 — = 5.3.11
z=0 ’ dx lz=n/2 ( )
O6mree pemenne Y (5.3.10) mveeT B
U(x,p) =Cish (]—?x) + Cych (]—? (ZL‘ — z)) +
a a 2
1
& sin . (5.3.12)

Tl Pt
Doxacrasum (5.3.12) B rpannunsie yeaosus (5.3.11), vaigem C = Cy = 0.
Hraxk,
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3 1
Ux,p) = .
DpuMeHNM oOpaTHOe mpeobpaszoBanue Jlamraca, yIUThIBag TEOPEMY VM-
HOJKCHIS Dopens (cM. Dpmiaoxkenne 7, Tabanua 7.1, m. 7) u cooTBeTcTBUA

sin .

OPHUTHMHAJIOB 1 n3o6pakeHnn (cM. dpuroxenne 7, Tabanua 7.2, 0. 7u . 3)
1 1 1
— = —sin(at).
p+1 p? + a? a
Daxoanm perrerne 3anaqn (5.3.7)-(5.3.9)
31
u(x,t) = —/sin(aT)e_(t_T)dT - sin a =

ay

L—l

?

— e—t L—l [

=3 (l sin(at) — cos(at) + e_t) i ¢ (5.3.13)

a 1+ a?
Dermmenne 3a1a4u (5.1.17)-(5.1.21) npeacraBasgeT co60I CYMMY pEIICHIN

(5.3.6) u (5.3.13).

Omeem.

1 )
u(x,t) =3 (a sin(at) — cos(at) + e_t) 1Sl_1|’_1 ;EQ—I—

+2 cos(3at) sin 3x + cos(5at) sin Hz.

3agada 5.3.1 u 3agada 5.3.2. Merogom npeobdbpasoBanus Jlamraca
PEINTh HadaIbHO-KPaeBble 3a a4l IJ1 BOTHOBOT'O YPaBHEHUS C ICXO0 THBIMI
MaHHBIMI, 3aJaHHBIMI B Jajatde 5.1.1 u 3agate 5.1.2.

6. KPAEBDBIE 3AJAYN AJISd YPABPEP Us]
I'EJIbMI'OJIBITA

YpaBHeHue TemronpoBoasocTn (4.6)

ou
ot
ONICEIBaeT HeCTalllloHapHBII Ipouece I Qy3nn BelecTBa ¢ KOHIEeHTpa-

unen u(t, ), vae a’ — xox(ddunuernt auddysuu, f — CKOpocTh N3MeHeHNs
BeIlleCTBa B ¢MHNIY BPEMEHH B €IMHITHOM oObeMe (3a cUeT XIMIIeCKOn

= a’Au+ f
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peakKnnm NJIn I/IOHI/IBaHI/II/I). B ToMm CIy'"ae, KoI'la paCCMaTpPpUBaeTCA CTalllO-

) du )
HAPHEI npoliece — - = 0, a f IMHENHO 3aBUCUT OT KOHIeHTpauun f = Au,
norydaeM ypasHenue I'eabmez0ab1a
A
Au+cu=0, c= ot (6.1)

B crydae HeyCTONYINBOIO ra3a, KOTga a3 paciajfaeTca B mpomecce aid-
dysun ¢ = —a? < 0, B cIyuae pasMHOKEHNA, HAIpuMep, TudQy3num HeilT-
poros ¢ = k? >0 [4, 5, 10-12].

DacnpocTpaHeHne BOJIH (aKyCTHYeCKNX I 3JIeKTPO-MAarHITHBIX ) OII-
CBIBACTCS BOIHOBBIM ypaBHeHHeM (5.9)

2
o u
— 42 >
ﬁ = a AU —|— f(x,t),
rjie u(Z,t) — MIOTHOCTH (WIN JaBICHNeE) ras3a, ¢ — CKOPOCTH PACIpoOCTpa-
HEHIISA BO3MYIIEHNS.
B ToM caydae, Korja paccMaTpUBACTCA YCTAHOBUBIMIICA KOJIeOaTe -

—wt

HBII IPOIECC, TaPMOHNYECKN 3aBUCAMINI OT BpeMeHN u(T,t) = u(Z)e ™",

f(Z,t) = f(Z)e ™!, noryaaem ypasnenue I'eavmeosvya

~ w ~
2 - 2 -
Au+k*u=—-f(z), k"=—, f(z)= : (6.2)
k Ha3BIBACTCA 60.4HOGDBIM UUCAOM.
Ypasrenne IeIbMrosbiia ABIAETCA YPaBHEHNEM DILINITHYECKODNO THIIA.

ﬂJIH HET'O CTaBATCA KpaeBble 3a a1l C 'PAaHUIHBIM YCJIOBHEM

g m)

5 =g(z), T€dID (6.3)

oD
npu « = 0 — 3agada [Jupuxae, § = 0 — 3agaga Denmana, |a| + |3 # 0 —
TpeThsa KpaeBasd 3a1ada (3agada DobeHa).

Ecan o6macts D orpanntiena ¢ 1ocTaTOYMHO TWIaAKon rpanuien 0D, To B
cayiae ¢ = —ax? < (0 CBOHCTBa PeIIeHNI aHATOTHIYHB CBOICTBAM PeIIeHIIT
KpaeBBIX 3a1atd III YpaBHEHNs JyaccoHa, T.e. CYIeCTBYeT eJNHCTBEHHOe
pellleHIe BHYTpEeHHEN 3aIatd.

B caygae ¢ = k? > 0 eIUHCTBeHHOE peIIeHIe CYIIECTBYeT MPH VCIOBII
k% £ \;, Tde \; — cOGCTBeHHEIe 3HaMEHIA ollepaTopa JlaIlTaca cOOTBeTCTBY-
FOITeNl KPaeBOW 3a Jaxil.
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Bremasa 3anada (6.2), (6.3) 1as HeOrpaHUYIEHHON 06TaCTH ¢ KOMIAKT-
HOll Tpanumenl D n1a ypaBHeHHT ¢ ¢ = —a’ < (0 UMeeT eJUHCTBEHHOE
pelienne, obpalnaiplleecsa B HOIb Ha 0€CKOHETHOCTH. B clIydae ypaBHeHUA
c c=k%> 0 114 BBLICICHIA eMHCTBEHHOT'O PEIICHNA CTABUTCA JOMOIHI-
TedbHOe YCIOBUe, Tak HasbiBaeMoe yciosue uzasyuenus [4, 5, 10-12].

B aBymepHOM ciytae (IpU BpEeMEHHOU 3aBHCHMOCTH e ')

du

9 tku = o(1/y/r) mpm r — oc; (6.4)
N
B TPEXMEPHOM CIydae
du .
9 iku=o0(1/r) mpun r — oc. (6.5)
N

YcaoBuam U3Jdy1IeHUuA YIOBJICTBOPAIOT peElleHNA B B A€ PAaCXOIAINNXCA
BOJIH.

6.1. KpaeBble 3aa4u BHYTPU Kpyra uUanm KpyroBoro cekTopa

P pumep 6.1. Demuth KpaeByIo 3aa4dy Aad ypaBHeHus [erbMroabiia

1 0 ou 1 Q%u
2 ) . 2, _
Au+ k u——r _r (r r)+r2 2—|—ku 0 (6.1.1)

BHYTpH Kpyrosoro cektopa D = {(r,¢) : r < a, 0 < ¢ < 7/6} ¢
IPaHIIHBEIMHI YCIOBIAMI

_3u

U = — =
‘gp:O an p=m/6

(6.1.2)

Uu

~ =g(p) =2sin 3p (6.1.3)

r=a

npu yeaosun k? # \;, Tie \; — coGCTBeHHBIe 3HatleHIA omepaTopa Jlamraca
COOTBeTCTBYIOIIEN KPaeBOU 3a Jatil.

Pewenue. Nmem wacTHBe pernenns ypasaenns (6.1.1), yaoBieTBopso-
mue TpaHngHBIM yeroBuaM (6.1.2) B Buge

u(r, o) = R(r)®(p). (6.1.4)



Doxacrasum (6.1.4) B (6.1.1) u pasgernm mepeMeHHBIE

R”(T) + w + kQR(T) _(I)”(QQ)

L = = A\
R(r) d(p)
2
Orcroga moxytaem O/Y
R'(r) + %R’(r) + (k2 _ %) R(r) =0, (6.1.5)
D" () + AP(p) = 0. (6.1.6)

Doacrasum (6.1.4) B rpanmynsle yeaoBus (6.1.2), moxyamm
®(0) = ®'(7/6) = 0. (6.1.7)

Demmenne 3aga4tn lrypma-Jluysmis (6.1.6), (6.1.7) npuseiero B Dpu-
moxennn 1 (m. B). CoOCTBeHHBIE 3HAYEHIS I COOTBETCTBYIOIINE M COHCT-
BeHHBIC (DYHKINN IMeIoT cleayiomun Bui npu | = 7/6 (91.22), (91.23)

Ao =322n+1)%, n=0 0, (6.1.8)

O, (p) =sin(3(2n +1)p), ||®,|[* =7/12, n=10,. (6.1.9)
Teneps pacemorpum Y (6.1.5) mpu A = A\, = 3%(2n + 1)?

1 An
Ry (r) + —R,(r) + (k2 ~ —2) Ry(r) =0, n=0,0c. (6.1.10)
r r
CaeraeM 3ameHy HesaBucumon mepemennon x = kr. Torma R,(r) =
= R, (z/k) =y(z), a
dy _dy dv _dy dy _ & o
dr — dx dr  dx dr?  da? '

Docae moacraHoBKN >TuX BhIpaxkeHni B /Y (6.1.10) moxy«nmm ypasHe-

HIle Deccets mopsaika A, = 3(2n + 1)

Py 1 dy A
(v 1 dy (1 _ —“) _0.
(dx2 + x dx + 22 y) 0
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O6I1I€€ penieHnne MOXKHO 3allliCaThb B B €

y(x) = AnJ3ont1)(T) + BuNsonyn (7)),

rae Ji(x) - yExuusa Decceas k-ro mopsixa, Ni(x) — QyHKIIS DenMaHa
k-ro mopsagxka. Bosppamasgch K IepBoHaIaIbHON IIepPEMEHHOI, MTOXy<IaeM
obmiee pemerne Y (6.1.10) B Buze

Rn(T) = AnJ3(2n+1)(kT) + BnN3(2n_|_1)(]€T).

Oyuxnua Jenmana Ni(r) — oo npun x — 0. DOCKOIBKY pEIIeHne nc-
XOTHOU 3aJadi JOJKHO OBITH OrpaHUYeHHBIM npu r — 0, HyKHO CYUTATH
B, = 0. Urtax, orpaunndennsie pemenns 1Y (6.1.10) mveror Bup

R, (r) = AnJ3ongny(kr), n=0,00. (6.1.11)

YacTuseie perenns (6.1.4) HalIeHBI

up(r, ) = Ry (r)®,(¢), n=0,00.

Demmenne 3amaqn (6.1.1)-(6.1.3) 6ygeMm nckaTh B Bijie (PYHKINOHATD-

HOT'O PAIa
u(r,p) = 3 un(r, ) = 3 ApJa@uyn(kr) sin(3(2n + 1)¢), (6.1.12)
n=0 n=0

Ipeanogaras, ITO dTOT PAL MOKHO JBaK bl HOLICHHO A depeHInpoBaTh
0 IepeMeHHBIM 7, . B sToM page ko>dPuimeHTsl A, HeU3BeCTHBIL Oall-
1eMm ux, noactasus (6.1.12) B rpannanoe ycaoBue (6.1.3)

glp) = é Ay Json41y (ka) sin(3(2n 4+ 1)¢). (6.1.13)

DoIyueHHOe BhIpajKeHIe MpeacTaBIgseT cCOoOO0I pasJoKeHHe N3BeCTHON
dyaxunn g(yp) B pag Pypbe no oproronarsHon Ha [0, 7/6] cucTeme cobet-
BeHHBIX QyHKONI (6.1.9). OTcroga Haxo MM

/6

| a(p)sin(3(2n + 1)p) de. (6.1.14)

™

AnJ3ons1)(ka) 5=

DelmeHneM NCXOTHON 3aadn sBageTcs (GyHKUuA u(r, @), 3alaHHAA B
Buge psaga (6.1.12), rge xosdpduuneHTs A, BBEMUCIIIOTCA [0 GOpMYIe
(6.1.14).

B namen sagade Ko>puineHTH A, MOKHO HalITH He mpuberas K WUH-
Terpuposaanio (6.1.14). Docae noacranosku (6.1.12) B rpaHntiHOe yC1oBue
(6.1.3) momyunm
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2sin 3¢ = Y AnJyoni)(ka)sin(3(2n + 1)p).
n=0

B reBon wactn paBencTBa sin 3¢ = Pp(p) — cobcTBeHHAS (DYHKUIUA.
CpaBHUBasg B 9TOM paBeHCTBe KOd(MDPUITNEHTHI MPHU O0INHAKOBBIX COOCTBEH-
HBIX (PYHKIIIAX, HALlIeM

AgJs(ka) =2, A,=0 mpu n#0. (6.1.15)
Doacrasum (6.1.15) B (6.1.12), moxy4nm pemenne 3agaqn (6.1.1)-(6.1.3).
Omeem.
]g(kr) .
=2 3. 6.1.16
u(r, ¢) T, (ha) S 3% ( )

3amMedaHue. JellleHUe KPACBOU 3a1adu M1Id YpaBHEHUA | eaIbMToIbIIa
Au — x*u =0 (6.1.17)

¢ rparngabME yeaoBuaMn (6.1.2), (6.1.3) oranmdaeTcs oT paccMOTPEHHON
3agaqn caeayomnM. 1Y (6.1.5) opumer BuI ypaBHEHHsA Deccelasd I Iu-
IUHAPIIeCKNX (PYHKINN TICTO MHIMOT'O apryMeHTa

R'(r) + %R’(T) - (ae2 + %) R=0. (6.1.18)

Ero obiiee pemenne mpu A = A, = 32(2n + 1)2 3alumeTcs B BiJe

Rn(?“) = AnIB(Qn—i—l) (%T) + Bn[(3(2n-|-1) (&T)7

rae Ip(x) — dyukuna Uaderpaa, Kj(x) — yuxunus Mak ronarsga. DyHx-
nns Maxgoranbaa Ki(x) — oo npu x — 0. Orpanndenuse pemenns 1Y
(6.1.18) mmeroT B

Ry(r) = Aulyonyny(eer), n=0,00.

Demmenne kpaeson 3agaqdn (6.1.17), (6.1.2), (6.1.3) umeeT crexyrounn
BT

sin 3.

3agada 6.1.1. DemuTh KpaeByIo 3aJatly 111 YpaBHeHHA | eIbMroabia
Au 4+ Eu=0
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BHyTpHu kpyra D = {(r, ¢) :

cexropa D = {(r,¢): r <a,
1. u :u‘ ugp‘
=0 =27
=0 z p=r/4 ’
3. ul = u‘ =0,
©=0 p=m/3
4. u ‘ :u‘ =
SDgo:O p=m/2 ’
5. ugp‘ _:usp‘ =0,
=0 =T
6. u‘ =u ‘ =
=0 z p=m/3 ’
7. u‘ = u‘ =0,
©=0 p=m/2
8. ugp‘ = u‘ =0,
=0 p=m
9. u ‘ =u ‘ =0
¥ Sp:O 14 QDZTF/4 ’
10. u :u‘ ugp‘
=0 =27
11. u =u ‘ =
©=0 7 p=m/2 ’
12w = u‘ =0,
=0 p=m
13. ugp‘ = u‘ =0,
©=0 p=r/4
14. wu ‘ =u ‘ =0
7 ©=0 7 p=m/3 ’
15. u‘ = ugp‘ =0,
=0 p=m
16. u‘ :u‘ u ‘
=0 @:271'7 z

r<a, 0< ¢ <27} nin BHYTpU KPYroBOTo
0<p<al.

ul = 2sin 2¢.

r=a

go:?ﬂ'7

= 5sin 2¢.

= 3sin 6.

= 2 cos 3.

= 3 cos 2¢.

= 3sin(3¢/2).

= 3sin 4.

= 3sin 4.




17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

u‘ = u‘ =0, ul = 5sin 8.
©=0 p=r/4 r=a
ugp‘ = ‘ =0, ul = 2cos(9p/2).
©=0 p=m/3 r=a
ul = ugp‘ =0, ul = 6sin 6.
©=0 p=r/4 r=a
ul = u‘ =0, ul = 5sin 3.
©=0 p=m/3 r=a
U =u U =u u| = 4cos 3.
QDZO ‘@:27‘(’ SD‘QD:O SD‘QD:QF’ r=a 99
U = = u| = 3cos Hp.
S0‘@:0 ‘gp:ﬂ'/? ’ r=a 14
U =u =0 u| = 2sin?
ol T U = _= w-
=0 =T r=a
u‘ = ugp‘ =0, ul  =sin(9p/2).
©=0 p=m/3 r=a
u‘ = u‘ =0, ul| = 5sin 6¢.
©=0 p=m/2 r=a
ugp‘ = u‘ =0, u‘ = 3 cos(3¢/2).
gp:O =T —=a
u‘ = u‘ ugp‘ = ugp‘ ) u| = 4sin? .
=0 =2 =0 p=2m r=a
ugp‘_:u@‘_ =0, ul = 2cos 2p.
©=0 p=r/4 r=a
U =u = u| = 2sin S5p.
‘gp:O SD‘QD:?T/Q ’ r=a 14
u‘ = u‘ =0, ul = 3sin .
=0 =T r=a

6.2. KpaeBble 3aa4u BHYTpU U BHe Wapa

P pumep 6.2. Demuth KpaeBble 3a1adn 1ad ypaBHeHUus [elbMToabIia

1 0

r2 Or

p0uy 1 d . | -
(T 3T)+r28in9 96 (Smeae)—l_r?sin?Q gz thu=0(621)
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C 'PAaHNI'IHBIM YCJIOBUEM

= g(#) = cos 26 + cos b : (6.2.2)

1) BuyTpu mapa D = {r < a} ¢ TpeboBaHmeM OrpaHIMEHHOCTH PeIIeHNs
|u(r, ¢,0)] < oo mpu r — 0; (6.2.3)
2) Bre mapa D, = {r > a} ¢ ycaoBuem nsnydenus (6.5).

