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.

1 Óêàçàíèÿ ïî âûïîëíåíèþ êîíòðîëüíûõ ðàáîò

Ñòóäåíò âûïîëíÿåò êîíòðîëüíûå ðàáîòû ïî âàðèàíòó, íîìåð êîòîðîãî ïîëó÷à-
åòñÿ èç ñëåäóþùåé ôîðìóëû: ñëåäóåò ðàçäåëèòü íîìåð ó÷åáíîãî øèôðà íà 20,
îñòàòîê îò äåëåíèÿ - íîìåð âàðèàíòà (åñëè îñòàòîê 0, òî íîìåð âàðèàíòà - 20).

Ïðè îôîðìëåíèè è âûïîëíåíèè êîíòðîëüíûõ ðàáîò ñëåäóåò:
1. Â íà÷àëå ðàáîòû ÿñíî íàïèñàòü ôàìèëèþ ñòóäåíòà, èíèöèàëû, íîìåð ñòó-

äåí÷åñêîãî áèëåòà, øèôð, íîìåð êîíòðîëüíîé ðàáîòû.
2. Êîíòðîëüíàÿ ðàáîòà âûïîëíÿåòñÿ â òåòðàäêå, à íå íà ëèñòàõ, îáÿçàòåëüíî

÷åðíèëàìè èëè øàðèêîâîé ðó÷êîé (íî íå êðàñíûìè) ñ ïîëÿìè äëÿ çàìå÷àíèé
ðåöåíçåíòà.

3. Ðåøåíèÿ çàäà÷ êîíòðîëüíîé ðàáîòû ðàñïîëàãàþòñÿ â ïîðÿäêå íîìåðîâ,
óêàçàííûõ â êîíòðîëüíûõ çàäàíèÿõ. Ïåðåä ðåøåíèåì çàäà÷è äîëæíî áûòü ïîë-
íîñòüþ ïåðåïèñàíî åå óñëîâèå. Â òîì ñëó÷àå, êîãäà íåñêîëüêî çàäà÷ èìåþò îá-
ùóþ ôîðìóëèðîâêó, ñëåäóåò çàìåíèòü äàííûå çàäà÷è êîíêðåòíûìè èç ñâîåãî
âàðèàíòà.

4. Ðåøåíèÿ çàäà÷ è ïîÿñíåíèÿ ê íèì äîëæíû áûòü ïîäðîáíûìè, àêêóðàò-
íûìè, áåç ñîêðàùåíèé ñëîâ. ×åðòåæè ìîæíî âûïîëíÿòü îò ðóêè.

Êîíòðîëüíûå ðàáîòû, âûïîëíåííûå ñ íàðóøåíèÿìè èçëîæåííûõ ïðàâèë èëè
âûïîëíåííûå íå ïî ñâîåìó âàðèàíòó, íå çàñ÷èòûâàþòñÿ è âîçâðàùàþòñÿ áåç
ïðîâåðêè.

Ïîëó÷èâ èç óíèâåðñèòåòà ïðîðåöåíçèðîâàííóþ ðàáîòó, ñòóäåíò äîëæåí èñ-
ïðàâèòü â íåé âñå îòìå÷åííûå îùèáêè è íåäî÷åòû. Åñëè ðàáîòà íå çà÷òåíà, îíà
äîëæíà áûòü â êîðîòêèé ñðîê ëèáî âûïîëíåíà çàíîâî öåëèêîì, ëèáî äîëæíû
áûòü çàíîâî ðåøåíû çàäà÷è, íå çà÷òåííûå ðåöåíçåíòîì. Çà÷òåííûå êîíòðîëü-
íûå ðàáîòû ïðåäúÿâëÿþò ïðåïîäàâàòåëþ íà ýêçàìåíå.

2 ×èñëîâûå ðÿäû

Ïóñòü {an}, n = 1, 2, 3, ... � ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ ÷èñåë.

Îïðåäåëåíèå. Âûðàæåíèå a1 + a2 + . . .+ an + . . . îáîçíà÷àþò ñèìâîëîì

∞∑
n=1

an (1)

è íàçûâàþò ÷èñëîâûì ðÿäîì. Ïðè ýòîì ýëåìåíòû ïîñëåäîâàòåëüíîñòè {an} íà-
çûâàþò ÷ëåíàìè ðÿäà. Öåíòðàëüíûé âîïðîñ äàííîãî ðàçäåëà àíàëèçà - âîïðîñ
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î ñõîäèìîñòè ðÿäà, ò.å. î ñìûñëå âûðàæåíèÿ (1).

Îïðåäåëåíèå. Ñóììó Sn = a1+a2+ ...+an =
∑n

k=1 ak íàçûâàþò ÷àñòè÷íîé
ñóììîé ðÿäà.

Îïðåäåëåíèå. Åñëè ïîñëåäîâàòåëüíîñòü {Sn} ÷àñòè÷íûõ ñóìì ðÿäà èìååò
êîíå÷íûé ïðåäåë, òî ðÿä íàçûâàþò ñõîäÿùèìñÿ. Ïðè ýòîì ïðåäåë limn→∞ Sn =
S íàçûâàþò ñóììîé ðÿäà è çàïèñûâàþò

∑∞
n=1 an = S.

Åñëè ïîñëåäîâàòåëüíîñòü {Sn} íå èìååò ïðåäåëà, èëè ïðåäåë áåñêîíå÷åí, ðÿä
íàçûâàþò ðàñõîäÿùèìñÿ.

Ïðèìåð.
Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü an = θn, èçâåñòíûé êàê ãåîìåòðè÷åñêàÿ

ïðîãðåññèÿ. Äëÿ íåå èçâåñòíî: Sn = θ−θn+1

1−θ . Òàêèì îáðàçîì, åñëè |θ| < 1, ïî-

ñëåäîâàòåëüíîñòü Sn èìååò êîíå÷íûé ïðåäåë ïðè n→ ∞, Sn → θ(1−θ)−1. Åñëè
|θ| ≥ 1, ïîñëåäîâàòåëüíîñòü Sn íå èìååò êîíå÷íîãî ïðåäåëà, ñîîòâåòñòâåííî,
ðÿä

∑n=∞
n=1 θn ñõîäèòñÿ ïðè |θ| < 1 è ðàñõîäèòñÿ ïðè |θ| ≥ 1.

Ðàíåå â êóðñå àíàëèçà îáñóæäàëîñü ïîíÿòèå ïðåäåëà ïîñëåäîâàòåëüíîñòè è
ñâîéñòâà, êîòîðûìè îáëàäàþò ñõîäÿùèåñÿ ïîñëåäîâàòåëüíîñòè. Êàê ñëåäóåò èç
ïðèâåäåííûõ âûøå îïðåäåëåíèé, àíàëîãè÷íûìè ñâîéñòâàìè îáëàäàþò è ñõîäÿ-
ùèåñÿ ðÿäû.

Ïðåäëîæåíèå. Ïóñòü ðÿäû
∑∞

n=1 an,
∑∞

n=1 bn ñõîäÿòñÿ, α, β - äâà ÷èñ-
ëà. Òîãäà ðÿä

∑∞
n=1(αan + βbn) òîæå ñõîäèòñÿ, ïðè÷åì

∑∞
n=1(αan + βbn) =

α
∑∞

n=1 an + β
∑∞

n=1 bn.

Ïðåäëîæåíèå (Íåîáõîäèìûé ïðèçíàê ñõîäèìîñòè ðÿäà). Åñëè ðÿä∑∞
n=1 an ñõîäèòñÿ, òî limn→∞ an = 0. (Îòñþäà ñëåäóåò: åñëè limn→∞ an ̸= 0

èëè ýòîò ïðåäåë íå ñóùåñòâóåò, òî ðÿä
∑∞

n=1 an ðàñõîäèòñÿ).
Çàìåòèì, ÷òî îáðàòíîå óòâåðæäåíèå, âîîáùå ãîâîðÿ, íåâåðíî. Íàïðèìåð,

÷ëåíû ãàðìîíè÷åñêîãî ðÿäà
∑∞

n=1
1
n ñòðåìÿòñÿ ê íóëþ ïðè n → ∞, íî ýòîò

ðÿä ðàñõîäèòñÿ.

Ïðèìåð. Ðàññìîòðèì ðÿä

∞∑
n=1

2 + 3n

1− 4n
.

Â äàííîì ñëó÷àå an = 2+3n
1−4n è ïðè n → ∞ èìååì: an → −3

4 ̸= 0. Ñëåäîâàòåëüíî,
ïî íåîáõîäèìîìó ïðèçíàêó ðÿä ðàñõîäèòñÿ.

Îïðåäåëåíèå. Ðÿä íàçûâàåòñÿ ïîëîæèòåëüíûì, åñëè âñå åãî ÷ëåíû ïîëî-
æèòåëüíû.

Ïðåäëîæåíèå. (ïåðâûé ïðèçíàê ñðàâíåíèÿ) Ïóñòü
∑∞

n=1 an è
∑∞

n=1 bn �
äâà ïîëîæèòåëüíûõ ðÿäà è ñóùåñòâóåò òàêîé íîìåð N ∈ N, ÷òî ïðè ëþáîì
n > N èìååò ìåñòî íåðàâåíñòâî an 6 bn. Òîãäà

1) åñëè ðÿä
∑∞

n=1 bn ñõîäèòñÿ, òî ñõîäèòñÿ è ðÿä
∑∞

n=1 an,
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2) åñëè ðÿä
∑∞

n=1 an ðàñõîäèòñÿ, òî ðàñõîäèòñÿ è ðÿä
∑∞

n=1 bn.