Pewenue. Tak xax rpanmdsoe yciosue (6.2.2) He 3aBHCHT OT mepe-
MEHHOIl ( pellleHle 3a1a4dl TaKikKe He 3aBHCAT oT ¢, T.e. u(r,f). Torza
ypasaenue (6.2.1) npumeT Bujg

1 0 ( ,0u 1 g (. ,0u 2, _
r_QE (7“ E) +m% (811’19%) + k*u = 0. (6.2.4)

Nmem gactrOe pemenne 1Y (6.2.4), yaoBreTBopsiomiee ycroBuio (6.2.3)
JUIST BHYTPEHHEH 33140 nin yeaoBmio (6.5) 111 BHEIIHen 3a1a40, B BIIe

u(r,0) = R(r)Y (9). (6.2.5)

Doxacrasum (6.2.5) B ypaBrenue (6.2.4) u pa3geanM mepeMeHHBIE

R" 2R/ kQR 1 . i (Sil’l Qd_Y)
LV R a7 N
R(r) Y(0)
TQ
Dorxyuanm OIY
2 A
R'+°R + (k2 - —2) R=0, (6.2.6)
r r
1 d (. dY
Lo (811’19 %) +AY(6) = 0. (6.2.7)

Dpu paccMoTpeHnn BHyTpeHHen 3a1atn u3 (6.2.3) caeayer, 410
|R(0)] < +oc. (6.2.8)

Dpu paccMOTpeHNN BHeImHen 3aga4n u3 (6.5) caeayer, 410

dR(r)
dr

—ikR(r) =o(1/r) mpun r — oc. (6.2.9)
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Bagata Hltypma-/InyBumrs aas ypasaenus (6.2.7) ¢ ecTeCTBEHHBIMI
VCIOBIAMHI OFPAHIYIeHHOCTH pelneHns Ha ocax # = 0 u § = 7 pemeHa B
Spumepe 3.6.1 (3.6.14), (3.6.15). CobCTBeHHBIME 3HAMCHIAMI SABIAIOTCA

An=n(n+1), n=0,00, (6.2.10)

a COOTBETCTBYIOIINE NIM COOCTBeHHBIE (DYHKIINN — IOJIIHOMEBI JlekaH1pa
1 d”
2nnpl  dan

Dacemorpum Y (6.2.6) mpu A = A,

Y. (x) = P,(cos 0), P,(x) (22 =1)", n=0,0c. (6.2.11)

n(n+1)

2
Ry (r) + R, (r) + (k2 -3 ) R,(r)=0, n=0,00. (6.2.12)

Obmiee pemeHne >Toro ypaBHEHNSI HaNIeHO B DpmiaoxkeHnn 4 (m. B)).
Ero moxuOo 3anucats B Bige (D4.8)

Jnt1y2(kr) B Noyiya(kr)
vVEkr " VEr

riae Juy1/2(2), Noyij2(r) — dyEKIum Decceld n DelMaHa IOIYLEIOT0O II0-

R,(r)= A, (6.2.13)
pSAAKOB, 1K B Bige (D4.9)
1 2
H7(1421/2(k7“) LD H7(1421/2(k7“)
Vkr Y VEr

1 : P :
rae Hﬁﬁl/z(x) = Juy1/2(x) +iN,y1/2(2), H7(1_21/2(x) = Joq1/2(x) =iNp 1 po(2)

— (pyHKINN XaHKeId MepBOTO I BTOPOT'O POJa MOJYIEI0ro MOpIIKa.

R,(r)=C, (6.2.14)

Dpu paccMOTpPEHNN BHYTPEHHEH 3aJadil U3 YCIOBHA OTPAHNYEHHOCTH
npu r = 0 (6.2.8) caeayer, uro B (6.2.13) B, =0, n = 0, 00, T.e.

Jns1/2(kr)
VEr

Dpu pacCMOTPEHNN BHEIIHEN 3afatdn m3 ycJIoBus usrydeHns (6.2.9) cie-
ayer, uto B (6.2.14) D, = 0, n = 0,00. DepBoe craraemoe B (6.2.14)

IpeICTaBIgeT COOON PACKO IAMINecs c(heputdecKne BOIHBL (P BPEMEHHON
—iwt)

R.(r)= A,

3aBUCIIMOCTI € , T.€e.

1
H, o (kr)

R.(r)=C, i



Urax, qacTable perenns (6.2.5) HAICHBI, IX 0Ka3aJ0Ch CICTHOE MHO-
ZKeCTBO

un(r,0) = Ry(r)Y,(0), n=0,00.
Temeps pemnM cHadaza 6Hympenniow 3adauy (6.2.1)-(6.2.3). Demenne
OygeM ICKAaTh B BHAe CyMMBbI Hall IeHHBIX IaCTHBIX PeIleHNIl, Ipeqnoaarasd,
9TO PAJ MOKHO HOLIeHHO A depeHnInpoBaTh IBazKIbL 0 1 1 6,

u(r, ) = goun(r,e) z A %@PR(COSQ). (6.2.15)

Den3BeCTHBIE KOD(PQUINEHTH An Hall1eM 13 TpaHIdHoro ycaosus (6.2.2).
Doacrasum (6.2.15) B (6.2.2), moxytunm

9(0) = Z A %Sm)ﬂ(cose). (6.2.16)

BocmoabsyemMcs 0pTOrOHATBHOCTHIO MOJMHOMOB Jlexanapa Ha [—1, 1]

2

5o
I

1 T
/Pn(x)Pk(:L‘)dx = /Pn(cos )Py (cosf)sinf db = 5
n
0

YMHOZKIM TeBy0 U npaByio dacti (6.2.16) vHa Pj(cosf)sinf u mponnTer-
pupyeum Ha [0, 7], moxyanm

2.Jp41/2(ka)
"VEa(2n +1)
DermenneM BEyTpenHen 3a1ax1u (6.2.1)(6.2.3) asasercs pyukunst u(r, §),

3aJaHHAA B BHAe DYHKINOHAIBHOTO piaga (6.2.15), rae koadduuneHTs A,
HaxoaATCsA o gopmyae (6.2.17).

/g (cosf)sinf df = A n=0,oc. (6.2.17)
0

B mamen zazgade xkoagpunneHTH A, MOXKHO HalTH, He Ipuberasd K NH-
TerpupoBaanio (6.2.17). Docae moacranoBku (6.2.15) B (6.2.2) moxy-mm

1 4
g(0) = cosf + cos 26 = —§P0(COS 6) 4+ 1- Pi(cosf) + §P2(COS ) =

— Z A %Sm)]%(cose).

DasnoxkeHne QYyHKINN 9(9) o mornHoMaM JlexKaHIpa HaugeHO B JpU-
mepe 3.6.1 (cm. (3.6.19)). CpaBHuM K0>)QUIIEHTH IPH OANHAKOBBIX II0-
auHOMax JlekaHIpa B MOIY<I€HHOM paBeHCTBe

Jl/g(ka) 1 J3/2(ka) .

A A2 2 A, B2
0 /_ka 37 1 /_ka 3
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A, =0 opu n # {1,2,3}. (6.2.18)

Doacrasum (6.2.18) B (6.2.15), moaydnM peleHne BHYTPEHHEN 32,1440

_ Vka [ Jia(kr) J3a(kr)
u(r,0) = T (— Jl/Q(ka)PO(COS 6) + 3J3/2(ka)P1(COS )+
J5/2(]€7“) COS \/E _Jl/g(lﬂ“) J3/2(]€7“) COS
F alra )= | Tatha) * Toalka) ¥
7J5/2(kr) cos? 6 —
+ 2 (B0’ 1)) . (6.2.19)

Temeps permmm sxewniow 3adauy (6.2.1), (6.2.2), (6.5). Dermenue 6y gem
ICKaTh B BIJEe CyMMBbI HAlJeHHBIX JaCTHBIX PeIICHUII

aY, (kr)
vV Er

Dem3BecTHBIe KO3 dunneHTs C), HALIeM 13 TPAHITHOTO yeaoBus (6.2.2).
Doacrasum (6.2.20) B (6.2.2), moxytunm

w(r8) =3 Cp P,(cosb). (6.2.20)
n=0

o HY (k)
0) — C, n—|—1/2
g(9) nZ::O Jir

I/ICHOJIBB}/'H OpPTOT'OHAJBHOCTD IMOJMHOMOB ﬂemaHﬂpa, HaXO0 INM

P,(cos8).

C, =

VEka (2 1) 7
a(2n + /g . (cosB)sinfdf, n=0,oc. (6.2.21)
0

2Hn-|—1/2 ka

Demmennem BHemHen 3agaqdn (6.2.1), (6.2.2), (6.5) aBiasgeTcsa QyHKINI
u(r,d), 3agannas B Buie QyHKIIOHAIBHOTO psaga (6.2.20), rae koaddumnn-
erTel C), BEMUCIIIOTCA 0 (popmyre (6.2.21).

B mamen 3agatde ko> puuuenTsr C),, MOKHO HAlTH, He mpuderas K UH-
TerpupoBaanio (6.2.21). Docae moacranosku (6.2.20) B (6.2.2) noxyunm

1 4
g(0) = cosf + cos 26 = —§P0(COS 6) 4+ 1- Pi(cosf) + §P2(COS ) =

x  HY(ka)
=X O
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CpaBauM Koa>(dPUITNEHTHI PN 0 NHAKOBBIX ToanHOMax JlexaHnapa B mo-
JYYIeHHOM PaBeHCTBe

1 1 1
Hypy(ka) 1 Hyp(ka) Hyj(ka) 4
’ Vka 3’ ! Vka 7 ? Vka 3’
C,=0 mpn n #={1,2,3}. (6.2.22)

DoacraBum (6.2.22) B (6.2.20), mory<InM perieHne BHEIIHEN 3a 1at1

VEa (_H{(kr) Hyp(kr)
u(r,0) = — Py(cos 0) + 3———P, ’(cos 0)+
0= 5 Ty M e )

(1) f— (1) (1)
+ 47H5/2(kT)P2(Cos 9)) = ka (— Hl/Q(kr) + SHS/Q(IW) cos O+
1 1 1
H{j}(ka) 3VEr \ H{j)(ka) = Hy)(ka)
H(l) kr
+ 2%(3 cos?f —1)] . (6.2.23)
H5/2(ka)

Omeem. 1) Demerne BHyTpeHHen 3aga4n (6.2.19);
2) permenne BHemmHen 3a a4 (6.2.23).

3agada 6.2. DemuTh KpaeByIO 3aJady IIA YpaBHEHHd [ elbMroabla
Au+ E*u = 0 ¢ KpaeBBIM yCIOBIEM u‘ = ¢g(f) BayTpu mapa D = {r < a}

nin BHe mapa D, = {r > a}.
cxoauble naHHBIe B3ATH B Jajgatie 3.6.1.

7. APTEI'PAJIBPOE YPABPEPUE ®PEATI'OJBbMA
II-'O POOA

MaTremaTugecKon MOIeIbIO 3a1a41 O BRIHY K TeHHBIX TaPMOHIYECKUIX BO
BPEMEHI KOJeOaHNAX YIPYTOr0 CTEPZKHS ¢ IaCTOTON w U aMILTNTY 101 y(x)
ABIAETCA NHTeTpalbHoe ypaBHeHNe dpenroabma [I-ro pona

y() =w? [ Gla,t)p(t)y(t) dt + f(x).

r1e p(x) — InHeNHas MIOTHOCTH Macchl, G, t) — m3BecTHAS (DYHKUINA, OIpe-
JedAromas OTKIOHeHIe 0aIKI B TOUKe X, BEI3BaHHOE e JIMHITHON HaI'Py3KOIl,
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MPUIOZKCHHON B Touke ¢ (T.H. QYHKINA ['puHA COOTBETCTBYIONMIEN 3a,1a41),
a

fla) = [ Gla,t)f(0) dt.

rae f(x) — aMIINTyga BO3MYIIAOIIEH BHEITHEN CILIBL.

Kpaesbie 3aga4un a1 ypaBuenun Jlamraca niu 'eIbMTorbiia ¢ TOMOIITBIO
MOTEHINAJOB IPOCTOTO U ABOUMHOTO CJIOSA CBOAATCSI K TPAHNTHBIM NHTEI-
paabHbIM ypaBHeHusMm Ppenroabma II-ro poga mo rpanume obractu [2, 6,
8-12].

DaccMmoTpuM nHTerpatbHoe ypasaerne (IIY) @pearorsma II-ro poxa

b
y(x) =\ [ K(x,t)y(t)dt + f(x). (7.1)
rae sdpo K (z,t) € C([a,b]x[a,b]), npasas wacmyv f(x) € C([a,b]) u deticm-
sumeabHulli napamemp \ — apasrorcesa 3agaseivm; y(x) € C([a, b]) — ncxomasn

PyHKIINA.
MaTerparbHoe ypaBHeHNE

y(a) =X [ K (a,)y(t) dt (7.2)

Ha3bIBaeTCa coomeememeyouyum (7.1) odnopoduvim ypasneruem, a ypas-
HeHIe

b
(w) = p [ K(t )= (t) dt (7.3)
— COM3HbIM NI mpaucnouupoeauibm C (7.2) OJHOPOIHBIM YpaBHEHUEM.

Onpepenenne. lucra A\, npu koTopsix ogHopoanoe IIY (7.2) nmeer
HeHy.JIeBoe pellleHIe, Ha3bIBAeTCA TapaKmMePUCTIUNECKUM wucaom (f1 = A7
~ cOGCTBEHHBIM 3HadeHmneM) sipa I (x,t) min coorBercTByRomero 1Y, a
COOTBETCTBYIOIINE €My HEHYJIeBBIC PEIIeHNI y(x) — cobcmeenubimy fymr-
YUSMAUL.

Teopema 1 (aavmepnamusa Dpedeovma). DycThb A PUKCHIPOBAHO.
lnn weoaHopoaHOE ypaBHeHme (7.1) mMeeT eINHCTBEHHOE DEIICHNE IIPN
Vi(x) € C([a,b]) n ogrOpOaHOE ypaBHeHHe (7.2) nMeeT TOIBKO HYJIEBOEC
pelleHne, Il COOTBETCTBYIOIIEe OTHOPOAHOE ypaBHeHne (7.2) nMeeT He-
HyJIeBBIe PeIIeHNA U HeoTHOpoaHOoe ypaBHeHme (7.1) paspemmmo He A7
Besakon f(x).
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Teopema 2. Bo BropoM cIydae albTepHATHUBBI, T.€. A — XapaKTepPIUC-
THYIeCKOe [NCIO sAgpa, OTHOPOIHBIe ypaBHeHUsA (7.2) u (7.3) mMeoT ogHO
I TO KE€ KOHEYHOE TNCJIO JIMHEMHO HEe3aBUCHMBIX PEImIeHNN (COOCTBEHHBIX
YHKIII).

Teopema 3. Bo BropoM cIydae albTepHATHBBI, T.¢. A — XapaKTepPIUC-
THYeCKOe TICI0 AApa, AIS PaspemnMocT Heodnopodnozo IIY (7.1) Heob-
XOAUMO I TOCTATOYHO, 9TOOBI MpaBas dacTh f() OBLIa OPTOTOHATBHA KO
BceM permeHnAM z(x) (coOCTBeHHBIM (DYHKUIUAM) COIO3HOTO OIHOPOIHOTO
ypaBHeHns (7.3), T.e.

[ f(x)z(x) dx = 0. (7.4)

Ecan ycaosue (7.4) Boinoarero, To 1IY (7.1) mveeT 6eckoHEdHOE MHO-
ZKeCTBO peIleHnIT BIa

ym=%4@+éawm (7.5)

rJe Yy () — 9acTHoe permeHne Heoxnopoauoro MY (7.1) u y;(x) — cober-
BeHHBIC (DYHKIINN, COOTBETCTBYIOIMNE XapaKTePUCTIIeCKOMY 3HATCHIIO A,
C; — IpPOU3BOIbHEIE IIOCTOSHHEIE.

7.1. YpaBHEHUE C BbIPOXKJEHHBIM A4pPOM

Onpepenenune. flipo K (x,t) HABBIBACTCA 6bIPOHCICHHBIM, CCIT TMEET
BI 1T

K(x,t) =3 a;(x)bi(t), a;(x),b;(t) € C([a,b]), (7.1.1)
=1
rjae cucreMmsl GyHKnun {a;(x)} u {b;(t)} MOKHO cUNTATEH JNHEIHO HE3aBI-

CUMBIMU Ha [a, b].

Dpeanogoxum, aro IIY (7.1) umeer pemenne, nogctasum (7.1.1) B (7.1),

noryuanm CJTAY

Ci= A\ Z I(ijcj + fi, 1=1,n, (712)
=

riae
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a pemenne y(x) Y (7.1) cBasano c pemennem CJAY (7.1.2) C; popuymon

n

y(x) =AY ai(x)Ci + f(x). (7.1.4)

=1

Oxnopoanomy 1Y (7.2) 6yger coorBeTcTBOBaTH 0qHOpOaHass CJIAY
Ci= A\ Z [(ijCj = (E — )\K)C = 9, (715)
j=1

rae E - equananas matpuna, K = ||K;||, C = (1, ...,Cy)T, 0 = (0, ...,0)T.

XapakTepuctnieckne uncia sapa K (x,t) (7.1.1) sHaxoqarcs n3 ypaBHeHUA
|[E — AK| =0, (7.1.6)

a COOTBETCTBYIOIINE NM CO6CTBeHHbIe (pyHKINN aapa I (x,t) HaxoIaTCA To
dopmye

n

y(x) = a;(x)C;, (7.1.7)

=1
rae C;, i = 1,n, — Henyaesble pemerns ognopoauon CJAY (7.1.5) mpu A,
PABHOM XapaKTePUCTUICCKOMY YHICIY.
Doxacrasum (7.1.1) B corosHoe ognopoanoe 1Y (7.3), moxydnm onHo-

poauyio CJIAY

B; = i) Z [(jiBja 1= 1,n, (718)
=1

J

a pemenne z(x) IY (7.3) cBasano ¢ pemennem CJIAY (7.1.8) B; ¢popuymon
z(x) = bi(x)B,, (7.1.9)

P pumep 7.1. [Jano unTerpaibHoe ypaBHeHue @pearoabMma II-ro pona
(7.1) ¢ agpom K (x,t) u mpaBon dacThio f(x) :

1) K(z,t)=(2x—1)cost, a=0, b=, fi(z)=sinz, folz)=x;

2) K(z,t)=acht+t, a=-1,b=1, f(z)=u=x.

a) DanTn xapakTepucTmdeckne dncia aapa K (r,t) m cooTBeTCTBYIO-
e UM COOCTBeHHBIE (PYHKIIIIL.

6) Dpu A, He paBHOM XapaKTePHCTHIeCKIM 3HATeHNAM, pemmTsb Y.

301



B) Dpu A, paBHOM XapaKTePHCTHICCKOMY 3HAICHNIO, IPOBEPUTH VCIO-
BHe pa3pemuMocTi. Dantu peienue 1Y, ecan ycioBue BBITOTHEHO.

Pewenue. 1) a) Do dopmyme (7.1.3) nangem
Ky = /COS t-(2t—1)dt = —4.
0

Oxuopoanas CJIAY (7.1.5) mMeeT creAyIOUNN B
(1+4)\)C = 0. (7.1.10)
DpupaBHaeM K HY.IIO OIpeIeInTenb, HalleM XapaKTePUCTIIeCKoe THCI0
1440 =0 = \=—1/4.

CooTrBeTcTByOIICe HeHyTeBoe pemterne oggopoason CJIAY (7.1.10) opu
A= —-1/4 C # 0. s (7.1.7) saxoqumM coO6CTBeHHYIO (PYHKIIIO, KOTOPAsT
ompeaeaseTcs ¢ TOTHOCTBIO M0 MOCTOSHHOTO MHOKUTEI,

y(x) =2z — 1.
6) Dycth A # —1/4. Damaem pemerne IIY nas npason wactu f(x) =
fi(z) = sin x. Do gopmyxe (7.1.3) BBrIHCIIM

fi :/COS tsin tdt = 0.
0

CJIAY (7.1.2) umeer eauHCcTBeHHOE HyaeBoe permerne C' = (. Doxcra-
BuM ero B (7.1.4), moxyuum pemerne 1Y mpu A # —1/4 ¢ npaBon 9acTbio
fi(z) =sin x

y(x) = sin x.

DangeMm pemenne mis npason dactu f(x) = fa(x) = x. Do popmyre
(7.1.3) BBIMUCIIM

flz/cost-tdt:—Q.
0
CJIAY (7.1.2) mpumet BuA
(144N C==-2 = C==2/(1+4\).
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DoacraBuM HameHHOe pemierne B (7.1.4), moxyunm perenne IIY mpn
A # —1/4 ¢ mpaBont qacThio fo(x) = x

2
= — 20 — 1 .
ylo) =72 -D+e
B) DycTh A = —1/4. DangeM XapaKTepHUCTHYECKOE UNCIO I COOCTBCH-

HY0 QYHKIIIO coo3HoTo Aapa K (t,x) = cos x(2t—1). Oxnopoanas CJIAY
(7.1.8) mMeeT BuA
(1+44)B = 0.

OTcro1a HaXo IUM XapaKTepPUCTHYeCKOe YICI0 CO3HOTOo aapa (t = —1/4
I COOTBETCTBYIOMIYIO eMy coOcTBeHHYIO yHKImo u3 (7.1.9), ompeaenen-
HYIO C TOYHOCTBIO 10 MOCTOAHHOI'O MHOZKUTeI,

z(x) = cos x.
Dposepum ycroBue paspermmmoctn (7.4) Y nmpu A = —1/4 axa npason
qactn f(x) = fi(x) =sin x

T
/sin xcos xdr = 0.
0

YcaoBue BBITTIOMTHEHO, caegoBaTeabHo, 1Y nvmeeT 6ecKOHETHO MHOTO pe-
mernn (7.5)

y(x) = C(2x — 1) + sin =,

re mepBoe cIaraeMoe — ofIee pellleHne COOTBETCTBYIOMEro 0 JHOPO JHOTO
ypaBHEHN, a BTOPOe — JacTHOE PellleHne HeoTHOPOIHOTO.

Dposepum ycroBue paspermmmoctn (7.4) Y nmpu A = —1/4 axa npason
qactn f(x) = folz) =

/CL‘COS rdr = -2 #0.
0

YeaoBue He BBITOIHEHO, caegoBaTenbHo, IIY ¢ mpaBon 9acTeio fo(r) = x
npu A = —1/4 He UMeeT pelreHuI.

2) a) Do gopwmyxe (7.1.3) mangem

1 1
Kﬂzfcht-tdtzo, [i'lgz/cht-ldt:2sh1,
-1 -1
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1 1
11'21=/t-tdt=2/3, 1(22=/t-1dt=0.
-1 -1

Oxuopoanas CJIAY (7.1.5) mMeeT creAyIOUNN B

( _21/3 _QAlsh L ) (g; ) = (8) . (7.1.11)

DpupaBHaeM K HYJIIO ONpeleInTelb CHCTeMbl, HalleM XapaKTepUuCTH-
qeckme smeta Ao = £v/3/(2v/sh 1). Dpu A\ = v/3/(2V/sh 1) mermyrenoe pe-
menne cuctemsr (7.1.11) (C,Cy) = (V3sh 1,1). Doacrasum ero B (7.1.7),

MOJYYINM COOCTBEHHYIO (DYHKIINIO

yi(z) =v3sh la+ 1.
Dpu Ay = —V/3/(2V/sh 1) menyaeBoe pemenne cucrenmsr (7.1.11) (C, Cy) =

(V3sh 1, —1), cregoBaTeapHO, COOTBETCTBYIOMAS COGCTBeHHAS (DYHKIINA
yo(x) = vV3sh 1o — 1.

6) DycTh A # A1 9. Do dopmyre (7.1.3) BeramCInM

1 1
fi=[cht-tdt=0,  fo= [t-tdt=2/3.
1

1
Deoanopoanas CJIAY (7.1.2)

( —21)\/3 _2A1Sh 1 ) (g; ) - ( 2(/)3)

uMeeT penieHume

2

(01,02) = 3 _ 4\2sh 1(2)\Sh 1, 1)
Doxacrasum ero B (7.1.4), moxyunm pemenne ITY
2
y(x) = VS 1(2)\sh l-x41)+ .

B) DYCTb A = A 9. DalleM XapaKTepUCTHIecKIe INCIa I COOCTBEHHBIE
dyuKnn cofosnoro aapa K (t,x) = ch x-t+x. Ognopoanas CJIAY (7.1.8)

MeeT BIL . 20/3 B 0
_ )
(—2,ush1 1 )(Bg)_(O)'
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DpupaBHaeM K HYJIIO ONpeleInTelb CHCTeMbl, HalleM XapaKTepUuCTH-
Jeckme wmcaa i o = +£v/3/(2v/sh 1). XapaxTepucTudeckoMy THcTy i =
= v/3/(2V/sh 1) cooTBeTCcTBYeT coGCTBeHHAA (DYHKITISA

zi(z) =ch x+Vv3sh 1,

a XapaKTepHCTITIeCKOMY THCTY ftg = —v/3/(2v/sh 1) —

z9(x) =ch x — vV3sh 1-x.

DposepuM ycroBue paspermumoctn (7.4) IIY npu A = A\ 9 q1a npason
qactn f(r) =

[ Fwyzrwyde = [ a(ch oz 4 VBT -x)dr = VB T2 #0

-1

/f(x)ZQ(:L‘) dr =—v3sh 1- % # 0

-1

YcnoBue He BBINOIHEHO, ciefoBaTelbHo, IIY mpum A = Ay He mmeeT
peIe .

Omeem.
1)a) \y=-1/4, y(x)=2x-1;
6) A\ #—1/4 mpu fi(z)=sinx, y(r)=-sin z,

2\
npu  fo(x) = y(x) = 11 4)\(23; — 1)+ a;
B) A\ =—1/4 mpn 1(:13)—811’1:13 y(x) = C(2x — 1) + sin z,
npu fo(x) =x permeHUn Her.

2)a) A =+3/(2Vsh 1), yi(z)=+v3sh1l-x+1,
—V/3/(2V/sh 1), ys(x) =V3sh 1.2 —1;

2\
6) AN# Ao, yla) = VN 1(2)\sh 1-x41) 4+ a;

B) A # A2, DpeIIeHO HeT.

3aga4da 7.1. [lano mHTerparbHOe ypaBHeHue PpearoabMma II-ro poga
(7.1).

a) DanTn xapakTepucTmdeckne dncia aapa K (r,t) m cooTBeTCTBYIO-
e UM COOCTBEHHBIC (PYHKITUI.
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6) Dpu A, He paBHOM XapaKTePHCTHIeCKIM 3HATeHNAM, pemmTsb Y.

B) Dpu A, paBHOM XapaKTePHCTHICCKOMY 3HAICHNIO, IPOBEPUTH VCIO-

BHUE pa3peruMocT gaHHoro I1Y. DauTu pelneHus, ecanu yCIOBUE BBIMOT-

HEHO.

DPU BBIUUCICHIAX BOCIOIB30BATHCA (POPMY.IAMI

sh(a £ b) =sh ach b+ ch ash b, ch(a £ b) =ch ach b+ sh ash b,

10.

2sh?a = ch 2a — 1, 2ch?a = ch 2a + 1.

1) K(x,t)=2a2%cos2t, a=0, b=m, fi(x)=sin 2z, fo(r)=2?
2) K(x,t)=cos(z+1t), a=0, b=2m, f(x) = .
1) K(x,t) =sin(mx)-t, a= -1, b=1, fi(x)=3z"=1, fo(x) =
2) K(z,t)=sin(zx+1t), a=0, b=2m, (ZL‘) =
202 — 1
1) K(x,t)=sin(rx)-t, a= -1, b=1, fi(z)= N folz)=
2) K(z,t)=cos(x—t), a=0, b=2m, f(z)=u=x.
1) K(z,t) 2sin 2t, a=0, b=m, fi(x)=cos2x, folr)=
2) K(z,t)=sin(z—1t), a=0, b=2m, f(x)=ux.

1) K(x,t) =cos(mx)(3t?=1), a = -1, b =1, fi(x) =, folx) =

) K(xz,t)=ch(z+1t), a=-1, b=1, f(x)=1.

(222 — 1)(2t2 - 1)
vi—#2

()

a=-1, b=1, fi(x)=x+1,

) K(x,t)=sh(z+1t), a=-1, b=1, f(z)=1.
1) K(xz,t)=(x+1)sin 2t, a =0, b=, fi(x) = cos 2z, fo(x) = x.
) K(x,t)=ch(z —1t), a=-1, b=1, f(z)=
) K(x,t)=22(t+1), a=—1, b=1, fi(z) =523 =32, folzx) = 2%
2) K(z,t)=sh(z—-1t), a=-1, b=1, f(a)=
)
)
)

1) K(x,t)=x(4t3=3t), a= -1, b= 1, fl(x):m, folz)= x.
K(z,t)=cosx4cost, a=0, b=2m, f(x)=ux,
1) K(x,t)=(z+1)cost, a=0, b=m, fi(z)=sinz, fo(x)=x.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

1) K(x,t)=a%(5t2=3t), a=-1, b=1, fi(z)=ux, fg(x) = 22
2) K(z,t)=chx-t+cht, a=-1, b=1, f(z)=
t

1) K(:L‘,t):\/%, a=—1, b=1, fi(x)=42"-3x, folz)=2x
2) K(z,t)=shax+sht, a=-1, b=1, f(z)=u=.
1) K(x,t) =3z —=1)sin3t, a=0, b=m/2,

filz) =sin bz, folz) =
2) K(z,t)=cosx-t+axcost, a=—-m, b=mn, f(x)=ux.
1) K(x,t)=2*3t*=1), a= -1, b= 1, fi(x)=52°-3x, folx)= 2°
2) K(z,t)=sinzx-t+sint, a=—-7m, b=mn, f(z)=ux.
1) K t) = Lob=1 fi)

\ (X = a = — = xr) =

) ma ) ) 1

folz) = V1 — z2.
2) K(z,t)=asint+sinz, a=—-m, b=m, f(z)=u=x.
1) K(z,t)=(x+1)cost, a=0, b=7/2, fi(x)=cos 3z, folx)= 1.
2) K(z,t)=sinzx-t+z, a=—-7m, b=n, f(z)=ux.
1) K(x,t)=2(563=3t), a= -1, b=1, fi(x) = 32%=1, fo(x) = 2%
2) K(z,t)=asint+t, a=—-m, b=n, f(z)=ux.

. 1
1) K(x,t) = (2*-1)t,a= -1, b=1, fi(x) = Vi folx) = 2%
2) K(z,t)=sha-t+sht, a=-1, b=1, f(x)==x.
1) K(z,t)=(x—1)sint, a=0, b=mn, fi(x)=sin 2z, folz)=1.
2) K(z,t)=asht+shz, a=-1, b=1, f(z)==x.

— 2

1) K(x,t):\/ivll_:;, a=—1, b=1, fi(x)=222—1, fola)= a2
2) K(z,t)=sha-t+z, a=-1, b=1, f(z)==x.
1) K(x,t)=(322-1)3t*=1), a=-1, b=1, fi(x)=

folz) ==z
2) K(z,t)=asht+t, a=-1, b=1, f(z)=1

K(z,t)=sinx+sint, a=0, b=2nm, f(z)=u=.




22. 1) K(x,t) =5xsin 5t, a=0, b=7/2, fi(x)=sin 3z, fi(zx) =1
2) K(x,t)=cosx-t?+a’sint, a=-xm, b=mn, f(x)=nx.
23. 1) K(x,t) =2(t+1), a=—-1, b=1, fi(x)=32"-1, fo(x) = 2"
) K(xz,t)=sinax-t+zsint, a=—-m, b=mn, f(z)=u=x.
1

_17 b= 17 fl(x) \/ﬁa f?( )
2) K(z,t)=chzx-t+xcht, a=-1, b=1, f(zx)==x.

25. 1) K(a,t)=Bx+1)cos 3t, a=0, b=n/2,
filz) =cos x, folx)=1.

K(x,t)=2%cost+asint, a=—-n, b=m, f(x)=a%

K(x,t)=2*3*=1), a=—-1, b=1, fifx) =21, folz)=ur.
t

24. 1) K(x,t)= 2?(2t?-1), a=

26. 1

)
)
2) K(v,t)=cosa-t?+sinx-t, a=-m, b=m, f(x)=nx.
1
27. 1) K(x,t)=x(4t3-3t), a=-1, b=1, fl(x):ﬁ, folx)=ux
2) K(z,t)=cosxcost+uat, a=—-m, b=mn, f(z)=u=x.

28. 1) K(a,t)=2xsin2t, a=0, b=mn, fi(z)=sinzx, filr)=
2) K(z,t)=chasht+at, a=-1, b=1, f(z)==x.

29. 1) K(x,t)=(2*+1)t, a=-1, b=1, fi(x)=352"—302%+ 3,
folz) ==z
2) K(x,t)=a2%cht+asht, a=-1, b=1, f(x)==x
V1 — 2
30. 1) K(:L‘,t):ﬁ:;, a=—1, b=1, fi(x)=42"-32, fo(x)=21".

2) K(z,t)=sinxz-t4coszxsint, a=—-m, b=mn, f(z)=ux.