Ïðåäëîæåíèå. (âòîðîé ïðèçíàê ñðàâíåíèÿ) Ïóñòü
∑∞

n=1 an è
∑∞

n=1 bn �
äâà ïîëîæèòåëüíûõ ðÿäà. Åñëè ñóùåñòâóåò è îòëè÷åí îò íóëÿ è áåñêîíå÷íî-
ñòè ïðåäåë limn→∞ an/bn , òî ðÿäû

∑∞
n=1 an è

∑∞
n=1 bn ñõîäÿòñÿ èëè ðàñõîäÿòñÿ

îäíîâðåìåííî.

Ïðåäëîæåíèå. (ðàäèêàëüíûé ïðèçíàê Êîøè) Ïóñòü
∑∞

n=1 an � ïîëîæè-
òåëüíûé ðÿä è ñóùåñòâóåò ïðåäåë limn→∞ n

√
an = C. Òîãäà:

1) åñëè C < 1, òî ðÿä
∑∞

n=1 an ñõîäèòñÿ;
2) åñëè C > 1, òî ðÿä

∑∞
n=1 an ðàñõîäèòñÿ;

Ïðåäëîæåíèå. (ïðèçíàê Äàëàìáåðà) Ïóñòü äëÿ ðÿäà
∑∞

n=1 an ñóùåñòâóåò
ïðåäåë limn→∞

an+1

an
= C. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè C < 1, òî ðÿä
∑∞

n=1 an ñõîäèòñÿ;
2) åñëè C > 1, òî ðÿä

∑∞
n=1 an ðàñõîäèòñÿ;

Ïðåäëîæåíèå. (èíòåãðàëüíûé ïðèçíàê Êîøè) Ïóñòü ôóíêöèÿ f(x), îïðå-
äåëåííàÿ ïðè x > 1 íåîòðèöàòåëüíà è íå âîçðàñòàåò. Òîãäà äëÿ òîãî, ÷òîáû
ðÿä

∑∞
n=1 f(n) ñõîäèëñÿ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñõîäèëñÿ èíòåãðàë∫∞

1 f(x)dx.

Îïðåäåëåíèå. Ïóñòü {an}� ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë. Òî-
ãäà ðÿä

a1 − a2 + a3 − a4 + . . .+ (−1)n−1an + . . . =
∞∑
n=1

(−1)n−1an

íàçûâàþò çíàêîïåðåìåííûì. Äðóãèìè ñëîâàìè, çíàêîïåðåìåííûì íàçûâàþò
ðÿä, ÷ëåíû êîòîðîãî ïîî÷åðåäíî èìåþò òî ïîëîæèòåëüíûé, òî îòðèöàòåëüíûé
çíàêè.

Òåîðåìà. (Ëåéáíèö)
Åñëè
1) ÷ëåíû çíàêîïåðåìåííîãî ðÿäà ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè-

÷èíå, an+1 < an (n = 1, 2, . . .) è
2) limn→∞ an = 0,
òî ðÿä

∑∞
n=1(−1)n−1an ñõîäèòñÿ.

Ïðèìåð. Ðàññìîòðèì ðÿä
∑∞

n=1(−1)n/n. Â äàííîì ñëó÷àå an = 1/n, òàê
÷òî an ìîíîòîííî óáûâàåò, ïðè÷åì limn→∞ an = 0. Ñëåäîâàòåëüíî, ïî òåîðåìå
Ëåéáíèöà ýòîò ðÿä ñõîäèòñÿ.

Îïðåäåëåíèå. Ðÿä
∑∞

n=1 an íàçûâàþò àáñîëþòíî ñõîäÿùèìñÿ, åñëè ñõîäèò-
ñÿ ðÿä

∑∞
n=1 |an|.

Ïðåäëîæåíèå. Àáñîëþòíî ñõîäÿùèéñÿ ðÿä ñõîäèòñÿ.
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Îáðàòíîå, âîîáùå ãîâîðÿ, íåâåðíî: ñóùåñòâóþò ñõîäÿùèåñÿ ðÿäû, êîòîðûå
íå ÿâëÿþòñÿ àáñîëþòíî ñõîäÿùèìèñÿ (òàêèå ðÿäû íàçûâàþò óñëîâíî ñõîäÿùè-

ìèñÿ). Íàïðèìåð, ðÿä
∑∞

n=1
(−1)n−1

n ñõîäèòñÿ (ïî òåîðåìå Ëåéáíèöà), îäíàêî, ýòîò

ðÿä íå ÿâëÿåòñÿ àáñîëþòíî ñõîäÿùèìñÿ, ïîñêîëüêó ðÿä
∑∞

n=1

∣∣∣ (−1)n−1

n

∣∣∣ = ∑∞
n=1

1
n

ðàñõîäèòñÿ (ãàðìîíè÷åñêèé ðÿä).

Ïðèìåðû.
1) Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà

∑∞
n=1 an, ãäå an = 2n

n4

Ðåøåíèå. Âîñïîëüçóåìñÿ ðàäèêàëüíûì ïðèçíàêîì Êîøè. Âû÷èñëÿåì:

lim
n→∞

n
√
an = lim

n→∞

2

( n
√
n)4

= 2 > 1

(ïîñêîëüêó limn→∞
n
√
n = 1), ñëåäîâàòåëüíî, ðÿä ðàñõîäèòñÿ.

2) Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=2 an, ãäå an = 1
n lnn

Ðåøåíèå. Ôóíêöèÿ 1/(xlnx) ïîëîæèòåëüíà ïðè x > 1 è ìîíîòîííî óáûâàåò
ïðè x > e, òàê ÷òî ìîæíî âîñïîëüçîâàòüñÿ èíòåãðàëüíûì ïðèçíàêîì. Ïîëó÷àåì:

∫ ∞

2

1

x lnx
dx =

∫ ∞

2

1

lnx
d(lnx) = ln lnx|∞2 = lim

x→∞
ln ln x− ln ln 2 = ∞,

òàêèì îáðàçîì, èíòåãðàë ðàñõîäèòñÿ, ñëåäîâàòåëüíî, ðÿä ðàñõîäèòñÿ.

3 Ïîñëåäîâàòåëüíîñòè è ðÿäû ôóíêöèé.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé {fn(x)}, n = 1, 2, . . ., îïðåäåëåííûõ
íà ìíîæåñòâå E ⊂ R.

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {fn(x)} íàçûâàåòñÿ ñõîäÿùåé-
ñÿ (ïîòî÷å÷íî) ê ôóíêöèè f íà ìíîæåñòâå E (îáîçíà÷àåòñÿ: fn → f), åñëè ÷èñ-
ëîâàÿ ïîñëåäîâàòåëüíîñòü {fn(x)} ñõîäèòñÿ ê f(x) ïðè êàæäîì x ∈ E. Äðóãèìè
ñëîâàìè, äëÿ ëþáîãî x ∈ E è ëþáîãî ε > 0 íàéäåòñÿ òàêîå N ∈ N, ÷òî äëÿ ëþ-
áîãî n > N âûïîëíåíî |fn(x)− f(x)| < ε. (Çäåñü ÷èñëî N çàâèñèò îò x ∈ E).

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {fn} íàçûâàåòñÿ ðàâíîìåðíî
ñõîäÿùåéñÿ ê ôóíêöèè f íà ìíîæåñòâå E (îáîçíà÷àåòñÿ: fn ⇒ f), åñëè äëÿ
ëþáîãî ε > 0 íàéäåòñÿ òàêîå N ∈ N, ÷òî äëÿ ëþáîãî n > N è ëþáîãî x ∈ E
âûïîëíåíî |fn(x)− f(x)| < ε. (Â ýòîì îïðåäåëåíèè ÷èñëî N óæå íå çàâèñèò îò
x).

Ïðåäëîæåíèå. Ðàâíîìåðíî ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü ôóíêöèé ñõî-
äèòñÿ ïîòî÷å÷íî.

Îáðàòíîå óòâåðæäåíèå, âîîáùå ãîâîðÿ, íåâåðíî.
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Åñëè ó íàñ åñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {fn(x)}, n = 1, 2, . . ., çàäàí-
íûõ íà ìíîæåñòâå E ⊂ R, òî ìû ìîæåì ïîñòðîèòü íîâóþ ïîñëåäîâàòåëüíîñòü
ôóíêöèé {Sn(x)}, n = 1, 2, . . ., Sn(x) =

∑n
k=1 fk(x), x ∈ E.

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðÿä
∑∞

n=1 fn(x) ñõîäèòñÿ (ðàâíîìåðíî ñõîäèòñÿ)
íà ìíîæåñòâå E, åñëè íà ìíîæåñòâå E ñõîäèòñÿ (ðàâíîìåðíî ñõîäèòñÿ) ïîñëå-
äîâàòåëüíîñòü {Sn(x)}.

Ôóíêöèè Sn(x), n ∈ N íàçûâàþòñÿ ÷àñòè÷íûìè ñóììàìè ðÿäà
∑∞

n=1 fn(x).
Ôóíêöèÿ S(x) òàêàÿ, ÷òî Sn(x) → S(x) íà ìíîæåñòâå E íàçûâàåòñÿ ñóììîé
ðÿäà

∑∞
n=1 fn(x).

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðÿä
∑∞

n=1 fn ñõîäèòñÿ àáñîëþòíî, åñëè ðÿä∑∞
n=1 |fn(x)| ñõîäèòñÿ äëÿ ëþáîãî x ∈ E.

Ñòåïåííûå ðÿäû.

Îïðåäåëåíèå. Ñòåïåííûì ðÿäîì íàçûâàåòñÿ ðÿä âèäà

∞∑
n=0

an(y − y0)
n, y ∈ R, y0 ∈ R. (2)

×èñëà an ∈ R, n = 0, 1, 2, . . . íàçûâàþòñÿ êîýôôèöèåíòàìè ðÿäà (2). Ñ ïîìî-
ùüþ çàìåíû ïåðåìåííîãî (y − y0) 7→ x ðÿä (2) ìîæåò áûòü ïðåîáðàçîâàí ê
âèäó

∞∑
n=0

anx
n. (3)

Ïîýòîìó ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ðÿäîâ âèäà (3).

Òåîðåìà. (Àáåëü) Åñëè ñòåïåííîé ðÿä (3) ñõîäèòñÿ ïðè íåêîòîðîì çíà÷åíèè
x = x1, òî îí ñõîäèòñÿ, è ïðèòîì àáñîëþòíî, ïðè âñåõ çíà÷åíèÿõ, äëÿ êîòîðûõ
|x| < |x1|. Åñëè ñòåïåííîé ðÿä ðàñõîäèòñÿ ïðè x = x1, òî îí ðàñõîäèòñÿ è ïðè
âñåõ x, äëÿ êîòîðûõ |x| > |x1|.

Òåîðåìà. Äëÿ âñÿêîãî ñòåïåííîãî ðÿäà ñóùåñòâóåò òàêîå ÷èñëî R ≥ 0, ÷òî
ïðè |x| > R ðÿä ñõîäèòñÿ, à ïðè |x| > R ðÿä ðàñõîäèòñÿ.

×èñëî R íàçûâàåòñÿ ðàäèóñîì ñõîäèìîñòè ðÿäà. Åñëè èíòåðâàë ñõîäèìîñòè
âûðîæäàåòñÿ â òî÷êó, òî R = 0. Åñëè æå ðÿä âñþäó ñõîäèòñÿ, òî åñòü ñõîäèòñÿ
ïðè ëþáîì çíà÷åíèè x, òî R = ∞.

Ðàäèóñ ñõîäèìîñòè R ñòåïåííîãî ðÿäà (3) ìîæíî îïðåäåëèòü ÷åðåç åãî êî-
ýôôèöèåíòû.

Îòäåëüíîãî îáñóæäåíèÿ òðåáóþò òî÷êè x = R, x = −R: ðÿä ìîæåò â íèõ
ñõîäèòüñÿ èëè ðàñõîäèòüñÿ, â çàâèñèìîñòè îò ïîâåäåíèÿ êîýôôèöèåíòîâ ðÿäà.
Òàêèì îáðàçîì, äëÿ ñòåïåííîãî ðÿäà èíòåðâàë ñõîäèìîñòè âêëþ÷àåò îòðåçîê
(−R,R) è, ìîæåò áûòü, îäíó èëè îáå òî÷êè x = −R, x = R.
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Òåîðåìà. Åñëè ñóùåñòâóåò ïðåäåë limn→∞

∣∣∣an+1

an

∣∣∣ = ρ, òî ðàäèóñ ñõîäèìîñòè

ðÿäà (3) ðàâåí R = ρ−1. (Ïðè ýòîì åñëè ρ = 0, òî R = +∞, åñëè ρ = +∞, òî
R = 0).

Òåîðåìà. (Êîøè-Àäàìàð) Åñëè ρ = limn→∞
n
√
|an|, òî ðàäèóñ ñõîäèìîñòè

ñòåïåííîãî ðÿäà (3) ðàâåí R = ρ−1. (Ïðè ýòîì åñëè ρ = 0, òî R = +∞, åñëè
ρ = +∞, òî R = 0).

Ðàçëîæåíèå ôóíêöèé â ñòåïåííûå ðÿäû. Ðÿä Òåéëîðà.

Â ýòîì ðàçäåëå ìû áóäåì ðàññìàòðèâàòü ôóíêöèè, ïðåäñòàâèìûå â âèäå
ñòåïåííîãî ðÿäà, òî åñòü ôóíêöèè âèäà

f(x) =
∞∑
n=0

an(x− x0)
n, an ∈ R, n = 0, 1, 2, . . . , x0 ∈ R. (4)

Òàêèå ôóíêöèè íàçûâàþò àíàëèòè÷åñêèìè.

Òåîðåìà. Åñëè ôóíêöèÿ f(x) ïðåäñòàâèìà â âèäå ñòåïåííîãî ðÿäà, f(x) =∑∞
n=0 an(x− x0)

n, ñ ðàäèóñîì ñõîäèìîñòè R > 0, òî
1) ôóíêöèÿ f(x) èìååò íà èíòåðâàëå (x0−R, x0+R) ïðîèçâîäíûå âñåõ ïîðÿä-

êîâ, êîòîðûå ìîãóò áûòü íàéäåíû èç ðÿäà (4) ïî÷ëåííûì äèôôåðåíöèðîâàíèåì:

f (m)(x) =
∞∑

n=m

n(n− 1) . . . (n−m+ 1)an(x− x0)
n−m, m = 1, 2, . . . ; (5)

2) äëÿ ëþáîãî x ∈ (x0 −R, x0 +R)∫ x

x0

f(t)dt =
∞∑
n=0

an
n+ 1

(x− x0)
n+1, (6)

òàêèì îáðàçîì, ðÿä (4) ìîæíî ïî÷ëåííî èíòåãðèðîâàòü íà èíòåðâàëå (x0 −
R, x0 +R);

3) ðÿäû (4), (5) è (6) èìåþò îäèíàêîâûå ðàäèóñû ñõîäèìîñòè.

Òåîðåìà. Åñëè ôóíêöèÿ f(x) ðàñêëàäûâàåòñÿ â íåêîòîðîé îêðåñòíîñòè
òî÷êè x0 â ñòåïåííîé ðÿä f(x) =

∑∞
n=0 an(x− x0)

n, òî

an =
f (n)(x0)

n!
, n = 0, 1, 2, . . . ,

è, ñëåäîâàòåëüíî, ñïðàâåäëèâà ôîðìóëà

f(x) =
∞∑
n=0

f (n)(x0)

n!
(x− x0)

n.
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Îïðåäåëåíèå. Ðÿä

∞∑
n=0

f (n)(x0)

n!
(x− x0)

n (7)

íàçûâàþò ðÿäîì Òåéëîðà ôóíêöèè f â òî÷êå x0. Ïðè x0 = 0 ðÿä (7) íàçûâàþò
ðÿäîì Ìàêëîðåíà ôóíêöèè f .

Ïóñòü ôóíêöèÿ f èìååò â òî÷êå x0 ïðîèçâîäíûå äî ïîðÿäêà n âêëþ÷èòåëüíî.
Òîãäà ìîæíî çàïèñàòü

f(x) =
n∑

k=0

f (k)(x0)

k!
(x− x0)

k + rn(x0; x). (8)

Ôîðìóëà (8) íàçûâàåòñÿ ôîðìóëîé Òåéëîðà. Ôóíêöèÿ rn(x0;x) íàçûâàåòñÿ n-ì
îñòàòî÷íûì ÷ëåíîì ôîðìóëû Òåéëîðà.

Ïðåäëîæåíèå. Ïóñòü ôóíêöèÿ f(x) áåñêîíå÷íî äèôôåðåíöèðóåìà â íåêî-
òîðîé îêðåñòíîñòè òî÷êè x0. Äëÿ òîãî, ÷òîáû ôóíêöèÿ f ðàâíÿëàñü ñóììå ñâî-

åãî ðÿäà Òåéëîðà â íåêîòîðîé òî÷êå x, òî åñòü f(x) =
∑∞

n=0
f (n)(x0)

n! (x − x0)
n,

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà (8) ñòðå-
ìèëñÿ ê íóëþ ïðè n→ ∞: limn→∞ rn(x0;x) = 0.

Òåîðåìà. Åñëè ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ ïîðÿäêà n+1 íà èíòåðâà-
ëå (x0−h, x0+h), h > 0, òî îñòàòî÷íûé ÷ëåí rn(x0;x) åå ôîðìóëû Òåéëîðà (8)
äëÿ âñåõ x ∈ (x0 − h, x0 + h) ìîæíî çàïèñàòü â âèäå:

rn(x0; x) =
f (n+1)(x0 + θ(x− x0))

(n+ 1)!
(x− x0)

n+1, (9)

ãäå 0 < θ < 1. Ôîðìóëà (9) íàçûâàåòñÿ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà.

Ïðèìåð.
Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà

∑∞
n=1 anx

n, ãäå an = lnn
n

Ðåøåíèå. Âîñïîëüçóåìñÿ òåîðåìîé Êîøè-Àäàìàðà:

ρ = lim
n→∞

n
√
|an| = lim

n→∞
n

√
lnn

n
= 1,

ñëåäîâàòåëüíî, R = 1
ρ = 1. Ïðè x = −1 ïîëó÷àåì ðÿä

∑∞
n=1(−1)n lnn

n , êîòîðûé

ñõîäèòñÿ (ïî òåîðåìå Ëåéáíèöà). Ïðè x = 1 ïîëó÷àåì ðÿä
∑∞

n=1
lnn
n , êîòîðûé

ðàñõîäèòñÿ. Òàêèì îáðàçîì, èíòåðâàë ñõîäèìîñòè íàøåãî ðÿäà [−1, 1).

Ðÿäû Ôóðüå.

Îïðåäåëåíèå. Ðÿäû âèäà
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a0
2
+

∞∑
n=1

(
an cos

nπx

l
+ bn sin

nπx

l

)
, (10)

l > 0, an ∈ R, n = 0, 1, 2, . . . , bn ∈ R, n = 1, 2, . . .

íàçûâàþò òðèãîíîìåòðè÷åñêèìè ðÿäàìè. ×èñëà an, bn íàçûâàþò êîýôôèöèåí-
òàìè òðèãîíîìåòðè÷åñêîãî ðÿäà (10).