7.2. MeTop nocnefoBaTeNbHbIX NPUOAUXKEHUN

DaccMOTPUM METO/ MOCIeJ0BATEIbHBIX MPUOINKEHII PelleHnA MTHTeT -
parpHOTO ypaBHeHN (7.1)

yo(r) = F(2), yal2) = A [ K (2, thyar(t) dt + f(x), n=Tx.

a
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MoxHO mokaszaTh, 9TO dTa MOCTEJ0BATEILHOCTE HEIPEPBIBHBIX (PYHK-
I UMeeT CIeJVIOIINI BT

gM@:f@%yW@:éM/KMﬂﬁ@ﬁ+ﬂ@,n:Lm,

riae

b
Ki(v,t) = K(x,t), Ki(v,t)= /K(an)Ki—l(Sat) ds, =200, (7.2.1)

— MO6MOPHbLIE WIN UMEPUPOEAHHBIE AAPA.
Teopema (cyujecmeosanue pewerus 0as Maivit \). DYCTH

1
M = max |K(x,t)|. (7.2.2)

A -
Al < M(b—a) [a,b] x [a,b]

Torga 1Y (7.1) opu Vf(x) € C([a,b]) nmeeT eanHCTBEeHHOE peleHNe,

KOTOpO€ NpeNCTaBIACTCA B BIJe aOCOMIOTHO I PaBHOMEPHO CXOJIAMIErOCS
Ha [a, b] dyuKuMOHATBEHOTO pada Petdmana

%@:éxfm@ﬁﬂﬂﬁ+ﬂw (7.2.3)

3amMedanme. Jemmenne (7.2.3) MOXKHO 3allcaTh B BUIC

b

y(w) =X [ Rz, ) f(t) dt + f(x). (7.2.4)
rie .
R(x,t; \) = 3. N UK (e, t) (7.2.5)

i=1
— paspewaruee W PE30.4b6 eHMHoe AAPO.
P pumep 7.2. [Jano unTerpaabHoe ypaBHeHue @pearoabMma II-ro pona
(7.1) ¢ agpom K (x,t) u mpaBon dacThio f(x) :
1) K(v,t) =arctg - (t+t%), a=~-1, b=1, f(x)=ux;
2) K(z,t)=chasht+axt, a=-1, b=1, f(x)==x.
a) DanTu nrepupoBaHHbie aapa (7.2.1) mig aapa K (x,t).

6) Dantu pezoabBeHTHOE A1po R(x, t; \) ¢ moMoursio psaga (7.2.5), HanTn
A, IIPU KOTOPBIX 3TOT PAJ CXOIITCA.
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B) C momormpio pesoabBeHTHOro sagpa R(x,t; \) Hantn pemenne ITY

(7.2.4).

Pewenue. 1) a) Do dopmyae (7.2.1) HaxoquM NTepUPOBAHHBIC AIPA

Ki(x,t) = arctg x - (t + t7);

1
Ky(z,t) = / arctg x (s 4 s%) arctg s (t + t*) ds =
-1

1
= arctg x (t + t%) / (s + s?) arctg sds = arctg x (t + t*) (g—l);
-1
- 1
Ks(x,t) = (5 — 1) / arctg x (s 4 s%) arctg s (t + t*) ds =
-1

- 2
= arctg x (t + t%) (5— 1) s

1

, O0.

i—1
Ki(x,t) = arctg x (t + t*) (g — 1) , 1=

6) DesoapBerTHOE AApo R(x,t; ) Haxoaum no gopmyae (7.2.5):

oo 1—1
R(x,t; \) =3 Nl arctg o (t 4 t2) (g — 1) —
=1

o (Ax—2)\""
= arctg x (t +t3) Y (T) = arctg x (t + t%)
=1

mpu |[A(m—2)/2| <1 = [N <2/(r—2).

B) Demernne IY mpu |A| < 2/(r — 2) u f(x) = x Haxo UM TO dopMyTe
(7.2.4)

2 — ANm—2)

2\ ; 4\

Yy arctg :L‘_/l(t-|-t2)tdt—|—x = 32— A(r —2))

y(x) =

arctg x +x.

2) UrepupoBannsie sipa I;(x,t) mas BEIPpOXKICHHOTO sfapa, COTepKa-
IIero IBa ClIaraeMbIX, HAeHBl B JDpuioKeHun 6. BuraucaiuM mHTeETpaJIbl

(96.2)
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1 1
I = /Chsshsds:O, L9 = /shs-sd5:2(ch1—sh 1),
-1 -1

1 1
[i'glz/schsds:O, [(22:/5-561522/3.
-1 -1

B Dpunoxennn 6 (n. r) g caydas Ky = Ky = 0 HanigeHbl nTepupo-

BaHHBIE 1pa (6.13)

2\ (2\"?
Ki(z,t)=t (Q(Ch 1 —sh1)chax+ gx) (g) , 1=2,00

I pe30IbBeHTHOE Aapo (D6.14)

2 A
R(z,t;\)=ch xsh t—l—xt—l—t(?(ch 1—sh1)chax+ gx)s & IR Al < 3/2.

Demmenne IIY 3agaercs popmyon (96.15), rae nas npason qactn f(v)=x

1
fi= [ shssds=2(ch1-sh1l),f,= /ssd5:2/3.
-1

’l—‘\n—k

Oxonvarerpro mo gopmyae (96.15) mpu || < 3/2 moxydaem permeHne
ny

2 2\ 2
y(x)—)\(Q(Ch 1 —sh 1)ch = —|—§ZL‘—|—3 % (Q(Ch 1 —sh 1)ch = —|—§x))—|— r=
3\ 2
=3 on (Q(Ch 1 —sh 1)ChZL‘—|—§ZL‘) + .

Omeem.
1) a) tepupoBanusbie aipa paBHBL

1—1
Ki(x,t) = arctg x (t + t*) (g — 1) . 1=1,00.

6) De30JBBEHTHOE AAPO

R(x,t; \) = arctg a (t + t2)2 N 2)
ju— ’7T ju—
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B) Demenne ITY

4\
y(x):3(2_)\(ﬂ_2))arctgx—l—x mpu |\ < 2/(7 —2).
2) a) UrepupoBanHBIe SIpa paBHBI
2 2 1—2
Ki(z,t)=t (Q(Ch 1 —sh1)cha+ gx) (g) . 1= 2,00.

6) De30JBBEHTHOE AAPO

2 A
R(z,t;\)=ch xsh t—l—xt—l—t(?(ch 1—sh1l)chax+ gx)s & 5y 1P Al < 3/2.

B) Demenne ITY

A 2
y(x) = & (Q(Ch 1 —sh1)cha+ —x) +ax mpu |A| < 3/2.

3—2\ 3

3aga4da 7.2. [lanHo mHTerparbHOe ypaBHeHne PpearoabMma II-ro poaa
(7.1) ¢ agpom K (x,t) u mpaBon qacTeio f(x).

a) DanTu uTepupoBaHHbIC Agpa 11g Aapa K (x,t).

6) DanTn pesoabBeHTHOE AIpo R(x,t;\) ¢ moMompio psaga DenMaHa,

HAITH A, IPU KOTOPBIX 3TOT PAI CXOTUTCA.

B) C momomsio pesoabBeHTHOTO Aapa R(x,t; \) manTn permnenne ITY.

1. 1) K(z,t)=z/V1-=1t% a=0, b=1, f(z)=u=x.

2) K(z,t)=cos(z+1t), a=0, b=2m, f(z)=u=x.
2. 1) K(z,t)=asin2t, a=0, b=mn, f(z)=u=x.
2) K(z,t)=sincost+at, a=—-m, b=mn, f(z)=u=.
3. 1) K(z,t)=shxzcht, a=0, b=1, f(x)=ux.
2) K(z,t)=cos(x—t), a=0, b=2m, f(z)=u=x.
4. 1) K(z,t)=chz-(t-1), a=0, b=1, f(r)=shux.
2) K(z,t)=cossint+at, a=-m, b=mn, f(z)=u=.
5. 1) K(zx,t)=cos2x-t, a=0, b=n/2, f(z)=sin z.
2) K(z,t)=ch(z+1t), a=-1, b=1, f(x)=1.
6. 1) K(x,t)=t/(1+2%), a=0, b=1, f(x)=uz.
2) K(z,t)=shacht+chz, a=-1, b=1, f(x)=1
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

[N

[N

[N

[N

[N

[N

[N

[N

[N

[N

[N

[N

[N

—

S’ e S’ e S’ e S’ e S’ e S’ e S’ e S’ e e’ e S’ e S’ e e’ e S’ e S’ e

()

K(z,t)=sin zcos 2t, a=0, b=mn, f(x) =sin x.
K(z,t)=ch(z —t), a=-1, b=1, f(x)=1.
K(z,t)=cosaxsint, a=0, b=7/2, f(x)==x.
K(z,t)=chaxsht4+cht, a=-1, b=1, f(x)=ux.
K(z,t)=Ina/t, a=1, b=2, f(z)=Inx.
K(z,t)=sinxcost+uzsint, a=-n, b=mn, f(x)=u=x.
K(z,t)=arctgz-t, a=0, b=1, f(x)==x.
K(z,t)=cosxsint+sinz-t, a=—-m, b=n, f(x)=ux.
K(z,t)=¢"(t—-1), a=0, b=1, f(z)=c¢e".
K(z,t)=chaxsht4+sha-t, a=-1, b=1, f(zx)==x.
K(z,t)=arcsinz-t, a=0, b=1, f(z)=u=x.
K(z,t)=shaxcht4+asht, a=-1, b=1, f(z)==x.
K(x,t)=2/(1+t*), a=0, b=1, f(x)=ux.
K(z,t)=cosa-t+t* a=-m b=mx, f(x)=u2x.
K(z,t)=(x—1)sht, a=0, b=1, f(x)==x.
K(z,t)=sinzx-t+sint, a=-m, b=n, f(x)=ux.
K(z,t)=(x—=1)cht, a=0, b=1, f(x)==x.
K(z,t)=asint+sinz, a=-m, b=mn, f(z)=u=x.
K(z,t)=1/(xlnt), a=2, b=3, f(z)==zlnx.
K(z,t)=sinz-t+z, a=—-7m, b=mn, f(z)=ux,
K(z,t)=zlnt, a=1, b=2, f(z)==x
K(z,t)=asint+t, a=—-7m, b=n, f(z)==x
K(z,t)=zarctgt, a=-1,b=1, f(z)==x.
K(z,t)=shax-t+sht, a=-1, b=1, f(z)==x.
K(z,t)=zarcsint, a=-1, b=1, f(x)=ux.
K(z,t)=asht+shz, a=-1, b=1, f(zx)==x.
K(x,t)=1/(1+2%), a=0, b=1, f(x) = .
K(z,t)=sha-t+z, a=-1, b=1, f(z)==x.
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21. 1) K(z,t)=(1—-2)e', a=0, b=1, f(z)==x
2) K(z,t)=asht+t, a=-1, b=1, f(z)==x
22. 1) K(z,t)=shz-(t—-1), a=0, b=1, f(x)=chux.
2) K(v,t)=cosa-t?+a%sint, a=-m, b=m, f[f(z)=ux.
23. 1) K(z,t)=cha-(1-t), a=0, b=1, f(z)=¢"
2) K(x,t)=2**+sha-t, a=-1, b=1, f(x)==x
24. 1) K(x,t)=t/V1—-22, a=0, b=1, f(x)=ux.
2) K(x,t)=2**+uxsint, a=—-n, b=mx, f(x)=u=x.
25. 1) K(x,t)=(14+2?)sin2t, a=0, b=m, f(x)=
2) K(x,t)=2**+sina-t, a=-n, b=mx, f(x)=uzx,
26. 1) K(v,t)=a2(1—-1t%), a=0, b=1, f(x)=e",
2) K(v,t)=at+cha-t* a=-1, b=1, f(x)=nx.
27. 1) K(x,t)=cosz-(t?+1), a=0, b=x/2, f(x)=sin x.
2) K(z,t)=cosxcost+uat, a=—-m, b=mn, f(zx)=u=x.
28. 1) K(a,t)=sinz-(t+1), a=0, b=n/2, f(x)=cos x.
2) K(v,t)=cha-t*+sha-t, a=-1, b=1, f(x)=u=x.
29. 1) K(x,t)=(1+t)/(1+2?), a=-1, b=1, f(z)=na.
2) K(v,t)=a?cht+asht, a=-1, b=1, f(z)=nx.
30. 1) K(z,t)=arcsinz-(t+1), a=-1, b=1, f(z)==x.
2) K(x,t)=2**+asht, a=-1, b=1, f(x)=u=x.

7.3. YpaBHeHUME C CUMMETPUYHBIM A4POM
Dacemorpum WY (7.1) ¢ HempepBIBHBIM CHMMETPIYIHBIM AIPOM
K(z,t)=K(t,z) € C([a,b]).

Teopema ([ 'uivbepma—1Ioavmepena). Besikoe HenpepeIBHOE CIMMETPITH-
HO€ AP0 UMeeT MO KpanHel Mepe O0JHO XapaKTepUCTUIeCcKoe 3Ha'ueHne.

Ceolicmaa xapaxmepucmusecrkur 3nauerutl U coOcmeeHHbIT
PynryuL cCuMMEMPUUHO20 20Pa

I. JIro601 KOHEYHBIN OTPE30K HMCJIOBON OCH COTEPKUT KOHEUHOE (JI1I160
IyCTOE) MHOZKECTBO XapaKTePHCTHICCKIX TICe.
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II. Bce xapakTepuctutdeckne ducia 1 coOCTBeHHBIe (DYHKIINN BeIecT-
BEHHEL.

ITII. CobcTBeHHBIE (DYHKIINU, COOTBETCTBYIOMINE PA3INYHBIM XapaKTe-
PUCTUYIECKIM IHCIAM \; # Aj, OPTOTOHAIBHEL Ha [, b

/yl(x)yj(x) dx = §j;.

IV. KaxgoMy XapakTepucTHIeCKOMY YUCIY A COOTBETCTBYET KOHEU-
Hoe [NCIo (HasbIBaeMOe KpPamHOoCmyio) TNHENHO HEe3ABUCHMBIX COOCTBEH-
HBIX (PDYVHKIUN. DTH PYHKINU MOKHO CINTATh MOMapHO OPTOTOHAJIbHBIMI
(mpoBectn mponecc oproronammsanun 'pama-IlImuara).

Onpepgenenue. DaccMOTPUM XapaKTePUCTUUECKHE YUCIA B MOPIIKE
BO3PACTAHUA IO MOAYJIIO U MOBTOPUM KazKaoe YHUCJI0 CTOJBKO pPa3, KaKoBa
ero KpaTHOCTD. JDTa MOCIeI0BATETILHOCTD HA3BIBACTCA MAKCUMAALHOU CUC-
MeMot TaparmMePUCTNUUECKUT YUCEA, €Tl COOTBETCTBYET OPTOHOPMUIPOBAH-
Has MAKCUMAADHAS CUCTNEMA COOCTNEERHLIT PYHKUUI.

Teopema ([uavbepma-llmudma). DycTb A He ABIACTCI XapaKTePUC-
THYIeCKUM 9HCIOM HEeIPEePBIBHOTO CHUMMETPUIHOTO saapa, Torga WY (7.1)
nMeeT eTMHCTBeHHOE pelleHne, KOTopoe MpeICcTaBIIeTCAa pABHOMEPHO U ad-
COMFOTHO CXOIAMNMCS Ha [a, b] pagom IHMI/I,HTa

Jia) = £@) 4 5 o) (731

r1e Y, () — OpTOHOPMUPOBAHHAT MaKCIMAIbHASI CICTEMa COOCTBEHHBIX (PYHK-
i, a f, — xosgduinent Pypwe

= [ f(@)ya() da. (7.3.2)

DyCTh A = A\ — cobcTBeHHOE Uncao aapa. Torga Y paspemmumo, ecan
VIOBICTBOPAIOTCSA YCIOBUA paspemnMocTn (7.4)

b
[ F@)ya(x)de =0, n=TF (7.3.3)
rae yi(x),...,yr(x) — cobcTBeHHBIE PYHKINN, COOTBETCTBYIONINE XapaKTe-

puctudeckoMy ducay Ay kpatHoctu k. Bce pemenus IIY BwipaxkatoTcs
¢ opmy.Ion
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00 fn k
y(x) = flx)+ X > yn() + > Chyn(z), (7.3.4)
n=k+1 )\n — A n=1
rae C1,...,Cy — npousBoabHbie ocTosrubie [N, NJ.

P pumep 7.3. dano IIY ®pearoasma II-ro poga (7.1) ¢ HempepbIBHBIM
CUMMETPUIHBIM ,1POM

. sin xcos(l —t)/cos1 mpu 0 <z <t,
K(x,t) = {COS(l — x() sin 3‘? cos 1 nin t g_x §_1 (7.3.5)
W PasIITHBIME TPaBEIMI TacTaMir: f(x) = /2sin(rz/2), fo(z) = 1.

a) DanTn MaKCUMAJIbHYI0 OPTOHOPMIPOBAHHYIO CICTEMY COOCTBEHHBIX
GyHKIIN gapa.

6) Dpu A, He PaBHOM XapaKTEPHCTHICCKIM 3HAYCHUAM, pemmThb 1Y,
IICIONB3Y S MpeacTaBieHne B Buge psaga mmara (7.3.1).