Îïðåäåëåíèå. Ñèñòåìà ôóíêöèé

1

2
, cos

πx

l
, sin

πx

l
, . . . , cos

nπx

l
, sin

nπx

l
, . . . , l > 0

íàçûâàåòñÿ îñíîâíîé òðèãîíîìåòðè÷åñêîé ñèñòåìîé íà èíòåðâàëå (−l, l).
Îïðåäåëåíèå. Ïóñòü ôóíêöèÿ f çàäàíà íà èíòåðâàëå (−l, l). ×èñëà

a0 =
1

l

∫ l

−l

f(x)dx, an =
1

l

∫ l

−l

f(x) cos
nπx

l
dx, bn =

1

l

∫ l

−l

f(x) sin
nπx

l
dx, n = 1, 2, . . .

(11)

íàçûâàþòñÿ êîýôôèöèåíòàìè Ôóðüå ôóíêöèè f(x) ïî îñíîâíîé òðèãîíîìåòðè-
÷åñêîé ñèñòåìå.

Çàìå÷àíèå. ×àùå âñåãî â ïðèëîæåíèÿõ èñïîëüçóþò âàðèàíò, êîãäà l = π.
Ïðè ýòîì è ôîðìóëû (11) ñòàíîâÿòñÿ íåñêîëüêî ïðîùå:

a0 =
1

π

∫ π

−π

f(x)dx, an =
1

π

∫ π

−π

f(x) cos(nx)dx, bn =
1

π

∫ π

−π

f(x) sin(nx)dx, n = 1, 2, . . .

(12)

Îïðåäåëåíèå. Òðèãîíîìåòðè÷åñêèé ðÿä (10), êîýôôèöèåíòû êîòîðîãî
îïðåäåëÿþòñÿ ïî ôîðìóëàì (11), íàçûâàåòñÿ ðÿäîì Ôóðüå ôóíêöèè f(x).

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ôóíêöèÿ f(x), çàäàííàÿ íà èíòåðâàëå (−l, l),
óäîâëåòâîðÿåò óñëîâèÿì Äèðèõëå, åñëè îíà

1) îãðàíè÷åíà íà ýòîì èíòåðâàëå;
2) èìååò íà ýòîì èíòåðâàëå íå áîëåå, ÷åì êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà

ïåðâîãî ðîäà;
3) èìååò íà ýòîì èíòåðâàëå íå áîëåå, ÷åì êîíå÷íîå ÷èñëî òî÷åê ýêñòðåìóìà.

Òåîðåìà. Åñëè íà èíòåðâàëå (−l, l) ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì
Äèðèõëå, òî åå ðÿä Ôóðüå ñõîäèòñÿ â êàæäîé òî÷êå ýòîãî èíòåðâàëà. Ñóììà
ýòîãî ðÿäà ðàâíà

1) f(x), åñëè x � òî÷êà íåïðåðûâíîñòè ôóíêöèè f ;
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2) 1
2 [f(x− 0) + f(x+ 0)], åñëè x � òî÷êà ðàçðûâà ôóíêöèè f ;

3) 1
2 [f(−l + 0) + f(l − 0)] íà êîíöàõ ýòîãî èíòåðâàëà.

Òåîðåìà. Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [−l, l] è èìååò íà
ýòîì îòðåçêå íå áîëåå, ÷åì êîíå÷íîå ÷èñëî òî÷åê ýêñòðåìóìà. Åñëè âûïîëíåíî
ðàâåíñòâî f(−l) = f(l), òî ðÿä Ôóðüå ôóíêöèè f ñõîäèòñÿ ðàâíîìåðíî íà ýòîì
îòðåçêå, è ñóììà åãî â ïðîèçâîëüíîé òî÷êå x ∈ [−l, l] ðàâíà çíà÷åíèþ ôóíêöèè
f â ýòîé òî÷êå.

Çàìå÷àíèå. Èç îïðåäåëåíèé ñëåäóåò, ÷òî åñëè f(x) � ÷åòíàÿ ôóíêöèÿ, òî
åå ðÿä Ôóðüå èìååò âèä

a0
2
+

∞∑
n=1

an cos
nπx

l
.

Ðÿä Ôóðüå íå÷åòíîé ôóíêöèè èìååò âèä

∞∑
n=1

bn sin
nπx

l
.

Îïðåäåëåíèå. ×èñëî T > 0 íàçûâàþò ïåðèîäîì ôóíêöèè f , åñëè äëÿ ëþ-
áîãî ÷èñëà x, ïðèíàäëåæàùåãî îáëàñòè îïðåäåëåíèÿ E ⊂ R ôóíêöèè f , ÷èñëà
x + T è x − T òàêæå ïðèíàäëåæàò E è äëÿ ëþáîãî x ∈ E âûïîëíåíî óñëîâèå
f(x+ T ) = f(x). Ôóíêöèÿ, èìåþùàÿ ïåðèîä T , íàçûâàåòñÿ T -ïåðèîäè÷åñêîé.

Åñëè ôóíêöèÿ f îïðåäåëåíà íà ïðîìåæóòêå [−l, l) òî åå ìîæíî ïðîäîëæèòü
íà âñþ ÷èñëîâóþ îñü òàê, ÷òîáû ïîëó÷èëàñü 2l-ïåðèîäè÷åñêàÿ ôóíêöèÿ. Ñëå-
äóåò ïîëîæèòü

g(x+ 2lk) = f(x), x ∈ [−l, l), k = 0,±1,±2, . . . .

Ôóíêöèÿ g, î÷åâèäíî, � 2l-ïåðèîäè÷åñêàÿ è íà ïðîìåæóòêå [−l, l) ñîâïàäàåò ñ
ôóíêöèåé f . Ïîýòîìó ôóíêöèè f è g, ðàññìàòðèâàåìûå òîëüêî íà èíòåðâàëå
(−l, l) èìåþò îäèí è òîò æå ðÿä Ôóðüå.

Çàìå÷àíèå. Åñëè ôóíêöèÿ f ÿâëÿåòñÿ T -ïåðèîäè÷åñêîé, èíòåãðèðóåìîé íà
îòðåçêå [0, T ] (â ñîáñòâåííîì èëè íåñîáñòâåííîì ñìûñëå), òî äëÿ ëþáîãî ÷èñëà
a èìååò ìåñòî ðàâåíñòâî ∫ a+T

a

f(x)dx =

∫ T

0

f(x)dx.

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâ Ôóðüå 2l-ïåðèîäè÷åñêîé ôóíêöèè, óäîâëå-
òâîðÿþùåé íà èíòåðâàëå (−l, l) óñëîâèÿì Äèðèõëå, ñïðàâåäëèâû ôîðìóëû
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a0 =
1

l

∫ 2l

0

f(x)dx, an =
1

l

∫ 2l

0

f(x) cos
nπx

l
dx,

bn =
1

l

∫ 2l

0

f(x) sin
nπx

l
dx, n = 1, 2, . . . (13)

Òåîðåìà. Åñëè f(x) � 2l-ïåðèîäè÷åñêàÿ ôóíêöèÿ è íà èíòåðâàëå (−l, l)
óäîâëåòâîðÿåò óñëîâèÿì Äèðèõëå, òî åå ðÿä Ôóðüå ñõîäèòñÿ â êàæäîé òî÷êå
x ∈ R. Ñóììà ýòîãî ðÿäà ðàâíà

1) f(x), åñëè x � òî÷êà íåïðåðûâíîñòè ôóíêöèè f ;
2) 1

2 [f(x− 0) + f(x+ 0)], åñëè x � òî÷êà ðàçðûâà ôóíêöèè f .

Ïðèìåð.
Ðàçëîæèòü ôóíêöèþ f(x) = x2 â ðÿä Ôóðüå íà èíòåðâàëå (−π, π).
Ðåøåíèå. Ïðîäîëæèì ôóíêöèþ f íà âñþ ÷èñëîâóþ îñü òàê, ÷òîáû ïîëó-

÷èëàñü 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ. Ïîëîæèì

g(x+ 2πk) = f(x), x ∈ (−π, π), k = 0,±1,±2, . . . ,

g((2k + 1)π) = 0, k = 0,±1,±2, . . . .

Íà èíòåðâàëå (−π, π) ôóíêöèè f è g èìåþò îäèí è òîò æå ðÿä Ôóðüå. Íàéäåì
êîýôôèöèåíòû ýòîãî ðÿäà:

a0 =
1

π

∫ π

−π

x2dx =
2π2

3
,

an =
1

π

∫ π

−π

x2 cosnxdx =
1

π

(
x2

sinnx

n
+

2

n2
x cosnx− 2

n3
sinnx

)∣∣∣∣π
−π

=
4

n2
(−1)n.

Ïîñêîëüêó ôóíêöèÿ g � ÷åòíàÿ, êîýôôèöèåíòû bn ðàâíû íóëþ. Òàêèì îáðàçîì,
íà èíòåðâàëå (−π, π)

x2 =
π2

3
+ 4

∞∑
n=1

(−1)n

n2
cosnx.

Êîíòðîëüíàÿ ðàáîòà.

Ïðèìåð 1.

Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n!
(n+1)!2n

11



Ðåøåíèå. Ýòî ïîëîæèòåëüíûé ðÿä, âîñïîëüçóåìñÿ ïðèçíàêîì Äàëàìáåðà:

lim
n→∞

an+1

an
= lim

n→∞

(n+ 1)!/((n+ 2)!2n+1)

n!/((n+ 1)!2n)
= lim

n→∞

(n+ 1)2

n(n+ 2)2
=

1

2
< 1,

ñëåäîâàòåëüíî, ðÿä ñõîäèòñÿ.

Ïðèìåð 2.

Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (4n+3)n

(5n+2)n

Ðåøåíèå. Ýòî ïîëîæèòåëüíûé ðÿä, âîñïîëüçóåìñÿ ðàäèêàëüíûì ïðèçíà-
êîì Êîøè:

lim
n→∞

n
√
an = lim

n→∞

4n+ 3

5n+ 2
=

4

5
< 1,

ñëåäîâàòåëüíî, ðÿä ñõîäèòñÿ.

Ïðèìåð 3.

Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n2+8
3n4+n+1

Ðåøåíèå. Ýòî ïîëîæèòåëüíûé ðÿä. Âîñïîëüçóåìñÿ ïðèçíàêîì ñðàâíåíèÿ.
Ñðàâíèì äàííûé ðÿä ñ ïîëîæèòåëüíûì ðÿäîì (ñõîäÿùèìñÿ)

∑∞
n=1 bn, ãäå bn =

1
n2 .

lim
n→∞

an
bn

= lim
n→∞

(n2 + 8)/(3n4 + n+ 1)

1/n2
=

n4 + 8n2

3n4 + n+ 1
=

1

3
.

Äàííûé ïðåäåë êîíå÷åí è îòëè÷åí îò íóëÿ, ñëåäîâàòåëüíî, ðÿäû
∑∞

n=1 an è∑∞
n=1 bn âåäóò ñåáÿ îäèíàêîâî. Çíà÷èò, èññëåäóåìûé ðÿä ñõîäèòñÿ.

Ïðèìåð 4.

Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = 1

n 10n−1

Ðåøåíèå.

ρ = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

n 10n−1

(n+ 1) 10n
=

1

10
,

ñëåäîâàòåëüíî, R = 1
ρ = 10. Ïðè x = −10 ïîëó÷àåì ðÿä

∑∞
n=1(−1)n 10

n , êîòîðûé

ñõîäèòñÿ (ïî òåîðåìå Ëåéáíèöà). Ïðè x = 10 ïîëó÷àåì ðÿä
∑∞

n=1
10
n , êîòîðûé

ðàñõîäèòñÿ. Òàêèì îáðàçîì, èíòåðâàë ñõîäèìîñòè íàøåãî ðÿäà [−10, 10).

Ïðèìåð 5.

Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ 0.2

0.1
e−x

x3 dx ñ àáñîëþòíîé ïîãðåøíî-
ñòüþ ∆ = 0.001.
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Ðåøåíèå. Ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è ïðîèí-
òåãðèðîâàâ åãî ïî÷ëåííî, ïîëó÷èì

I =

∫ 0.2

0.1

e−x

x3
dx =

∫ 0.2

0.1

1

x3

(
1− x+

x2

2
+ . . .+ (−1)n

xn

n!
+ . . .

)
dx =

=

∫ 0.2

0.1

(
1

x3
− 1

x2
+

1

2x
− 1

6
+

x

24
+ . . .+ (−1)n

xn−3

n!
+ . . .

)
dx =

=

(
− 1

2x2
+

1

x
+

1

2
lnx− x

6
+ . . .+ (−1)n

xn−2

(n− 2)n!
+ . . .

)∣∣∣∣0.2
0.1

;

∆ < 0.2n−2−0.1n−2

(n−2)n! < 0.001 ïðè n = 4. Ñëåäîâàòåëüíî, I ≈(
− 1

2x2 +
1
x +

1
2 lnx−

x
6

)∣∣0.2
0.1

≈ 32.831.

Ïðèìåð 6.

Ðàçëîæèòü ôóíêöèþ f(x) = x2 â ðÿä Ôóðüå íà èíòåðâàëå (0, 2π).

Ðåøåíèå. Ïðîäîëæèì ôóíêöèþ f íà âñþ ÷èñëîâóþ îñü òàê, ÷òîáû ïîëó-
÷èëàñü 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ. Ïîëîæèì

g(x+ 2πk) = f(x), x ∈ (0, 2π), k = 0,±1,±2, . . . ,

g(2πk) = 0, k = 0,±1,±2, . . . .

Íà èíòåðâàëå (0, 2π) ôóíêöèè f è g èìåþò îäèí è òîò æå ðÿä Ôóðüå. Íàéäåì
êîýôôèöèåíòû ýòîãî ðÿäà:

a0 =
1

π

∫ 2π

0

x2dx =
8π2

3
,

an =
1

π

∫ 2π

0

x2 cosnxdx =
1

π

(
x2

sinnx

n
+

2

n2
x cosnx− 2

n3
sinnx

)∣∣∣∣2π
0

=
4

n2
,

bn =
1

π

∫ 2π

0

x2 sinnxdx =
1

π

(
−x2cosnx

n
+

2

n2
x sinnx+

2

n3
cosnx

)∣∣∣∣2π
0

= −4π

n
.

Òàêèì îáðàçîì, íà èíòåðâàëå (0, 2π)

x2 =
4π2

3
+ 4

∞∑
n=1

(
1

n2
cosnx− π

n
sinnx

)
.
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Êîíòðîëüíàÿ ðàáîòà 3.

Âàðèàíò 1

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n+6)5n

(2n2+2n+3)3n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (4n−1)3n

(5n+1)3n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n2+n
2n2+1 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n+1)n/3

n! .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = e−x2/3; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = x− 1;
a = −1; b = 1.

Âàðèàíò 2

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2+5
(2n2+n)4n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (3n2−2n+3)n

(2n3+2n−3)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n+7
n4+2n+1 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = 2n

n(n+1) .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x ln(1 + x2); b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = 2+ |x|;
a = −1; b = 1.

Âàðèàíò 3

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n+4)3n

(n2+8)5n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n2+2n+7)2n

(7n+5)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n+5
3n3+n+3 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (2n)!

nn .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = sinx2

x2 ; b = 1.
6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = |x|;

a = −π; b = π.
Âàðèàíò 4

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n(n+1)!n!
(2n)! .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n2−n+5)n

(2n+1)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n3+2n2−2n+3
4n3−2n2+3n+2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = 3nn!

(n+1)n .
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5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = arctan(x2); b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = x2 + 1;
a = −2; b = 2.

Âàðèàíò 5

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (3n−2)5n

(2n3+1)2n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n2+n−1)n

(n2−n+1)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2−3n+4
n5+2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = n

3n(n+1) .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x sin(x2); b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = |1−x|;
a = −2; b = 2.

Âàðèàíò 6

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n

n4+n+1 .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n+6)3n

(4n−1)3n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2+n−1
3n2−n+1 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = 5n

n1/n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x2 ln(1 + x1/2); b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = x + 1;
a = −π; b = π.

Âàðèàíò 7

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n−1)!
(n+1)!(n+2)! .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n−1)n

(4n+2)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2+5n−2
8n+1 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (1+ 1

n)
n.

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = sin(x2); b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = π/4−
x/2; a = 0; b = π.

Âàðèàíò 8

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n+2)6n

(n3+1)4n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n3−2n−3)n

(3n2+5n+1)n .
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3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 5n2+2n+3
n3+4 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = n+1

3n(n+2) .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) =

√
1 + x2; b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = (π −
x)/2; a = −π; b = π.

Âàðèàíò 9

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n2+7n)4n

(n+1)3n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n+7)2n

(3n2+7n+5)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 5n2+6
4n2+1 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an =

3n

(3n(3n−1))1/2
.

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x1/2 cosx; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b).

f(x) =

{
0, −π 6 x 6 0

x, 0 6 x 6 π

a = −π; b = π.
Âàðèàíò 10

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n+3)!(n+4)!
(2n)! .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n+10)n

(n2+n+7)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2+1
4n4+n .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = n+2

n(n+1) .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = xe−x; b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b).

f(x) =

{
2, −π 6 x 6 0

1, 0 6 x 6 π

a = −π; b = π.
Âàðèàíò 11

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n+2)4n

(n3+1)6n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n2+n−6)n

(5n2+n+2)n .
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3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n−1
2n4+2n2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = n+2

(3n3+n)2n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x1/3 cosx; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = π−x
2 ;

a = 0; b = 2π.
Âàðèàíò 12

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n2+2n)3n

(n2+n+3)4n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n−3)2n

(3n+2)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n+3
n3+4n2+2n .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = 2n+3

(n2+3)3n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = arcsinx

x ; b = 0.5.
6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = 2x;

a = −π; b = π.
Âàðèàíò 13

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n)!
(n!)2 .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (3n2+1)n

(2n+7)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n2+5n+3
2n2−n+5 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = n+1

(n2+2)2n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = cos x2; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = 2x;
a = 0; b = 2π.

Âàðèàíò 14

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n2−n+2)4n

4n3−2n+3 .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n+2)2n

(3n2−1)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n2−2n+3
2n2+n+2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n2+4n)4n

2n+5 .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = arctanx

x ; b = 0.5.
6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = 2x;

a = −2; b = 2.
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Âàðèàíò 15

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n−1)2n

(n2+1)3n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (4n2+2n−7)2n

(6n+5)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n+2
n3+2n+2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n2−3)4n

3n2+n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x cosx2; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = |x|;
a = −2; b = 2.

Âàðèàíò 16

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n+1)!
n!(n+2)! .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n2+n−5)n

(n+7)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n2+n+6
3n+7 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n2+3)3n

n3+4n2 .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è

ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = ln(1+x)
x ; b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = |x+1|;
a = −π; b = π.

Âàðèàíò 17

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (2n2+5n)3n

n3+8 .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (4n2+3n−1)n

(n2+n+1)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n2+4n+3
2n3+n2 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n+5)3n

4n2+n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è

ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = ln(1+x2)
x2 ; b = 1.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = π + x;
a = −π; b = π.

Âàðèàíò 18

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n2+3n+5)5n

(n+2)4n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (3n+4)2n

(5n+6)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n2+3n+4
n2+4n .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n+1)4n

n4+3n2 .
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5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = xe−x2

; b = 0.5.
6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b).

f(x) =

{
−2x, −π 6 x 6 0

0, 0 6 x 6 π

a = −π; b = π.
Âàðèàíò 19

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n!(n−1)!
(2n+2)! .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (5n2+2)n

(4n+2)2n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = n2−6
n4+6 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n+1)4n

2n3+4n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = ln cosx

x2 ; b = 1.
6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b).

f(x) =

{
1, −π 6 x 6 0

3, 0 6 x 6 π

a = −π; b = π.
Âàðèàíò 20

1. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 3n2+7n
(n+3)3n .

2. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = (n+4)2n

(4n2+1)n .

3. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâîãî ðÿäà
∑∞

n=1 an, ãäå an = 2n+1
3n4+n3 .

4. Íàéòè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà
∑∞

n=1 anx
n, ãäå an = (n+4)2n

(2n2+3)5n .

5. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë I =
∫ b

0 f(x)dx ñ àáñîëþòíîé ïîãðåø-
íîñòüþ ∆ = 0.001, ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â ñòåïåííîé ðÿä è
ïðîèíòåãðèðîâàâ åãî ïî÷ëåííî. f(x) = x ln(1 + x1/3); b = 0.5.

6. Ðàçëîæèòü ôóíêöèþ f(x) â ðÿä Ôóðüå íà èíòåðâàëå (a, b). f(x) = |x− 1|;
a = 0; b = 2π.

4 Ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ

4.1 Íà÷àëüíûå îïðåäåëåíèÿ

Çäåñü áóäóò îáñóæäàòüñÿ ôóíêöèè äâóõ ïåðåìåííûõ - îáîáùåíèÿ ïðèâîäèìûõ
ðåçóëüòàòîâ íà ñëó÷àé òðåõ è áîëüøå ïåðåìåííûõ ìîãóò áûòü íàéäåíû â áî-
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ëåå ïðîäâèíóòûõ ðóêîâîäñòâàõ. Íà ïëîñêîñòè ñòàíäàðòíûì îáðàçîì ââîäèòñÿ
äåêàðòîâà ñèñòåìà êîîðäèíàò - äâå îðòîãîíàëüíûå äðóã äðóãó îñè, îäíà èç êî-
òîðûõ òðàäèöèîííî îáîçíà÷àåòñÿ X, âòîðàÿ Y. Êîîðäèíàòû òî÷êè M îáîçíà÷à-
þòñÿ, ñîîòâåòñòâåííî, x è y, ñì. ðèñ.1. Òî÷êó íà ïëîñêîñòè ìû áóäåì îáîçíà÷àòü

Ðèñ. 1: Äåêàðòîâû êîîðäèíàòû íà ïëîñêîñòè.

èëè M èëè (x,y) èëè M(x,y). Äëÿ çàäàíèÿ ðàññòîÿíèÿ ìåæäó òî÷êàìè M è N èñ-
ïîëüçóåòñÿ ρ(M,N) =

√
(xM − xN)2 + (yM − yN)2. Äëÿ ôèêñèðîâàííîé òî÷êè

N ìíîæåñòâî òî÷åê M , óäîâëåòâîðÿþùèõ íåðàâåíñòâó ρ(M,N) < r íàçûâàþò
(îòêðûòûì) øàðîì ðàäèóñà r ñ öåíòðîì â òî÷êå N . Êðèâóþ y = f(x) (èëè
x = g(y) ) áóäåì íàçûâàòü ãëàäêîé, åñëè ñîîòâåòñòâóþùàÿ ôóíêöèÿ f(x) (èëè
g(y)) äèôôåðåíöèðóåìà (íåîáõîäèìîå ÷èñëî ðàç) âî âñåé îáëàñòè îïðåäåëåíèÿ.
Îáëàñòüþ Ω íà ïëîñêîñòè ìû áóäåì íàçûâàòü ìíîæåñòâî òî÷åê íà ïëîñêîñòè,
îãðàíè÷åííîå êîíå÷íûì íàáîðîì ãëàäêèõ êðèâûõ (íà ðèñ. 2 îáëàñòü îãðàíè÷åíà
3 êðèâûìè). Ãðàíèöåé îáëàñòè Ω ìû áóäåì íàçûâàòü ñîâîêóïíîñòü êðèâûõ, åå
îãðàíè÷èâàþùèõ, îáû÷íî åå îáîçíà÷àþò ∂Ω. Îáëàñòü íàçûâàåòñÿ çàìêíóòîé,
åñëè îíà ñîäåðæèò îãðàíè÷èâàþùèå åå êðèâûå. Îáëàñòü íàçûâàåòñÿ îòêðû-
òîé, åñëè âìåñòå ñ ëþáîé ñâîåé òî÷êîé N îíà ñîäåðæèò è íåêîòîðûé øàð ñ
öåíòðîì â ýòîé òî÷êå (îòñþäà ñëåäóåò, ÷òî îíà íå ñîäåðæèò îãðàíè÷èâàþùèå
åå êðèâûå). Òàêîé øàð ñ öåíòðîì â òî÷êå N íàçûâàþò îêðåñòíîñòüþ òî÷êè
N . Îáëàñòü íàçûâàåòñÿ îãðàíè÷åííîé, åñëè ñóùåñòâóåò òàêàÿ êîíå÷íàÿ ïî-
ëîæèòåëüíàÿ êîíñòàíòà A, ÷òî äëÿ âñåõ åå òî÷åê M âûïîëíÿåòñÿ íåðàâåíñòâî
ρ(M,O) < A, O = (0, 0). Åñëè âìåñòå ñ òî÷êîé â îáëàñòü âõîäèò è íåêîòî-
ðûé øàð ñ öåíòðîì â ýòîé òî÷êå, îíà íàçûâàåòñÿ âíóòðåííåé òî÷êîé îáëàñòè
(òî÷êà M íà ðèñ.2). Åñëè òî÷êà ïðèíàäëåæèò îáëàñòè, è íèêàêîé øàð ñ öåí-
òðîì â ýòîé òî÷êå, íå âõîäèò â îáëàñòü, òî÷êó íàçûâàþò ãðàíè÷íîé ( è îíà
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ïðèíàäëåæèò ãðàíèöå îáëàñòè ∂Ω, òî÷êà N íà ðèñ.2).

Ðèñ. 2: Îáëàñòü íà ïëîñêîñòè.

Ñïîñîáû çàäàíèÿ ôóíêöèè .
Åñëè êàêèì-ëèáî ñïîñîáîì êàæäîé òî÷êå M ∈ Ω,M = (x, y), ñîïîñòàâëåíî

÷èñëî z, òî ãîâîðÿò, ÷òî â îáëàñòè Ω çàäàíà ÷èñëîâàÿ ôóíêöèÿ z = f(x, y).
Ýòîò ñïîñîá ìîæåò áûòü ñëîâåñíûì îïèñàíèåì, ÿâíûì àíàëèòè÷åñêèì îïèñàíè-
åì, íàïðèìåð, f(x, y) = sin(x + 2y) èëè íåÿâíûì - êàê ðåøåíèå êàêîãî-íèáóäü
óðàâíåíèÿ, íàïðèìåð, sinz + x2 − y2 = 0. Îáû÷íî ïðè ýòîì ïîäðàçóìåâàåòñÿ
è êàêîå-ëèáî îïèñàíèå îáëàñòè îïðåäåëåíèÿ ôóíêöèè - íàïðèìåð, ìíîæåñòâî
òî÷åê ïëîñêîñòè, äëÿ êîòîðûõ äîïóñòèìû îïåðàöèè, íåîáõîäèìûå äëÿ âû÷èñ-
ëåíèÿ çíà÷åíèÿ ôóíêöèè. Åñëè M = (x, y), òî ìîæíî äëÿ êðàòêîñòè âìåñòî
f(x, y) èñïîëüçîâàòü îáîçíà÷åíèå f(M).

Ïðåäåë ôóíêöèè .
Áóäåì ñíà÷àëà ñ÷èòàòü, ÷òî M0 - âíóòðåííÿÿ òî÷êà îáëàñòè Ω.
Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ôóíêöèÿ f(x, y) èìååò â òî÷êå M0 ïðåäåëîì

êîíå÷íîå ÷èñëî A, åñëè äëÿ ëþáîãî êîíå÷íîãî ε > 0 íàéäåòñÿ òàêîå δ > 0,
òî äëÿ âñåõ òî÷åê M , óäîâëåòâîðÿþùèõ óñëîâèþ ρ(M,M0) < δ ñïðàâåäëèâî
íåðàâåíñòâî | f(M)− f(M0) |< ε.

Îáîçíà÷åíèå. Ýòîò ôàêò îáîçíà÷àþò ñëåäóþùèì îáðàçîì:
limM−→M0

f(M) = A èëè limx−→x0,y−→y0 f(M) = A.
Ýòî îïðåäåëåíèå ìîæíî ïåðåäåëàòü è â òîì ñëó÷àå, êîãäà òî÷êà M0 - ãðà-

íè÷íàÿ òî÷êà îáëàñòè, äëÿ ýòîãî äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî òå òî÷êèM ,
êîòîðûå ïðèíàäëåæàò îáëàñòè Ω.

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ôóíêöèÿ f(x, y) èìååò â òî÷êå M0 ∈ ∂Ω ïðåäå-
ëîì êîíå÷íîå ÷èñëî A, åñëè äëÿ ëþáîãî êîíå÷íîãî ε > 0 íàéäåòñÿ òàêîå δ > 0,
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òî äëÿ âñåõ òî÷åêM ∈ Ω, óäîâëåòâîðÿþùèõ óñëîâèþ ρ(M,M0) < δ ñïðàâåäëèâî
íåðàâåíñòâî | f(M)− f(M0) |< ε.