B) Dpu A, paBHOM XapaKTePHUCTHICCKOMY 3HAUCHIIO Ay, MPOBEPUTH
ycaoBue paspermnmocT (7.3.3). DaNTH pEIIeHNs, eCIn YCIOBIS BBITOJ-
HEHBI.

Pewenue. a) Doacrasum s1po (7.3.5) B ogropoaroe Y (7.2), moxy-mm

X

y(x)= 1 (cos(l — x)/sin ty(t)dt +sin x/cos(l —t)y(t) dt). (7.3.6)

cos 1 "

[Ba pasa npoaunddepenunpyem (7.3.6)
)\ xr
y(v) = 1 (sin(l — :L‘)/sin ty(t)dt + cos(l — x)sin x y(x)+
0

+ cos x/cos(l —t)y(t) dt — sin x cos(1 — :L‘)y(x)) =

_ A (sin(l — ) /:Csin ty(t)dt 4 cos x/lcos(l —t)y(t) dt) . (7.3.7)

cos 1 " J

y'(x) = A (— cos(l — x) fsin ty(t)dt +sin(1l — z)sin zy(x)—

cos 1 "
1
— sin x/cos(l — t)y(t)dt — cos z cos(1 — :L‘)y(x)) =
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=— A (Cos(l—x)fsin ty(t) dt+sin x/cos(l—t) y(t) dt)—)\y(x). (7.3.8)

cos 1 "

Doacrasum (7.3.6) B (7.3.8), moxy-mm
y'+ (A4 1)y =0. (7.3.9)

3 (7.3.6) mpu x = 0 u (7.3.7) mpu x = 1 mOIy<InM 0 THOPO THBIE TDAHUIHBIE
YCJIOBUA

y(0) =0, ¥'(1)=0. (3.7.10)

Bagata [rypma-uysmris (7.3.9), (7.3.10) skBuBamzeHTHa 0ITHOPOI-

womy WY (7.2), (7.3.5). Demenue 3agatn (7.3.9), (7.3.10) nHangero B Dpu-

moxennn 1 (m. B). Co6cTBenHbIe 3HadeHuA npn | = 1 3a1a00Tcsa GopMyIon

(21.22) .
A+ 1= (7(2n+1)/2)%, n=0,o, (7.3.11)

COOTBETCTBYIOIINE M HOPMHUPOBaHHBIE COOCTBeHHBIe QyHKINN (D1.23)

y(z) = V2sin(m(2n + 1)2/2), n

0, oc.

6) DycTh A He paBHO XapakTepucTmdeckoMmy sHadeHmwo (7.3.11). [lxs
npasoit qacTu f(x) = fi(v) = V2sin(7r/2) BErmEIIM KO3 OUITHEHTEH

Dypre (7.3.2) =1 f—0
0= 4 n — Y,

mn =
Demenne Y m1a mpasoit wactn fi(x) = V2sin(7x/2) mo dopmyre

1, o0.

Mmvuara (7.3.1) mpuMeT CIeAyIOUNN BILA

A-4y/2 sin(rx/2) = WE(Z(A_J:L)D

y(x) = V2sin(mz/2) + 5

4Nt 1) sin(mx/2).

s mpaBon wactu f(x) = fo(x) = 1 Berancany xoaduimenTsr Pypbe

(7.3.2)

1
fo = \/§O/sin (g(Qn—l— 1):13) dr = 7T(22n7\/—|§—1)’ n=0,oc.

Demmenne 1Y aas npason gactu fo(r) = 1 mo popmyae muara (7.3.1)
IpUMeT BH

16\ 1
T o= 2n+1)(72(2n 4+ 1)2 —4(A 4+ 1))
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B) DyCcTh A PaBHO XapaKTepHCTHUECKOMY 3HATCHHUI0 Ay = 2572/4 — 1,
Ilxa mpasoit wactn f(x) = fi(x) = V/2sin(72/2) yciosme paspermmocTn
(7.3.3) BBIOJIHEHO

\/§/Si1’l(7T£L‘/2)y2(ZL‘) dx = Q/Sil’l(ﬂ'x/Q) sin(bmx/2) dx = 0.

Demmenns IIY sagarorcs popmyton (7.3.4)

fa

— )\yn(x) + Cyy(x) = V2sin(mz/2) + C sin(5mx/2).

y(o) = F(r) + 2%

n#£2
s mpaBon wactu f(x) = fo(x) = 1 yeroBus paspemmumoctn (7.3.3) He

22

oT

BLBITTOJTHEHBI

\/5/11 -sin(bra/2) dx = # 0.
0

uTerpaibHoe ypaBHeHNe IpH A = \g = 2572/4 — 1 114 mpaBoil TacTi
fo(x) = 1 pemenun He uMeer.

Omeem.

Da) A\, = (7(2n+1)/2)2 =1, yu(x) = V2sin(x(2n+1)z/2), n

6) dpu A # )\, a1a mpaBoit wactn fi(x) = /2 sin(wx/2)

VAR -y
y(v) =5 10T 1)
st mpaBon wactu fy(x) =1
16\ = 1

o) =1+ Y S @ 1) = A0+ 1))

B) Dpu A = \g = 257%/4 — 1 a1 npasot wacTu fi(r) = /2sin(r/2)

y(x) = V2sin(nx/2) 4+ Csin(5mx/2).

s mpaBon wacTu fy(x) = 1 pemennn Her.

0, oc.

sin(mx/2).

sin(m(2n 4+ 1)x/2).

3aga4da 7.3. [lano IIY Ppearorsma II-ro poga (7.1) ¢ HempepbIBHBIM
cuMMeTpuIHBIM sapoM K (x,t) = K (t, x) n pa3sIn<IHBIMI IPABBIMI TaCTAMM

filz) n fo(z).
a) DanTn MaKCUMAJIbHYI0 OPTOHOPMIPOBAHHYIO CICTEMY COOCTBEHHBIX
GyHKIIN gapa.
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6) Dpu A, He PaBHOM XapaKTEPHCTHICCKIM 3HAYCHUAM, pemmThb 1Y,
NCTIONB3Y S MIpefcTaBIeHne B Bule pajga Ilvmara.

B) Dpu A, paBHOM XapaKTePHCTHICCKOMY 3HAICHNIO, IPOBEPUTH VCIO-

BHU€ pa3pellnMOCTIH. Janurn pemennsa, €Cian yCJIOBUA BBITIOJTHCHBIL.

1.

2.

10.

11.

- 1_t7 OSZL‘St,
A(x,t):{l_x, o2 hle) = cos(3ra2), fule) = 1

cos xsin(l —t)/cos 1, 0<z<t,

A (x’t):{sin(l —a)cost/cosl, t<ax<l; filw) = cos(5mx/2),

_ [sinasin(l —t)/sinl, 0< o<t .

K(x,t) = {sin(l —a)sint/sin 1, t<x<1; filz) = sin(37z).
falw) =

_fcoswcos(l—t)/sinl, 0<a<t, B
K(x,t) = {COS(l —a)cost/sinl, t<x<1; fiz) = cos(dmz).
folz) = x.

_ [shash(l—-t)/sh1l, 0<a<t, .
K(w,t) = {sh(l —a)sht/shl, t<a<1; fiz) = sin(3mx),
_f[chash(l—t)/chl, 0<a<t, B
K(w,t) = {sh(l —a)cht/chl, t<a<I; filw) = cos(5mx/2),
_f[shach(l—-1t)/chl, 0<a<t, .
K(x,t) = {Ch(l —a)sht/ch 1, t<a<1; file) = sin(Trz/2).
fQ(ZL‘) = 1.

_fchach(l—-t)/shl, 0<a<t, B
K(x,t) = {Ch(l —a)cht/shl, t<az<1; filz) = cos(5ma).
folz) ==

. x, 0<ax<Ht, ,
K(a,t) = {t PSSl ) = sinGae/2), fule) =1

. x(1—-t), 0<x<t, :
K(z,t)= {t((l B x?, F<a <l filz) =sin(mz), fo(x) = 1.

. sin xcost, 0<ux<t, .
K(x,t) = {Cos xsint, t<ax<m7/2; file) =sin v, fo(r) = 1.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

cosxsint, 0<x <t

{Sm xcost, t<ux<m; filw) = cos(32/2), folr) = 1.
_fcos xsin(t —2)/cos 2, 0<a<H, B
_{ sin(x —2)cos t/cos 2, t<ax<2; fi(x) = cos(3ma/4),
fo(x)
[ sin asin(t —2)/sin 2, <z <t, e
_{ sin(x — 2)sin t/sin 2, t <z < 2; fi(z) = sin(mz/2),
f(
sh xsh(t —2)/sh 2, <ua<t, )
:{ h(z — 2)sh t/sh2 t<a<2: fi(x) = sin(rz/2),
f(
ch xsh(t —2)/ch 2, <ua<t,
:{ x—2 Cht/ch2 t<_x<_2' fix) = cos(3m/4),
f(
2 0<x<t,
:{ F< 2 <2 fi(z) = cos(3ma/4), folx)=1
w(t—2)/2, 0<x<t, _
:{tfc—2§2 t<a<o D) =sin(rr), folr)=
sin xcost, 0<ux<t{, .
:{Cosxsmt t<a<m filz) = sin(2/2), fale) =1
_fcosasint, —7w/2<a<t, e T
Ix(x,t)—{sin veost, t<a<m/2 filz) = Sll’l((l‘—l- 2) /2),
fQ(ZL‘)Zl.

sh(x 4+ 1)sh(1 —¢)/sh 2,
A(%t):{sh@4-nshu.-xysh2,

file) =sin(r(xz+ 1)), folz)=

_ [ch(l4+a)sh(1—t)/ch 2,
Kz, ) = {sh(l —x)ch(l +1¢)/ch 2,

filz) =cos(m(x 4+ 1)/4), folx) =

sh(x + 1) ch(t — 1)/ ch 2,
]“%”:{m@—ndm+1ymz,

file) =sin(m(x +1)/4), folx) =
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24.

25.

26.

27.

28. K

29.

30.

ch(1+ x)ch(t —1)/sh 2,
K(x,t) = {Chu +t)ch(x —1)/sh 2,

fi(z) = cos(m(x — 1)),

r+1,

Kn={; ]

L,

-1 <x<t,
t<zx<1;

folz) ==

(x+1)(t=1)/2, -1
K(w.t) = { (t41)(x—2)/2, t<

<
x

filw) = cos(a(e = 1)/4), fole) = 1.

fQ(ZL‘) =1.
_ [sinxzcost, —7w/2<x<t, L T
K(w,t) = {COS xsint, t<ax<m7/2; filw) = sin ((x a 5)/2) ’
fQ(ZL‘) =1
Rlep= RIS TSt Ly
fQ(ZL‘) =1
_ [sin(x +7/2)sin(t —7), -7 <a<t,
K(w,t) = sin(x — ) sin(t + 7/2), t <z <m;
file) =sin((x+7)/2),  folr) =1.
_ fcos(x+m)cos(t —m/2), —w<a<t,
Kfa, 1) = {Cos(t—l— m)cos(x —w/2), t<a<m
1.

_|_

™)/2),

fola) =
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P puinoxenue 1
3apaqn Wrypma-Jluysunna ans X' (z) + AX (z) =0

Daccmorpum OY
X'2)+2AX(x)=0, (0<az<l) (91.1)

C pa3JIUuIHBIMUI KOM6I/IHaHI/IHMI/I I'PaHNI'THBIX YCJIOBI/Iﬂ

a) X(O) = X(I) =0, (D1.2)
6) X'(0) = X(I) = 0. (91.3)
B) X(0) = X'(I) =0, (91.4)
r) X'(0) = X'(I) =0, (91.5)
a) X(0) = X(27), X'(0) = X'(27), (21.6)

Onpepenenune. Yuciaa A\, Ipu KOTOPBIX CYIIEeCTBYIOT HEHY.IeBBIE pellle-
HusA ypaBHeHNs (D1.1), yI0BIeTBOPSIONINE 0 THOPOIHBIM TPDAHITHBIM YCJIO-
BIAM OTHOTO U3 BILIOB a) 1), HA3BIBAIOTCA COOCIMGEEHHBIMU 3HAUECHUSMU,
a COOTBETCTBYIOIINE UM HEHY.JIEBBIE PEIIeHUI HA3BIBAIOTCI €OOCMEEHHBIMU
dyrryusmu 3agaan [Hltypma-JInyBumis.

a) DemmM 3agady (I1.1), (91.2). Dacemorpum Tpu caygas: 1) A < 0,
2)A=0. 3)A>0.

Dyers A < 0, Torjga XapakTepucTudeckne ypaBHeHne nia auddepeH-
nnaJsbHoOTo ypaBHeHNs (D1.1) ¢ mocTosHHBEIMI KO3 QUIITEHTAMI

PAEA=0 = p=+vV-)\

mMeeT gelicTBUTeIbHBIe KopHI. Obiiee perrenne ypasHenns (D1.1) MoxHO
3amnucaTh B BHUE

X(z)=C Ch(\/—_)\x) + Cy sh(\/—_)\x). (21.7)

Doacrasum (D1.7) B rpanmdssie yeaosus (D1.2), HOTyHInM o THOPO THYO
CHCTEeMY JUHEHHBIX alreOpadeckux ypaBHeHun oTHocuTeabHo C u Cy:

{01 ch(0) + Cy sh(0) = 0,
C, ch(v/=X) + Cysh(v=X) = 0.

3€H}7JI€BLI€ pemeHnnsa 3TOfI CuCTeMbl MOT'YVT CYIIEeCTBOBATBH, €CJIN OIIpe-
AdeJINTeIb paBEeH HYJJIHO!

1 0
ch(vV=Al) sh(v/=XI) ‘:0 = sh(V=Al) =0. (D1.8)
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Ypasuenne (D1.8) npu A < 0 KopHen He UMeeT, CIeI0BATEIBHO, COOCT-
BEHHBIX 3HATEHNN HeT.
Dycrb A = 0, Torga ypasaerne (D1.1) mveeT obimee pereHie

Doxacrasum (D1.9) B rpanmunble ycroBus (D1.2), mOIy<ImM 0IHOPOIHYIO
CICTeMY aarebpalmdecKnX ypaBHeHNI

{ Ci-0+Cy=0,
ci-l+Cy=0.
DTa cucTeMa mMeeT TOIbKO Hylesble pemenns C; = Cy = 0, caegosa-

TeabHO A = () He ABIgETCSA COOCTBEHHBIM 3HAUYCHUIEM.
DycTb A > 0, Torga xapaxTepucTudeckoe ypasHerne 1isg (D1.1)

PHEAN=0 =y =FiVA

mMeeT InCcTo MHIMBIe KopHH. O6mee pemenne ypasrerus (D1.1) MoxHO
3amnucaTh B BHUE

X(z)=C COS(\/XCL‘) + Cy sin(\/Xx). (21.10)

Doxacrasum (D1.10) B rpanmtnbie yeaoBus (D1.2), moIy<InM oIHOPOIHYIO
CHCTEeMY JUHEHHBIX alreOpanvdeckuX ypaBHeHun otrHocureabno Ch u Cy

C1cos(0) + Cysin(0) = 0,
{C’l COS(\/XZ) + (5 sin(\/Xl) = 0.

DpuUpaBHAEM K HYIIO ONpPeIeIuTeTh 9TOU CIUCTEeMbI

(91.11)

1 0
COS(\/XZ) sin(\/Xl)

Ypasuenne (91.12) mMeeT cIeTHOE MHOKECTBO KOPHEN

VAl =mn, n=x+1,+2, ...

‘:0 = sin(V) = 0. (91.12)

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

y
)\n:(¥) , n =

DangeM COOTBETCTBYIOMIE UM COOCTBEHHBIC (DYHKINU. JOJCTAaBUM B

T, . (91.13)

cuctemy (91.12) A = \,. Omnpegernrens cucTeMsl OyAeT paBeH HYI,
cTeJ0BaTeIbHO, OHO YpaBHEeHIe SABIAETCA CAeJICTBUEM IPyroro.

323



DacCMOTPHUM IepBoe ypaBHeHNe (OHO mpoie)
Ci-14+Cy-0=0.

Orciona Ch = 0, Cy — IpousBOIbHO. DOJACTABUM MOJYUYCHHBIN PE3YIbTAT B
(91.10) mpu A = A, moxydnM cob6CTBeHHBIC (YHKIII

TN [

X,(x) = sin (T) X (@) = O/Xg(x) dr=g, n=Tx. (114

3amedanue. CoOCTBeHHBIC (PYHKIINN OMPEICTIIIOTCI ¢ TOYHOCTBIO 10
HEHY/JIeBOTO MHOXKUTENIA, T.K. ABIAIOTCA PEIIeHNMN 00HOPOJHOT KpaeBon

3agaqan (D1.1), (91.2).
6) Demnm 3agaty (I1.1), (91.3). Dacemorpum Tpu caydas 1) A < 0,
) A=0. 3)A>0.

JycThb A < 0, Torga xapakTepuCcTHUUIecKre YpaBHeHIe I (31.1)
PAEA=0 = p=+vV-)\

mMeeT gelicTBUTeIbHBIe KopHI. Obiiee perrenne ypasHenns (D1.1) MoxHO
3amncarh B Buge (D1.7). Doxcrasum (D1.7) B rpanndnsie yerosus (I1.3),
HOIY UM OJHOPOJHYIO CICTEMY JINHENHBIX alrebpaltiecKnX YPaBHEeHIN OT-
Hocureabuo Ch um Co:

C, sh(0) 4+ Cy ch(0) = 0,
{mevimy+aﬁm¢im)za

DpuUpaBHAEM OIPeAeTUTEIb dTON CUCTEMbBI K HY.TIO

0

1
ch(v/=N) SW_—M)‘:O = ch(V-N) =0. (91.15)

YpasBuernne (D1.15) xopHenl He HMeeT, CJICIOBATEIBHO, COOCTBEHHBIX
sHadeHun npu A < 0 Her.

Dycre A = 0, Torga obmmee pemmenne ypaBHeHns (D1.1) mveer Bup
(91.9). Doacrasum (D1.9) B rpanumusble ycaoBust (D1.3), momyunmm cuc-
TeMy

C, =0,
{Cll +Cy =0,

KOTOpasa nMeeT TOJbKO HYJEBbI€ DCIICHIIA. ITOo O3HavaeT, ITO A= 0 me
SABJSAETCA COOCTBEHHBIM 3HatIleHIIEeM.
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Dycts A > 0, Torga obimee permenne ypaBHeHnsa (D1.1) MoxHO 3amu-
catb B Brge (D1.10). DoacraBum (D1.10) B rpannunsie ycroBus (I1.3),
OJYYIUM OJHOPOIHYIO CUCTeMY JUHENHBIX alrebpandecknX YpaBHEeHNINT OT-
Hocureabuo Ch um Co:

{—(ASHNO)+CECONO)=(% (91.16)

4 COS(\/XZ) + (5 sin(\/Xl) = (.

DpuUpaBHAEM OIPeAeTUTEIb dTON CUCTEMbBI K HY.TIO

0 1
COS(\/XZ) sin(\/Xl)

Ypasuenne (D1.17) mMeeT cIeTHOE MHOKECTBO KOPHEN

‘:0 = cos(VN) = 0. (D1.17)

\ﬂﬁzg@n+n,n=miLizm.

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

712(271 + 1)2
Ap = ————— ",
4]?

DangeM COOTBETCTBYIOIINE UM COOCTBeHHbICe (DYHKIUU. DOICTABUM
A = )\, B cuctemy (31.16). Ompegernrens cucTeMbl 06paTHTCA B HOJb,

n=0,oc. (91.18)

cIe10BaTeIbHO, OTHO YpaBHEHNE ABIIETCA CJISICTBUEM APYTOro. JacCMOT-
pUM TIepBoe ypaBHeHHe (OHO MPOIIE)

—C1-04+Cy-1=0.

Orciona Cy = 0, C'| — IpousBoOIbHO. DOJACTABUM MOJYUYCHHBIN PE3YIbTAT B
(91.10) mpu A = A, moxydnM cob6CTBeHHBIC (YHKIII

Kl
21

B) DemnM 3agaty (D1.1), (91.4). Daccemorpum Tpu cayuas: 1) A < 0,
2)A=0. 3)A>0.

Dycrs A < 0, Torga obimee perenne ypaBHeHnsa (D1.1) MoxHO 3amu-

Xn(x)zcos( (2n—|—1)x), ||Xn(x)||2:/X2(x)dx:%, n=0.. (31.19)

catb B Bijge (D1.7). DoxacraBuMm B rpaHmdHble yeiaoBus (D1.4), moaymm
OJHOPOJHYIO CHCTEMY alredpandecKnX ypaBHEeHIII

Cy ch(0) + Cysh(0) = 0,
{Cﬁmwmy+cwm¢m):m

KOTOpasa He nMeeT HEHYJICBBIX peHleHI/IIQ/JI7 T.K. €€ olIpeacanTelb
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1 0
sh(\/Xl) Ch(\/Xl) ‘ 7 0.

Dycre A = 0, Torga obmmee pemmenne ypaBHeHns (D1.1) mveer Bup
(91.9). Doacrasum (D1.9) B rpannusble yeaoBusa (D1.4), momyunmm cuc-
TeMy

{ Ci-0+Cy=0,
C, =0,

KOTopas nMeeT TOTBKO HYJIeBBbIe pellleHns. IJTO o3HadaeT, 9To A = ( He
ABIAETCA COOCTBEHHBIM 3HAEHIEM.

Dycts A > 0, Torga obimee permenne ypaBHeHnsa (D1.1) MoxHO 3amu-
catb B Brge (D1.10). DoacraBum (D1.10) B rpannunsie ycroBus (D1.4),
OJYYIUM OJHOPOIHYIO CUCTeMY JUHENHBIX alrebpandecknX YpaBHEeHNINT OT-
Hocureabuo Ch um Co:

C1cos(0) + Cysin(0) = 0,
{ —C4 sin(\/Xl) + Cy COS(\/XZ) = 0.

DpuUpaBHAEM OIPeAeTUTEIb dTON CUCTEMbBI K HY.TIO

(91.20)

‘ 1
—sin(VAl) cos(

Ypasuenne (D1.21) mMeeT cIeTHOE MHOKECTBO KOPHEN

%mmzozi(m@aOZO (91.21)

\ﬂﬁzg@n+n,n=miLizm.

OTcroga HaX0o MM COOCTBEHHBIE 3HATMCHIII
712(271 + 1)2
Ap = ————— ",
4]2
DalleM COOTBETCTBYIOMNE UM COOCTBEHHBIC (PYHKINH. DOICTaBIIM

A = A\, B cuctemy (31.20). Ompenerntens cucTeMbl 6yIeT PaBeH HYIO,
cIe10BaTeIbHO, OTHO YpaBHEHNE ABIIETCA CJISICTBUEM APYTOro. JacCMOT-

n=0,oc. (91.22)

pUM IepBoe ypaBHeHne (OHO mpoie)
Ci-14+Cy-0=0.

Orciona Ch = 0, Cy — IpousBOIbHO. DOJACTABUM MOJYUYCHHBIN PE3YIbTAT B
(91.10) mpu A = A, moxydnM cob6CTBeHHBIC (YHKIII

™

X, (z)=sin (21

{
[
20+ Ve ), K@) =) Xw) do= 3, n=0,5. (91.23)
0
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r) DemnM 3agaty (D1.1), (91.5). Dacemorpum Tpu caydas: 1) A < 0,
2)A=0. 3)A>0.

Dyers A < 0, Torjga XapakTepucTudeckne ypaBHeHne nia auddepeH-
nnaJsbHoOTo ypaBHeHNs (D1.1) ¢ mocTosHHBEIMI KO3 QUIITEHTAMI

PrAHA=0 = p=4vV-\

mMeeT gelicTBUTeIbHBIe KopHI. Obiiee perrenne ypasHenns (D1.1) MoxHO
3amncarh B Bujge (D1.7). DoxcraBum (D1.7) B (D1.5), moay<anm oxHOpOI-
HYIO CICTeMY JIHEeNHBIX alreOpadecknx ypaBHeHnn oTHocuTeabno C u Coy:

Cysh(0) 4+ Cy ch(0) = 0,
{CﬁM%ﬂ)+CﬂM¢m):0

DpuUpaBHAEM OIpeIeTUTenb dTON CUCTEeMbBI K HY.TO:

0
sh(v/Al) ch(

YpaBuernne (D1.24) xopHenml He HMeeT, CJICIOBATEIBHO, COOCTBEHHBIX
sHadeHun npu A < 0 Her.

bmmzo = sh(V\) =0. (D1.24)

Dycre A = 0, Torga obmmee pemmenne ypaBHeHns (D1.1) mveer Bup
(91.9). Doacrasum (D1.9) B rpanmusble ycaoBust (D1.5), momxyunmm cuc-

TeMy { Cy =0,
C; =0.
2To o3HadaeT, 4To A = ( ABIgeTCA COOCTBEHHBIM 3HAaUYEHUEM, a COOT-
BeTCTBYIOMAsA COOCTBeHHasA (PYHKIINA

Xo(w) =1, [[Xo(@)|[* = [ Xf(x)de =1, (91.25)

OIpeJedseTCa ¢ TOTHOCTRIO 10 HeHYIeBOTO MHOKHITE/IA.
Dycre A > 0, Torga obmee pemmenne ypaBHeHns (D1.1) mveer Bup
(91.10). DogcraBum (D1.10) B rparngnsie ycrosus (D1.15), moxymm

{01 sin(0) + Cy cos(0) = 0, (91.26)
4 sin(\/Xl) + C5 COS(\/XZ) = (. '
DpupaBHIeM ONpefeInTelb dTOI CUCTeMbl K HY.TIO
0 L1200 = sin(v) =0 (91.27)
sin(\/Xl) COS(\/XZ) - - '
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Ypasuenne (D1.27) mMeeT CIeTHOE MHOKECTBO KOPHEN
VAl =1mn, n==1,42,....

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

2
,M:C%),n:Lm. (D1.28)

DangeM COOTBETCTBYIOMINE UM COOCTBeHHBIE (DYHKIUN. DOJACTABUM B
cuctemy (21.26) A = \,. OmpegernTersb cucTeMbL 6y,1eT PABCH HYIO, Cle-
T0BaTeIbHO, OTHO YPaBHEHIE ABIACTCA CIeJCTBIEM APYTOT0. DacCMOTPUM
IepBO€e YpaBHEHHe (OHO MPOIIE)

Ci-04+Cy-1=0.

Orciona Cy = 0, C'| — IpousBoOIbHO. DOJACTABUM MOJYUYCHHBIN PE3YIbTAT B
(91.10) mpu A = A, moxydnM cob6CTBeHHBIC (YHKIII

l
X, () = cos (”lﬂ) X, (@)= X(a) dx:é, n=T,. (91.29)
0

1) Demmm 3agaty (D1.1), (91.6). Dacemorpum Tpu caygas: 1) A < 0,
2)A=0. 3)A>0.

DycTb A < 0, Tora obmmee pemmenne ypaBHeHns (D1.1) MoxKHO 3anucaTh

B Bujge (D1.7). Dogcrasum (D1.7) B rparngnbie yeaosus (D1.6), momytanm
OJHOPOJHYIO CICTEMY alrebpantdecKnX ypaBHeHnn oTHocuTerbHo C u Cy:

C1(1 — ch(27)) — Cysh(27) = 0,
{ —Cysh(27) + Cy(1 — ch(27)) = 0.

Omnpegeanreab >TON OTHOPOIHOU CUCTEMBI

(1 —sh(2w))* —sh?(27) = 2(1 — ch(27)) # 0.

(91.30)

CremoBarenbro, (91.30) umeer Toapko HyIeBble pemenns C = Cy = 0,
T.e ipu A < 0 cOOCTBEHHBIX 3HAUYCHUN HET.

Dycre A = 0, Torga obmmee pemmenne ypaBHeHns (D1.1) mveer Bup
(91.9). Doacrasum (D1.9) B (21.6), moxyanm
{Cl S 2T = 0,
1=1.

Orciona C) = 0, 'y npuHIMaeT TPOU3BOJIbHBIC 3HAUYCHUA, CJIeJ0BATEIBHO,
Ao = 0 ABIsgEeTCA COOCTBEHHBIM 3HAUYEHUEM, & COOTBETCTBYIOIIASI COOCTBEH-

HAT QYK Xp(0) = 1. (91.31)
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DycTb A > 0, Tora obmee pemenne ypaBHeHns (1.1) MoxKHO 3anucaTh
B Biae (D1.10). Doacrasum (21.10) B (31.6), moxyanm

{ Cl(l- — COS(\/XQW)) — Sil’l(\/XQﬂ) =0, (91.32)
Cysin(vVA27) + Cy(1 — cos(v/A27)) = 0.
OnpegernTens 3TON CUCTEMBI IPUPABHAEM K HY.TIO
(1 — cos(VA27))? + sin®(VA27) = 2(1 — cos(VA27)) = 0.
OTcrona moaydaeM coOCTBeHHbBIE 3HAYCHUSA
A= (n)? n=T, . (91.33)

Doacrasum (D1.33) B (21.32) moayunm menyaessle permenns C u Cy —
NIPUHIMAIOT npousBoJbHbe 3HadeHusA |C|+ |Cy| # 0. U3 (91.10) ¢ yaerom
(91.33) moxy4nm cob6CcTBeHHBIC (DYHKIIII

Xn(z) = A,cos nx 4+ Bysin ne, n=1,00

VAu, B, |Au| + |Ba| # 0. (91.34)

DopMa COOCTBEHHBIX (DYHKIIIN

2w
IXo@) | = 4227, |[Xu(@)|2 = [ X2(0)do = m(A2 + BY), n=T,x.
0
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P puioxenue 2
3apaun lUrypma-Jluysunns ans ypasHenus Jlannaca B kpyre

DaccmoTpum ypasaenne Jlamraca B kpyre D : (r < a, 0 < ¢ < 2m)

1 0 ( dv 1 0%
A M= —I|r—|+=-—+Xv=0 22.1
v(r ) + Av r Or (rﬁr)—l_r? 8992+ ! ( )
¢ Pa3INYIHBIMU TPAHIIHBIMI YCIOBUAMI
a)v| =0 (92.2)
v
0) —| =0; 22.3
) Orlr=a ( )
v
—+h = 0. D2.4
K 2.4
Pewenue. CobcTBeHHBIE PYHKINN Oy IeM HCKATh METOJIOM pa3IeIeHns
IepeMeHHBIX B BILIe
o) = R()D(2) £0. 925)
Doxacrasum (D2.5) B Y (D2.1) u pasgeanM mepeMeHHBIE, TOLY MM
1 d( dR
——(r— )+ AR
r dr (rdr)—l_ :_(I)”(@):V
R(r)/r? D(p)
Orcroga nmeem aBa O Y
1 d [ dR v
Loafaiy [\ v\n_ 2.
S () (A= S R=0 (<) (92.6)
"+ vd=0 (0<¢p<2m). (92.7)
Cob6cTBeHHas PYHKINA JOMKHA OBITH 27-TEPIOJUYIeCKON MO
¢(0) = ®(27),
'(0) = &' (27). (92:8)

Bagata Hltypma-JnyBuara (92.7), (92.8) pemena B Dpmroxennn 1
(m. 1) (91.31), (91.34), (91.33). CobcTBeHHBIC 3HAYMCHUA

v, =n? n=0,00, (92.8)

a COOTBETCTBYIOIINEC UM CcOOCTBEHHBIE (bYHKIJ;I/II/I

®,(¢) = A,cos np+ B,sin npg, n=>0
VA,, Bn, |A,|+|Bn| #O0.

, OO

’ (92.10)
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DopMa COOCTBEHHBIX (DYHKIIIN
12o(P)II* = 2745, [|@u(@)]|* = 7(A7 + B}), n=Tcc.  (92.11)
DoacraBuMm v = v, (92.9) B Y (2.26), noxyunm

n2

1
R+ -R, + ()\——2) R,=0 (r<a). (92.12)
r r
DaccMOTPUM CHadala TPAHIHTHOE yCIoBHe (D2.2) U eCTeCTBEHHOE YCIOBHE
orpanudennoctu npu r = 0.
a) [Lns onpenencrus R, (r) noxyunwm 3axaty Hltypma-JInysumrs gos Y
(92.12) ¢ ycroBuaMn

R(x) = 0, (92.13)

|R,(2)] < o0, (92.14)

CreraeM 3aMeHy HE3aBICHMOH mepeMeHHONI © = V/Ar B ypaBHEHHI
(92.12). Toraa R(r) = R(x/V\) = y(z), a

dy(z) dy dx dy Ly(x) _ dy
_ . = — )\ = )\.
dr dr dr dx \/_’ dr? dz?

Docie moACTaHOBKN >TuX BhIpaxenun B /Y (32.12) moxyumM ypaBHeHHE
Deccels n-ro MoPAIKa

d’y 1 dy n?
AM—=2+ - = 1——|| =0.
(dx2+x dx+( 22 0

Ero O6HI€€ penieHnne MOXKHO 3allliCaThb B B €

y(x) = CJy(x) + DN, (),

rae J,(x) — dyEKII Decceas n-ro nopsaika, N,(r) — GyHKIII DenMaHa
n-ro mopsAAKa. Y IUThIBasg ycaoBue (D2.14) u HeOrpaHIIeHHOCTDH (DYHKIIII
Ny (z) mpu r — 0 noxyaaem D = 0.

Bosppamasacsk K nepBoHaIAIbLHOI IIepeMeHHOII TOIyIaeM OrpaHIIeHHEIe
npu r = 0 pemenns 1Y (32.12) B Buge

R, (r) = J,(VAr). (32.15)

Doacrasum (D2.15) B rpannmdHoe yeaosue (92.13), morydnM ancmepcn-
OHHOe ypaBHEHHe IS OIpeJeJeHnA COOCTBEHHBIX 3HATCHNI

Jo(VAa) = 0.