Îáîçíà÷åíèå. Ýòîò ôàêò îáîçíà÷àþò ñëåäóþùèì îáðàçîì:
limM→M0,M∈Ω f(M) = A.

Êàê è äëÿ ôóíêöèè îäíîé ïåðåìåííîé ìîæíî îïðåäåëèòü è áåñêîíå÷íûé
ïðåäåë (A = ∞), à òàêæå îïðåäåëèòü ïðåäåë (êîíå÷íûé èëè áåñêîíå÷íûé) è â
áåñêîíå÷íî óäàëåííîé òî÷êå M .

Ðàçóìååòñÿ, åñëè limx→x0,y→y0 f(M) = A, òî limx→x0
f(x, y0) =

A,limy→y0 f(x0, y) = A, îäíàêî îáðàòíîå íåâåðíî: èç ñóùåñòâîâàíèÿ è ðà-
âåíñòâà äâóõ ïîñëåäíèõ ïðåäåëîâ ÍÅ ÑËÅÄÓÅÒ ñóùåñòâîâàíèå ïðåäå-
ëà limx→x0,y→y0 f(M) è åãî ðàâåíñòâî A. Ñòàíäàðòíûé ïðèìåð: f(x, y) =
xy

x2+y2 â òî÷êå O = (0, 0): ñóùåñòâóþò è ðàâíû ïðåäåëû limx→0 f(x, 0) =

0,limy→0 f(0, y) = 0, îäíàêî åñëè ìû áóäåì ïðèáëèæàòüñÿ ê òî÷êå O ïî ïðÿ-
ìîé x = θy, ìû ïîëó÷èì çíà÷åíèå θ

1+θ2 , çàâèñÿùåå îò θ. Ýòî ïîêàçûâàåò, ÷òî
äàííàÿ ôóíêöèÿ ïðè M → O íå èìååò ïðåäåëà.

Íåïðåðûâíûå ôóíêöèè.
Ïóñòü M0 - âíóòðåííÿÿ òî÷êà îáëàñòè Ω.
Îïðåäåëåíèå. Ôóíêöèþ f(x, y) íàçûâàþò íåïðåðûâíîé â òî÷êå M0, åñëè

ñóùåñòâóåò êîíå÷íûé ïðåäåë limM−→M0
f(M) = A, ïðè÷åì A = f(M0).

Àíàëîãè÷íî îïðåäåëÿþò è íåïðåðûâíîñòü â ãðàíè÷íîé òî÷êå.
Îïðåäåëåíèå. Ôóíêöèþ f(x, y) íàçûâàþò íåïðåðûâíîé â îáëàñòè Ω, åñëè

îíà íåïðåðûâíà â êàæäîé òî÷êå ýòîé îáëàñòè.
Äëÿ íåïðåðûâíûõ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ ñïðàâåäëèâà ñëåäóþ-

ùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü Ω - îãðàíè÷åííàÿ çàìêíóòàÿ îáëàñòü, f(x, y) - ôóíêöèÿ,

íåïðåðûâíàÿ â îáëàñòè Ω. Òîãäà ñóùåñòâóåò ïàðà êîíå÷íûõ ÷èñåë m ≤ M ñî
ñëåäóþùèìè ñâîéñòâàìè:

1. m ≤ f(x, y) ≤M äëÿ âñåõ (x, y) ∈ Ω.
2. Äëÿ ëþáîãî çíà÷åíèÿ c, m ≤ c ≤ M íàéäåòñÿ òî÷êà N ∈ Ω òàêàÿ, ÷òî

f(N) = c.
×èñëî m íàçûâàåòñÿ íàèìåíüøèì çíà÷åíèåì f(x, y) â îáëàñòè Ω (ãëîáàëü-

íûì ìèíèìóìîì). ×èñëî M íàçûâàåòñÿ íàèáîëüøèì çíà÷åíèåì f(x, y) â îáëà-
ñòè Ω (ãëîáàëüíûì ìàêñèìóìîì).

4.2 Äèôôåðåíöèàëüíûå ñâîéñòâà

×àñòíûå ïðîèçâîäíûå
Îïðåäåëåíèå. Åñëè ñóùåñòâóåò ïðåäåë

lim
∆x→0

f(x0 +∆x, y0)− f(x0, y0)

∆x
,
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îí íàçûâàåòñÿ ÷àñòíîé ïðîèçâîäíîé ôóíêöèè f(x, y) ïî x â òî÷êå (x0, y0) è îáî-
çíà÷àåòñÿ ∂f

∂x(x0, y0) èëè fx(x0, y0). Ìîæíî ñêàçàòü, ÷òî ïðè äèôôåðåíöèðîâàíèè
ïî x ìû "çàìîðàæèâàåì"ïåðåìåííóþ y è íàîáîðîò. Àíàëîãè÷íî îïðåäåëÿåòñÿ
è ÷àñòíàÿ ïðîèçâîäíàÿ ïî y, ∂f

∂y (x0, y0) = fy(x0, y0). Åñëè â òî÷êå (x0, y0) ñóùå-

ñòâóþò îáå ïåðâûå ïðîèçâîäíûå ôóíêöèè f(x, y), òî ãîâîðÿò, ÷òî ýòà ôóíêöèÿ
äèôôåðåíöèðóåìà â ýòîé òî÷êå. Ïðè âû÷èñëåíèè ÷àñòíûõ ïðîèçâîäíûõ ñïðà-
âåäëèâû òå æå ôîðìóëû, ÷òî è ïðè äèôôåðåíöèðîâàíèè îäíîé ïåðåìåííîé, äëÿ
äèôôåðåíöèðîâàíèÿ ñóììû, ïðîèçâåäåíèÿ, ÷àñòíîãî.

Ïðèìåð. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà äëÿ ôóíêöèè
f(x, y) = cos(x2y + 5y). Ñîãëàñíî ïðàâèëàì äèôôåðåíöèðîâàíèÿ èìååì:

∂f

∂x
= −2xy sin(x2y + 5y),

∂f

∂y
= −(x2 + 5) sin(x2y + 5y).

Êàê è äëÿ ôóíêöèè îäíîé ïåðåìåííîé, ñïðàâåäëèâî ñëåäóþùåå
Óòâåðæäåíèå. Ïóñòü L ⊂ Ω - íåêîòîðàÿ îêðåñòíîñòü òî÷êè (x0, y0) =

N , è ôóíêöèÿ f(x, y) èìååò âî âñåõ òî÷êàõ L îáå ÷àñòíûå ïðîèçâîäíûå (ò.å.
fx(x, y), fy(x, y)) è èõ çíà÷åíèÿ â ýòîé îáëàñòè îãðàíè÷åíû, ñóùåñòâóåò òàêàÿ
êîíå÷íàÿ êîíñòàíòà A, ÷òî |fx(x, y)| < A, |fy(x, y)| < A ïðè (x, y) ∈ L. Òîãäà
ôóíêöèÿ f(x, y) íåïðåðûâíà â òî÷êå N .

Äèôôåðåíöèðîâàíèå ñëîæíîé ôóíêöèè.
Ðàññìîòðèì ñíà÷àëà ñëåäóþùóþ ñèòóàöèþ: ïóñòü çàäàíà ôóíêöèÿ z =

f(x, y), äèôôåðåíöèðóåìàÿ âî âñåõ èíòåðåñóþùèõ íàñ òî÷êàõ, ïðè÷åì x =
x(t, s), y = y(t, s) - ñàìè ÿâëÿþòñÿ äèôôåðåíöèðóåìûìè ôóíêöèÿìè íåçàâè-
ñèìûõ ïåðåìåííûõ t, s. Òàêèì îáðàçîì âîçíèêàåò ñëîæíàÿ ôóíêöèÿ z(t, s) =
f(x(t, s), y(t, s)). Äëÿ åå ÷àñòíûõ ïðîèçâîäíûõ ïî t è s èìååì:

∂f

∂t
=
∂f

∂x
· ∂x
∂t

+
∂f

∂y
· ∂y
∂t
,

∂f

∂s
=
∂f

∂x
· ∂x
∂s

+
∂f

∂y
· ∂y
∂s
.

Ñëîæíóþ ôóíêöèþ ìîæíî îðãàíèçîâàòü è äðóãèì ñïîñîáîì: ïåðåìåííûå x, y
ìîãóò áûòü ôóíêöèÿìè îäíîé ïåðåìåííîé t, òàê ÷òî z = z(t) = f(x(t), y(t)).
Â ýòîì ñëó÷àå z ÿâëÿåòñÿ ôóíêöèåé îäíîé ïåðåìåííîé t è ìû èìååì ÷àñòíûé
ñëó÷àé ïðåäûäóùåé ôîðìóëû:

df

dt
=
∂f

∂x
· dx
dt

+
∂f

∂y
· dy
dt
.