OTCIO,H& [IoJayvaceM COOCTBeHHBIE 3HAYEHIA
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amy?
AW = EE ) =000, k=T, 0, (92.16)
a
rie Mgfn) — k-BII KOpeHb n-0ou (PYHKIUN Deccems
Jo(iy = 0. (92.17)

CooTrBeTcTByMOMIIe UM CO6CTBeHHBIC QYHKINN HoxyanM u3 (32.15)

(n)
Ru(r) = J, (“’f T), n =

0,00, k=1,0,
a

IR, = [ B0y = L)

Taxmm o6pazom, cobcTBeHHBIE (DYHKIINN oflepaTopa Jlamraca B Kpyre ¢
TPAHIYHBIMI YCIOBUAMI 1-T0 poa (D2.2) uMeioT BUI

(n)
ni(r, @) = Jy (Nka 7”) (A, cos ng + Bysin nyp), n=0,00, k=100

VA,, By, |A,|+|Bn| #0,

a 2w

ol = [ [ o2(roe)r drdo = [|@a()]2 - [ Ra(r)]I2
00

(n)

a cOOCTBEHHBIC 3HAYCHNA HAXOAATCS o popmyte (D2.16), rae p; ' — KOpHI
ypaBHeHns (D2.17).

6) s onpenencrus R, (r) noxyunwm 3agaty Hltypma-JInysumrs gos Y
(92.12) ¢ ycroBuaMn
R (a) =0,
IR, (0)] < +ox,

Kak B mysaxTe a), orparnterasivu mpn r = 0 pemennavu 1Y (32.12)
AasasioTca GyHKnn (D2.15)

R (r) = J,(VAr).

DoacTaBuM UX B paHn<dHoe ycaoBue (D2.19), moay<amM AnCIepCHOHHOE

(92.19)

VpaBHeHIUe [ OllpefedeHis COOCTBeHHBIX 3HAUeHNUIT
!
J'(Vxa) = 0.

OTCIO,H& [IoJayvaceM COOCTBeHHBIE 3HAYEHIA
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amy?
AW = EE ) =000, k=T, 0, (92.20)
a
rie Mg,”) — k-BII KOpeHb n-0ou (PYHKIUN Deccems
Ty = 0. (92.21)

CooTrBeTcTByMOMIIe UM CO6CTBeHHBIC QYHKINN HoxyanM u3 (32.15)

(n)
Rn(r):Jn (Iuk T)a n:O,oo, ]f:l,OO,

a

a 9 2
IR = [ R2(r)rdr =5 1= [ | | Ja(ud).
0 M
Taxmm o6pazom, cobcTBeHHBIE (DYHKIINN oflepaTopa Jlamraca B Kpyre ¢

TPAHIYHBIM YCIOBHEM 2-T0 pofa (D2.3) UMeoT BI

(n)
ni(r, @) = Jy (Mka 7“) (A, cos ng + Bysin nyp), n=0,00, k=100,

VAp, B, [An| + |Bal # 0, (92.22)

a 2w

ol = [ [ o2(r)r drde = (|82 - [ Ra(r)]%
00
(n)

a cOOCTBEHHBIC 3HAYCHNA HAXOAATCS o popmyte (D2.20), rae p;, ' — KOpHI
ypaBHeHI (D2.21).

B) s onpegenenus R, (r) noxyunm 3aga+ty Hltypma-JInysumrs gos Y
(92.12) ¢ ycroBuaMn

(R, +hR,) =0,

R (0)] < +ox.

Orpannvenasivu npu r = 0 pemenmayu Y (92.12) asasrorcs QyHK-

i (2.15) Ro(r) = J,(VAr).

DoacTaBUM UX B IpaHNYIHBIE yCaoBuA (D2.23), MOIydnM ANCIEpCHOHHOE

(92.23)

YpaBHeHNE OJ51 OIIpeneJaIcHIA COOCTBEHHBIX 3Ha‘I€HI/IIL/’I
VAT (Va) + hJ (Va) = 0.

OTCIO,H& [IoJayvaceM COOCTBeHHBIE 3HAYEHIA

(n)\ 2
k ( a ’ n
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(n)

rae ji;. — k-BII KOpeHB ypaBHEHUA
pJ) (1) + hald,(p) = 0. (92.25)

CooTrBeTcTByMOMIIe UM CO6CTBeHHBIC QYHKINN HoxyanM u3 (32.15)

(n)
Ru(r) = J, (“’f T), n =

a

0,00, k=1,0,

(™)) + (1 - (jn)) ) T2 (™|

Taxmm o6pazom, cobcTBeHHBIE (DYHKIINN oflepaTopa Jlamraca B Kpyre ¢
TPAHIYHBIM YCIOBHEM 3-T0 pofa (D2.4) nMeoT B

a 2

a

1Bu(r)|P = [ B3 (r)rdr = =
0

? ?

()
ni(r, @) = Jy (Mka 7“) (A, cos ng + Bysin nyp), n=0,00, k=100
VA, Bn,  |Au|+ |Ba| #0.

a 2w

ol = [ [ o2(r)r drde = (|8 ()2 - [ Ra(r)]%.
00

(n)

a cOOCTBEHHBIC 3HAYCHNA HAXOAATCS [o popmyte (D2.24), rae p;, ' — KOpHI
ypaBHeHI (D2.25).

3amMedanue. JallJeHHBbIe COOCTBEHHBIC (DYHKIUN MO3BOJIAIOT HAUTH
dyaxunn I'pusa (3.22) cooTBeTCTBYIOIMNX KPACBBIX 3a1ad M1 YPABHEHII
DyaccoHa, ¢ MOMOIIBI0 KOTOPBIX HAXOAATCA PEIIeHns 3TUX 3a1a4d mo (op-

mygaM (3.16) man (3.19).
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P puioxenue 3
3anaun Wrypma-Jluysunns ansa ypasHenus Jlannaca B wape

DaccmoTpuM ypasaenne Jlamraca B mape D : (r < a, 0< 60 <,
0 << 27)

Av(r, 0,0) + v = (93.1)
1 a( &j+ 1 a(.egg+ 1 d%v Fow =0
2 O Ir r2sinf  Of S 06 r2sin’ 6 399 o=

C pa3JdlIHBIMU I'PaHUIHBIMHI YCJIOBUAMUI

a)v| =0 (93.2)
v

6) ™ 0; (93.3)
v

) E + hv r:a_ 0. (334)

Pewenue. CobcTBeHHBIE (DYHKINU HUIIEM METOJIO0M pa3ieleHUs THepe-
MEHHBIX B BHE

v(r,p,0) = R(r)Y (p,0) £ 0. (93.5)
Doacrasum (I3.5) B ypasHenune (93.1), pazgeany mepeMeHHBIE, TOIY-
M d dR
— A
dr ( dr) + AR _ _A%QY(@,Q) —
R(r) Y(p,0) ’
rie 5
1 0 oY 1 0°Y
ALY = 6 . ) )
a sinf 96 (sm 89) sin 6 Oy? (93.6)

M pyuakunn R(r) noxywaem OY
/! 2 /
R/(r)+ =R (r) + ()\ - :_2) R(r) = 0, (93.7)

a mia pyHKunn Y (p,6), ¢ yIeToM ee 27 HepHOANTHOCTH 10 ¢ I OT'DaHN-
yennoctu npu § = 0 u 6 = 7, 3agauy lrypma-JInyBuiis

1 a( an) 1 0%
sinf b St 06

Ay +vY = + Y,

ot 0 235
0<0<m 0< < 2m),
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Y(6,0)) < 4oo. V(0. 7)] < +oc. (93.9)
Y (0,60)  0Y(2m,0)
I dp
Demmenne 3a1a4qn (33.8)(23.10) mmeMm MeTOI0M pasIeleHHUs HepeMeH-
HBEIX B BIJeE

Y(0,0) = Y(2r.6).

(93.10)

V(6.0 = 8(2)2(0). 3.11)
Doxacrasum (D3.11) B ypaBHeHue (93.8), pasgeinM mepeMeHHBIE, TOIY-
M 1 d dZ
- — | sinf—— Z(6
sing do (Sm d@) 20 gy

= L.

Z(6)/sin* 0 O B(yp)
s pyuxunn Z(6), ¢ ydeToM ycJIoBUH orpaHm<deHHOCTH mpu § = 0 n
0 = 7, moryInM 3agady

1 d iz "
sinf df (Smede) + (V sin? 9) Z(#)=0, (0<0<L2m), (93.12)

|1Z(0)] < 400, |Z(7)| < +o0. (93.13)
s pyukuun ®(¢), ¢ yaeToM yCJIOBIN NEPHOINIHOCTIH O ©, MOIY TIM
sanauay lTtypma-/InyBunra

() + 2D(p) =0, (0 << 27) (93.14)

®(0) = ¢(27), D'(0) = P'(2m). (93.15)
Demmenne 3agaqn (33.14), (33.15) moxydeno B Dpuroxennn 1 (m. 1x).
Cob6crBennble 3HadeHns (91.33) paBHBI

er =k, k=0,00, (23.16)

a CoOOTBeTCTBYMOMmNe MM cobcTBeHHBle QyHKIn (D1.31), (91.34) mueror
CJAeIYIOMINT B

Qi (@) = Agcos kp 4+ By sin ke, k=0, 00,
VA,, By, |A,|+|Bn| #0, (23.17)

2w
@0l = AF 2w, |[@ull* = [ @i(p) dp = m(A} + B}), k=T,
0

DoacraBum & = @), (93.16) B OY (93.12) u caeraem 3aMeHy He3a-
BICHMON IepeMeHHOn x = cosf, Torga Z(0) = Z(arccos x) = y(x). Depe-
canTaeM IPOM3BOJHBIC B ypaBHeHun (33.12), moxyunmm sagaty [Typuma-
JInysunaa ans O/Y npucoenunenusrx pyHKINN Jlexanapa
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d dy 12
e (R +(V 1_x2)y(x) 0, (-1<s<1),  (93.18)
ly(£1)| < 4oc. (93.19)
Co6CTBeHHEBIC 3HAYEHUA DTON 3aJadl PaBHEL
vp=n(n+1), n=0,o00, (93.20)

a COOTBETCTBYIOIIIE UM COOCTBeHHBIE (DYHKIMI — NPUCOECIUHEHHBLE (PYHK-
yuu Jexrcandpa

1
2 (n+ k)!
P¥I12Z = [(pW 20y — .

IBEIP = [(RO @) = 5

rae P,(x) — mmozousenvt Jexrcandpa, KOTOpBle MOTYT OBITH HAILICHBI IO
dpopmy.ae Doapuro

1 d"
P,(x) = (22 =1)", n=0,0c.

T onpl dgn

BepHeMcs K mepBOHAYAIBHON HE3aBUCUMOU MTePEMEHHON, TOIYHYIM COO-

cTBeHHBIe (DyHKUNN 3a1a4n (23.12), (33.13)
Zu(0) = P (cos8), n=0,00, k=0,00. (93.21)

Urax, cobcrBernbivMn Gyuxnmamn 3aia4n [Hrypma-Inysmria (93.8)-
(93.10) aBasIOTCA QYHKINN

VM (p,0) = P (cos0)( Ay cos ke + Bysin k),

n=0,00 k=100, (93.22)
a cOBCTBeHHBIC 3HAYCHNA v, paBHBL (D3.20).
DoacraBuMm v = v, B Y (33.7), noxyamm
2 1
R'(r)+ =R'(r) + ()\ — n(ni;l—)) R(r)=0, n=0,c. (93.23)
r r

C moMoIIbIO 3aMeHBbl
R(r) =y(r)/Vr
9TO ypaBHeHHe npuBoAnTca K 1Y Deccels moayneroro mopsaika
n4+1/2)2
RUESTER P

r

1
yll_l_;yl_l_ ()\
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06mee pemenne KOToporo nMeeT B
y(r) = CoTuy1 2(VAF) + Dy N,y o(VAF).
I/IB VCIOBUA OT'PAaHUYI€HHOCTH
|R(0)] < +o0, (93.24)

VIUTBHIBag HEOIPAHUYEHHOCTD (PYHKIINH DenMaHa Nn+1/2(\/Xr) npu r — 0,
noraraem D), = 0 m moryvaem orpanumydenHoe npu r — 0 pemenne Y

(93.23) B B AC
Vr '

Temepb paccMOTPUM OTAEABHO T'PaHUYHBIE YCIOBHA (D3.2)(D3.4),

R(r) = (33.25)

a) I3 rparngsoro ycaoBus (93.2) caeayer, ITo
R(a) = 0. (93.26)

Dangem cobcTBenHble 3HadeHus 3agadn rypwma-Jlnysuris (33.23),
(D3.24), (33.26).

Doacrasum (D3.26) B (23.25) moxyunM AUCIEPCHOHHOE YPaBHEHIE 1T
ompeJeJeHns A

Jni12(Va) = 0. (93.27)

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

(n+1/2)\ 2
A = ( n ) , n=0,00, m=1,00, (93.28)
a
rae p"t/?) -t Kopens ypaBHeHIA

Jng1y2(pt) =0,

a COOTBETCTBYIOIINE UM cO6CTBeHHbIe (yHKINN u3 (33.27) u (23.28)

(nt1/2)
an(T) = Jn—|—1/2 (mT)/\/F’ n=0,00, m=1,00, (3329)

a n—|—1/2)
IRunlF = [ B ar = [ ey (B i =
0

2
a n
) ( 7I1—|—1/2(/”L7(n+1/2))) - (93.30)
Urax, co6cTBeHEBIC (QYHKINN MMapa nMeioT B (93.5), (93.22), (93.29)
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Vnkem (1, 0, 0) = Yn(k)(go, )Ry (1) =
(n+1/2),.
= Yn(k)(<}97 G)Jn—l—l/Q (MmT)/\/F7 n =

a COOTBETCTBYHOIINE cOOCTBeHHBIEe 3HAYEHIA )\nm BBI'INCJIAIOTCA 11O (bOp—

0,00, m=1,00, (93.31)

myze (93.28). Dopma cobcTBenHOn QyHKINN ¢ yieToMm (33.17), (93.20) n

(2.30) pasHa
okl > = 1121 1P - || R (93.32)

6) B caydae rparutHOro yeaosusa (33.3) cregyerT, UTO
R'(a) =0

I JUCIePCIOHHOE YpaBHeHIe 111 OIpeJeeHIA COOCTBeHHBIX 3HATCHNI, V-
TeBas (I3.25), mpuMeT BUJI

2\/—a=]7lz+1/2(\/_a) n+1/2(\/—a) = 0.

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

(n+1/2)\ 2
A, = (,um ) ., n=

a

0,00, m=1,00,

n+1/2) Bl KOpeHb ypaBHeHIA

J -|-1/2( ) - Jn+1/2(M) — 07

a COOTBETCTBYIOIINE UM CcOOCTBEHHBIE (bYHKIJ;I/II/I

rie ,u(

J+1/2),
Rum(r) = Jot1p2 (mT)/\/Fﬂ n=0,00, m=T100, (93.33)

) a n—|—1/2
[ R Z/R r dr_/ +1/2( )rdr:
0

i . n+1/2 .
(i) + (1 - (M(n—l—l/Q)) ) Ty (i)

a
2

(93.34)

S — |

B) B caywae rparntnoro yeaosus (93.4) caeayer, 9To
R'(a) + hR(a) =0

I JUCIePCIOHHOE YpaBHeHIe 111 OIpeJeeHIA COOCTBeHHBIX 3HATCHNI, V-
TeBas (I3.25), mpuMeT BUJI
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2\/X&J£+1/2(\/Xa) + (2ah — 1)Jn+1/2(\/Xa) = 0.

OTCIO,H& HaXO0 INM COOCTBeHHBIE 3HAYEHIA

(n+1/2)\ 2
)\nm:( L ) ., n=

a

0,00, m=1,00,

e ,ugffH/Q) — M-BII KOPEHb YpaBHEHUS

20Ty p(10) + (2ah = 1) Jusr o) = 0,

a COOTBETCTBYIOIINE UM CcOOCTBEHHBIE (bYHKIJ;I/II/I

(n+1/2),.
an(r) = Jn—|—1/2 (mT)/\/Fg n = O,OO7 m 1,00,

¢ HopMott (D3.34).
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P puinoxenue 4

AndpdeperunansHoe ypagHeHune Jitnepa

1 2
a) Ry(r)+ ~R,(r) - :—QRV(T) =0, v>0. (D4.1)

2Jpu v = 0 ypaBHeHUe IPUMET BU I
1

CgeraeM 3aMeHy, TOHHKafOMyo mopsagox 1Y, y(r) = Ry(r)

1 dy(r dr 1
J)+ i =0 & P Ty 2
r Y r r
OTciona moayvdaeM
dR 1
d—o = By~ & Ry(r)=Cy+ Dylnr. (94.2)
r r
Dpu v # 0 HamgeMm gacTHble pemenns 1Y (94.1) B Buge
R(r) =r". (94.3)

Doacrasum (D4.3) B (94.1), noxyanm

2= & a9 = L.

r2afa-=1)+a-1)=0 & «a
Takum 06pazomM, HAIJeHBI IBa JMHENHO He3aBUCUMBbIe TaCTHBIE PeIleHns
r” ur~". Obmee pemenne anaensoro OAY (94.1) npu v # 0 3anumercs B

BI e JUHEIHON KOMOUHAINN 3TUX YaCcTHBIX pPeIleHnn
Ry(r)=Cur” +Dyr™", v #0. (D4.4)
2 1 .
6) R'(r) + ~Ru(r) — ”(Lj)}zn(r) —0, n=0,0. (D4.5)
r r

Dangem qacTable pemenns 1Y (94.5) B Buge (94.3). Doacrasum (D4.3)
B (94.5), moxyunm

ra_Q(oz(oz—l)—l—Qoz—n(n—l—l)):O & a2+a—n(n+1)20 &

& ap=n, ag=—(n+1).
Taxmm o6pa3oM, HallJeHBL Ba JNHENHO He3aBICIMbIC TaCTHEIC PeIleHIs
n+1)

" ="t O6mee permenne aunuefioro OIY (94.5) mpexacraBageT cobon

ﬂHHefIHYIO KOM6I/IHaHI/IIO ITUX TaCTHBIX peHIeHI/II;’I

Ru(r) = Cor" 4+ Dyr~ "D =0, . (94.6)
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wRﬂﬂ+§Rﬂﬂ+(ﬁ—ﬁ@ii»Rﬂﬂ:O,n:&am (94.7)

2

Cuadamra cmgeraeM 3aMeHY He3aBucumon mepeMmennon x = kr. Tormga

R,(r) = R,(x/k) = R(z). Orcroga

dR(x) dR dr _ . d’R(x) s 5
dr  dx dr R(x)k, dr2 R(a)k
Ypasuenune (94.7) npumer Buf
. n(n+1)

_m@+%Ruy+@— )R@%:O

72
Teneps cneraem 3aMeny

(x) (@) _ylx) - j(z) _glx) 3 y(2)
R(e) = 2=, Ra)="5 - Toh Rle) =25 -2 422

T2 32 Tty s/

DocTe Mo ACTaHOBKH MOy IeHHBIX BhIpazkeHun B Y moay«anM A1a QPyHK-
nun y(x) OIY Deccens moryuneroro mopsaika

L1, n+1/2)?
y+—y+(L—L—7Ll)y:Q
X X

Ero O6HI€€ penieHnne MOXKHO 3allliCaThb B B €

y(x) = AnJns12(2) + BuNpy o),

rae Joii2(2), Nypy2(v) — Gyrxmnm Deccers n DeliMaHa MOIyIEIbIX IIO-
PANKOB, IIN B BUJeE

1 2
y(x) = CnH7(z—21/2(x) + DnH7(z—21/2(x)7

1 : 2 :
rae H7(1+)1/2(x) = Jut12(®) +iNyp1/2(2), H7(1+)1/2(x) = Jut1/2(x) = iNyp12(2)
— (pyHKIUN XaHKeIsd MIepBOro I BTOPOTO PoJda MOJYIEIOTO MOPAIKA.

Takum obpasom, obmee pemerne Y (D94.7) M0oXKHO 3amncaTs B BUIE

Jnt1y2(kr) B Noyiya(kr)

R,(r)= A, ———, =0, o0, 24.8
(1) =4, T —um (24
LI B BIJe
gy (kr 72 (kr
Ry(r) = Cn%() D n1j2(F) n=0,00. (94.9)

vV Er A vV Er 7
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P puioxenue 5

3peo6pasoBaHme Kpa€BblX 3afla4 C HEOAHOPOAHBIMU TPAaHUYHBIMH
ycinoBuaMun K 3afav4amMm C O4AHOPOAHBIMU TPaHUYHBIMWU YCNOBUAMMN

Ecan I'paHI'IHBIC YCJIOBUA KpaeBoﬂ 3a a9 HeOIHOPO IHBI

(gz+ﬁ@ =u(t), P+ #£0,

x=0

(gu+&QLﬁ:”@’ V24840,

TO KPpaeBYIO 3ada9y MOZKHO Hp606pa30BaTb K 3aja'e OJsd HOBOU HeU3BeCT-

Honl (pyHKunen U(x,t) ¢ OAHOPOAHBIMI T'PAHIYHBIMI YCIOBIAMI C OMO-
MIBIO 3aMeHBI

u(x,t) = Uz, t) + w(x, t),
rie w(x,t) usBecTHasd QYHKUUA, yIOBICTBOPSIIOMAs HeOIHODOIHBIM T'Da-
HUYHBIM ycaoBuaM. PyHkumio w(x,t) Bcerga MOKHO MOCTPOUTEH B BILIE
KBaIPaTHOT'O TPeXIeHa OTHOCHTEIbHO

w(x,t) = A(t) + B(t)x + C(t)a> (95.1)
P pumep. Dantn QpyHKUIO w(r,t), €cIm TpaHIYHbIEC YCIOBISA MMEIOT
BIL
= u(t Qu) - _ t); 25.2
B o _=u. %] =vi 5.2
ou

6) or —0 1i(t), u el v(t); (95.3)
Ju Ju

B) p p(t), p v(t); (95.4)

ou
r) (8—33 + hu) T p(t), u = v(t); (95.5)

Pewenue. a) JoacraBum .1) B rpanngnbie yeaoBus (D5.2), moxy M

(35
{(ﬂ p(t),
B(t) +20C(t) = v(t).

Mozxno BeiopaTs C'(t) = 0, Toraa moxydnm
w(x,t) = p(t) + v(t).
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6) DoacraBuM (D5.1) B rpaHmdHbIe YCI0BUA (D5.3), MOIYINM CHCTEMY

{B(t) = (),
A(t)+ Bt + C(t)I* = v(t).

Mozxno BeiopaTs C'(t) = 0, Toraa moxydnm
w(x,t) =v(t)+ pt)(xz = 1).

B) DoacTaBuM (D5.1) B rpanntHble yeaoBus (D5.4), moayanM cucTeMy
{ B(t) = p(t),
B(t) +2C () = v(t).
Mozxno BeIOpaTh A(t) = 0, TOrga moIyIIM

v (v(t) — p(t))
21 |

ol t) = plt)e +

r) DoacrasuM (D3.1) B rpanHntHble yeaoBus (D5.5), MOIyIIM CHCTEMY
(B0 +Ral) = i)
A(t) +1B(t) + BPC(t) = v(t).
Mozxno BeiopaTs C'(t) = 0, Toraa moxydnm

v(t) = Ip(t) + (u(t) = hw(t))a
1—-1h '

w(x, t) =
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P puioxenue 6
MTepMpOBaHHble Afpa Ana BbIpOXAEHHOIO d4pa C ABYMSA Clara€MbIiMH

DaccMOTPUM BBIPOK JCHHOE SIPO ¢ ABYMsA CIalaeMbIMI
K(z,t) = aj(x)b(t) + as(x)be(t). (96.1)

O0603HAYMUM UHTETPATBI

b
kij = [ bi(s)aj(s)ds, i.j=T.2 (96.2)

a) DpeanogoxnM, 9To ks = kg = 0. lTepupoBanubie sipa HalgeM 10
dopmyre (7.2.1)

Ky(w,t) = [lar(@)bi(s) + as(x)bo(s)][ar(s)bi(t) + as(s)bs(t)] ds =

= ai(x)by(t)k11 + a1 (x)bo(t) k19 + as(x)by(t) ka1 + ag(x)bo(t)keg =
= a1 ()b (t) k11 + az(x)ba(t)kaa,

Ks(x,t) :/ )+ ag(x)ba(s)][ar(s)b1(t) k11 4+ as(s)by(t)kes] ds =

= ay ()i (t)kT) + as(@)Da(t)hdy, .. .
Ki(z,t) = al(x)bl(t)kﬁl + ag(x)bg(t)kégl, i =1,00. (96.3)
DesoabBeHTHOE 1po R(x, t; \) Hamaem mo gpopumyre (7.2.5)

R(z,t;\) = Y N Ky(a,t) =

=1

=a1(x)bl(t)§)‘i_lkﬁl+a2( x)b ()Z)‘Z ' =

al(x)bl (t) CLQ(ZL‘)bQ(t)
1 — Akyy + 1 — Akoy ’ | | < / ’ maX(| 11|7 | 22|) (36 )

Dermenne nHTerpaIbHoOro ypasaenns Ppearorsma Il-ro poga (7.1), (96.1)
npu |A| < 1/M mamgem mo gpopumyre (7.2.4)
_A/thA (t)dt + f(z) =
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o (olh, st

e T e vied R (96.5)

rae B
= [ bi(s)f(s) ds. (96.6)

6) DpeanosoxnM, 910 ki; = k19 = 0. llTepupoBanusie aipa HalgeM 10
dopmyre (7.2.1)

Ky(w,t) = [lar(@)bi(s) + as(x)bo(s)][ar(s)bi(t) + as(s)bs(t)] ds =

= ay(2)b1 (t) k11 4 a1 (2)ba(t) k1g 4 as(2) by (t) kar + az(2)by(t) kgy =
— o)1 (£ ka1 + an(@)ba(E)kas = as() (b () an + b () ns).
Ky(x,t) = a/b[al(x)bl(s) + ag(w)ba(s)]as(s)[br(t)kar + ba(t) k] ds =
= ag(x) (b1 (t) ka1 + ba(t)kaa)kaa,
Ky(x,t) = a/b[al(x)bl(s) + ag(w)ba(s)]as(s)[br(t)kar + ba(t) k] ds =

= ay(x) (bi(t) ka1 + ba(t)kaa) ko, ..
Ki(x, 1) = ag(x)(by (t)kar + ba(t) ko) Sy 2, i =2, . (96.7)

DesoabBeHTHOE 1po R(x, t; \) Hamaem mo gpopumyre (7.2.5)

R(rt:0) = SN TR, 1) =
=1

= a1(2)b1(t) + as(2)ba(t) + az(x)(by () ka1 + ba(t)kaa) Z ANyt =

1=2

A

= ai(x)by(t) + as(x)bo(t) + as(x)(by(t) ka1 + bQ(t)kQQ)ma

|A| < 1/|ka2].

Demenne nHTerparbHoro ypasHenus Ppegroasma II-ro poxa (7.1),
(96.1) mpu |A| < 1/|kgs| HamLZEM IO DopMmyTe (7.2.4)

(6.8)

_)\/th)\ (t)dt + f(z) =
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=\ (al(ff)fl +ax(@)fo + 5 _( o2 (f1k21 + f2k22)) + f(@), (96.9)

rae f; BRIMUCIIIOTCA 10 hOPMY.Ie (36.6).

B) DpeAmoaoKnM, 9To ko = k9y = 0. UlTepupoBaHHBIe sIpa HaILIEM IO
dopmyre (7.2.1)

Ky(w,t) = [lar(@)bi(s) + as(x)bo(s)][ar(s)bi(t) + as(s)bs(t)] ds =

= ai(x)by(t)k11 + a1 (x)bo(t) k19 + as(x)by(t) ka1 + ag(x)bo(t)keg =

= ai(x)by (t) k11 + a1 (x)be(t) k19 = ar(x) (b (t) k11 + ba(t) k1),
Ks(x,t) = /[al(x)bl(s) + as(x)bo(s)]ar(s)[bi(t) k11 + ba(t) ko] ds =

= ai(x)(bi(t) ki1 + ba(t)k12) k11,
Ky(z,t) = /[al(x)bl(s) + ag(x)bo(s)]ar(s)[br(t) K11 + bo(t)ki9)ki1 ds =

= ay(x)(by(t) k1 + ba(t) k1)K ...
Ki(x,t) = ay(x)(bi(t)ky + bay(t) ki) kT, i =2, . (96.10)

DesoabBeHTHOE 1po R(x, t; \) Hamaem mo gpopumyre (7.2.5)

R(x,t; ) = S N K (o, t) =

=1

= ay(2)bi(t) + az(x)ba(t) + ar(x) (b (E) k1 + ba(t)ki2) Z N =

= ai(x)by(t) + as(x)bo(t) + ay(x)(by(t)k11 + bQ(t)]ﬁQ)l_#)\kﬂa

I\ < 1/[kn].

Demenne nHTerparbHoro ypasHenus Ppegroasma II-ro poxa (7.1),
(96.1) mpu |A| < 1/|ky1| HamLzem mo gpopmyre (7.2.4)

(96.11)

—A/thA (t)dt + f(z) =
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= A (m(x)fl +az(x) f2 + ()\)k (fikn +f2k12)) + f(x),  (36.12)

rae f; BEIMICIAIOTCA TI0 qoopMyJIe (36 6).

r) DpeamoaoknM, 9To ki1 = k9; = 0. UlTepupoBanHble sipa HaILIeM IO
dopmyre (7.2.1)

Ky(w,t) = [lar(@)bi(s) + as(x)bo(s)][ar(s)bi(t) + as(s)bs(t)] ds =

= ay(x)by(t)k11 + a1 (2)ba(t)k1g 4 as(2)bi(t) ko + az(x)by(t)kyy =

€
= by(t) (a1 () k12 4 az(x)ka),
Ks(x,t) = /[al(x)bl(s) + ay(x)bo(s)]ba(t)[ar(s) k1o + as(s) k] ds =

= bQ(t) (al(ZL‘)]ﬁQ + aQ(ZL‘)kQQ)kQQa
b
Ky(w,t) = [[ar(2)bi(s) + as(@)bs(s)]ba(t)[a1(s)k1a + as(s)kas]kas ds =
= bg(t)(al(l‘)km + CLQ( )k22)k227 sy
Ki(a,t) = ba(t) (ar()hiz + as(a) ko) k5D, i = 2. (96.13)
DesoabBeHTHOE 1po R(x, t; \) Hamaem mo gpopumyre (7.2.5)
R(z,t;\) = > )\i_lKi(f'fat) =
=1

= a1(x)b(t) + as(x)ba(t) 4 ba(t)(ar(x) k12 + ag(x)kas) Z N7 kg =

)\

= a1(x)bi(t) + az(x)bo(t) + ba(t)(ar(x) k12 + a2($)k22)1 " Ny

I\ < 1/[kal.

Demenne nHTerparbHoro ypasHenus Ppegroasma II-ro poxa (7.1),
(96.1) mpu |A| < 1/|key] HaﬂﬂeM o (opmyre (7.2.4)

(96.14)

_)\/th)\ (t)dt + f(x) = (96.15)
) (a1<x>f1 Fas(e)fot - _Afkm (@1(@)hiz + aa()zz)) + (),

rae f; BeraucasoTesa mo gopuyae (96.6).
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1) DPeanonoxnM, ITo kg = kgy = 0. ITepupoBanHbie sipa HalgeM II0
dopmyre (7.2.1)

Ky(w,t) = [lar(@)bi(s) + as(x)bo(s)][ar(s)bi(t) + as(s)bs(t)] ds =

= ay(x)by(t)k11 + a1 (2)ba(t)k1g 4 as(2)bi(t) ko + az(x)by(t)kyy =

;(XM(WM+@@WM,

Ky, t) = /b [a1(2)by(5) + as(x)by(5)]by (t)[ar(s) k1 + as(s)ka] ds =
L by (t) (a1 ()i + as(@)ka )k,

Ko, t) = /b [a1(2)b1(s) + as(@)ba(s)]b1 (#)[ar(s) k1 + an(s) ki ]ry ds =

= b1 (t)(ay (@) kg + as(@) ko) K2, ...,
Ki(x,t) = by () (ay(x)kn + as(2)ko KT, i =2, . (96.16)

DesoabBeHTHOE 1po R(x, t; \) Hamaem mo gpopumyre (7.2.5)

R t:0) = YN Kifa t) =

=1

= al(x)bl(t) + CLQ(ZL‘)bQ(t) + bl(t) (al(x)kn + CLQ(ZL‘)kﬂ) Z;f; )\i_lkiIQ =
= )b {6)  aa()hl) + b ) (o) + o) 5

I\ < 1/[kn].

Demenne nHTerparbHoro ypasHenus Ppegroasma II-ro poxa (7.1),
(96.1) mpu |A| < 1/|ky1| HamLzem mo gpopmyre (7.2.4)

(96.17)

_A/thA (t)dt + f(x) = (96.18)
=Aﬁm@ﬁ+@@m+1fimmm%m+@wwm)+ﬂ@,

rae f; BeraucasoTesa mo gopuyae (96.6).
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P puioxenue 7

OcHoBHble cBoiicTBa npeobpasosanus Jlannaca

Tabauna 7.1
Ne Opurunanx Uzob6pakenne ConctBo
L. | af(t)+ bg(t) aF(p) + bG(p) JlurenmocTs
2. | f(t/a), a>0 alF(ap) Teopema momobus
370 PE(p) — F70) Tudpepenuponaiic
(1) P Fip) — pf(+0) = (+0) | opnrunaa
4. [ t"f(t), ne N (—1)"F™)(p) HNudpdepentmpopanie
m300paxKeHnA
5. | e f(t) F(p—a) Teopema cmemenus
6. | f(t —7)n(t—71) e P F(p) Teopema zanasabiBanms
7. / g(t —T7)dr F(p)G(p) Teopema ymuoxenus Bopesns
0
8. /f "(t —7)dr +g(0)f(t) | pF'(p)G(p) Nurerpan lwoamens
0
Tabauma 7.2
Ne Opurnuax f(t) 306paxkenne F(p)
G /p
2. [ t" n!/p"tt. ne N
3. |e ™ 1/(p+a)
4. | te 1/(p+a)?
WP ETIED T —a]
6. |p/(p+a)p+Db) (ae= — be=") [(a — b)
7. |sin at a/(p? + a?)
8. | cos at p/(p* + a?)
9. |shat a/(p? — a?)
10. | ch at p/(p* — a?)
11. | erfc (k/2V/1) e VP Ip, k>0
12. | exp (—k?/4t)/ /7t e *IVP[ P, k>0
13. | 2Vt exp(=k?/4t) /7 — k- erfc (B/2/t) | e *IVP /372 k>0
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