Ïåðâûé äèôôåðåíöèàë

23



Äëÿ ôóíêöèè z = f(x, y) ìîæíî, êàê è äëÿ ôóíêöèè îäíîé ïåðåìåííîé,
îïðåäåëèòü ïåðâûé äèôôåðåíöèàë dz = ∂z

∂xdx + ∂z
∂ydy, ýòî âûðàæåíèå (åãî îáî-

çíà÷àþò òàêæå df) íàçûâàåòñÿ ïåðâûì ïîëíûì äèôôåðåíöèàëîì, â îòëè÷èå îò
âûðàæåíèé ∂z

∂xdx è
∂z
∂ydy, êîòîðûå íàçûâàþòñÿ ïåðâûìè ÷àñòíûìè äèôôåðåíöè-

àëàìè ôóíêöèè z = f(x, y). Ïåðâûé ïîëíûé äèôôåðåíöèàë ñâÿçàí ñ ïîëíûì
ïðèðàùåíèåì ôóíêöèè ïðè èçìåíåíèè åå àðãóìåíòîâ. Ðàññìîòðèì ýòó ñâÿçü
ïîïîäðîáíåå. Çàïèøåì ïîëíîå ïðèðàùåíèå ôóíêöèè ïðè èçìåíåíèè çíà÷åíèé
àðãóìåíòîâ ñ (x0, y0) íà (x0+∆x, y0+∆y), ïðåäïîëàãàÿ, ÷òî ÷àñòíûå ïðîèçâîä-
íûå ôóíêöèè f(x, y) ñóùåñòâóþò è íåïðåðûâíû â èíòåðåñóþùèõ íàñ òî÷êàõ:

∆f = f(x0 +∆x, y0 +∆y)− f(x0, y0) = [fx(x0, y0 +∆y) + α(∆x)]∆x+

+ [fy(x0, y0) + β(∆y)]∆y = fx(x0, y0)]∆x+fy(x0, y0)∆y+γ(∆x,∆y) = dz+γ(∆x,∆y),

ïðè÷åì γ(∆x,∆y)
∆x → 0, γ(∆x,∆y)

∆y → 0 ïðè ∆x → 0 è ∆y → 0. Òàêèì îáðàçîì, ïðè
äîñòàòî÷íî ìàëûõ∆x,∆y ìîæíî ïîëàãàòü:∆f ≈ df . Ýòî ñîîòíîøåíèå ÿâëÿåòñÿ
áàçîâûì ïðè ðåàëèçàöèè ïðèáëèæåííûõ âû÷èñëåíèé - ïðàâóþ ÷àñòü äîâîëüíî
÷àñòî íàìíîãî ëåã÷å âû÷èñëèòü, ÷åì ëåâóþ.

Ïåðâûé ïîëíûé äèôôåðåíöèàë îáëàäàåò èíâàðèàíòíîñòüþ: ïðè âû÷èñëå-
íèè åãî çíà÷åíèÿ íå èãðàåò ðîëü, ÿâëÿþòñÿ ëè àðãóìåíòû ôóíêöèè f(x, y) íåçà-
âèñèìûìè ïåðåìåííûìè èëè, â ñâîþ î÷åðåäü, ÿâëÿþòñÿ ôóíêöèÿìè äðóãèõ ïå-
ðåìåííûõ (îáîçíà÷èì èõ t, s).

×àñòíûå ïðîèçâîäíûå íåÿâíîé ôóíêöèè
Ôóíêöèÿ äâóõ àðãóìåíòîâ z = f(x, y) ìîæåò áûòü çàäàíà íåÿâíûì îáðàçîì,

íàïðèìåð, êàê ðåøåíèå óðàâíåíèÿ F (x, y, z) = 0. Âîçíèêàåò âîïðîñ: êàê â ýòîì
ñëó÷àå âû÷èñëèòü åå ÷àñòíûå ïðîèçâîäíûå? Âûïèøåì ñíà÷àëà ïåðâûé ïîëíûé
äèôôåðåíöèàë F (x, y, z) â ïðåäïîëîæåíèè, ÷òî F = 0. Â ýòîì ñëó÷àå, î÷åâèäíî,
dF = 0 è ìû ïîëó÷àåì:

∂F

∂x
dx+

∂F

∂y
dy +

∂F

∂z
dz = 0,

îòêóäà ñëåäóåò:

dz = −
∂F
∂x dx+

∂F
∂y dy

∂F
∂z

.

Âñïîìèíàÿ âûðàæåíèå äëÿ ïåðâîãî ïîëíîãî äèôôåðåíöèàëà (íà ýòîò ðàç äëÿ
ôóíêöèè z = f(x, y)), ïîëó÷àåì:

∂z

∂x
= −

∂F
∂x
∂F
∂z

|F (x,y,z)=0,

∂z

∂y
= −

∂F
∂y

∂F
∂z

|F (x,y,z)=0.
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Âûðàæåíèå |F (x,y,z)=0 îçíà÷àåò, ÷òî íàäî ïîäñòàâèòü â ýòè ôîðìóëû âìåñòî z
ðåøåíèå óðàâíåíèÿ F (x, y, z) = 0 îòíîñèòåëüíî ýòîé ïåðåìåííîé.

Ãðàäèåíò è ïðîèçâîäíàÿ ïî íàïðàâëåíèþ Ïóñòü M0 = (x0, y0) - âíóò-
ðåííÿÿ òî÷êà îáëàñòè Ω, â êîòîðîé çàäàíà äèôôåðåíöèðóåìàÿ ôóíêöèÿ f(x, y).
Âûïóñòèì èç òî÷êèM0 âåêòîð

−→s = (cosα, sinα) åäèíè÷íîé äëèíû (ñì. ðèñ.3) è
îòëîæèì âäîëü ýòîãî âåêòîðà âåêòîð äëèíû ∆s, òàê ÷òî åãî êîìïîíåíòû áóäóò
∆x = ∆s · cosα,∆y = ∆s · sinα. Ðàññìîòðèì âûðàæåíèå

Ðèñ. 3: Íàïðàâëåíèå äèôôåðåíöèðîâàíèÿ.

f(x0 +∆x, y0 +∆y)− f(x0, y0)

∆s
=

1

∆s

[
∂f

∂x
∆x+

∂f

∂y
∆y + α(∆x,∆y)

]
,

ïðè÷åì α(∆x,∆y)
∆s → 0 ïðè ∆s → 0. Ïåðåõîäÿ ê ïðåäåëó ïðè ∆s → 0, ïîëó÷àåì:

ïðåäåë ëåâîé ÷àñòè ñóùåñòâóåò (îí îáîçíà÷àåòñÿ ∂f
∂s ) è ðàâåí:

∂f

∂s
= cosα

∂f

∂x
+ sinα

∂f

∂y
.

Ýòîò ïðåäåë íàçûâàåòñÿ ïðîèçâîäíîé f(x, y) ïî íàïðàâëåíèþ −→s . Ââåäåì îáî-
çíà÷åíèå: gradf(x, y) = (∂f∂x ,

∂f
∂y ), ýòî âåêòîð ðàçìåðíîñòè 2 (êàêîâî ÷èñëî àðãó-

ìåíòîâ ôóíêöèè f(x, y)). Òîãäà ïîñëåäíþþ ôîðìóëó ìîæíî çàïèñàòü â âèäå:

∂f

∂s
=< −→s , gradf(x, y) >,

ãäå < a, b > îçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ a, b.
Îïðåäåëåíèå. Âåêòîð gradf(x, y) íàçûâàåòñÿ ãðàäèåíòîì ôóíêöèè f(x, y),

âû÷èñëåííûì â òî÷êå (x, y).
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Íàïîìíèì, ÷òî âåêòîð −→s èìååò åäèíè÷íóþ äëèíó, òàê ÷òî |∂f∂s | =
|gradf(x, y)| · |cosϕ|, ãäå ϕ - óãîë ìåæäó âåêòîðàìè −→s è gradf(x, y). Èç ïî-
ñëåäíåãî ñîîòíîøåíèÿ ñëåäóåò, ÷òî íàèáîëüøåå çíà÷åíèå |∂f∂s | ïðèíèìàåò òîãäà,
êîãäà íàïðàâëåíèå âåêòîðîâ −→s è gradf(x, y) ñîâïàäàåò. Èíûìè ñëîâàìè, ãðà-
äèåíò "óêàçûâàåò"íàïðàâëåíèå íàèáûñòðåéøåãî âîçðàñòàíèÿ ôóíêöèè. Êðîìå
òîãî, ∂f

∂s = 0 åñëè âåêòîðà −→s è gradf(x, y) îðòîãîíàëüíû äðóã äðóãó.
Ïðèìåð. Íàéòè ïðîèçâîäíóþ ôóíêöèè z = x3 − 3x2y + 3xy2 + 1 â òî÷êå

M(3, 1) â íàïðàâëåíèè, èäóùåì èç ýòîé òî÷êè ê òî÷êå (6,5).
Âû÷èñëèì ñíà÷àëà ÷àñòíûå ïðîèçâîäíûå z(x, y):

∂z

∂x
= 3x2 − 6xy + 3y2,

∂z

∂y
= −3x2 + 6xy.

Ïîäñòàâëÿÿ x = 3, y = 1, ïîëó÷àåì: â òî÷êå M

∂z

∂x
= 27− 18 + 3 = 12,

∂z

∂y
= −27 + 18 = −9,

òàê ÷òî gradz(3, 1) = (12,−9). Äàëåå, âåêòîð, èäóùèé èç òî÷êè M â êîíå÷-

íóþ òî÷êó, ðàâåí:
−→
b = (3, 4). Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ïî íàïðàâëåíèþ

íàäî âû÷èñëèòü âåêòîð åäèíè÷íîé äëèíû −→n , èäóùèé â òîì æå íàïðàâëåíèè.

Ïîëó÷àåì: −→n =
−→
b /|

−→
b | = (3, 4)/5 = (0.6, 0.8). Ïîñëå ýòîãî íàõîäèì:

∂z

∂s
= (gradz,−→n ) = 0.6 · 12 + 0.8 · (−9) = 0.

×àñòíûå ïðîèçâîäíûå âûñøåãî ïîðÿäêà Åñëè ôóíêöèÿ f(x, y) äèôôå-
ðåíöèðóåìà â îáëàñòè Ω, òî åå ÷àñòíûå ïðîèçâîäíûå ∂f

∂x ,
∂f
∂y ìîæíî â îáëàñòè Ω

ðàññìàòðèâàòü êàê íîâûå ôóíêöèè è ïûòàòüñÿ èõ ïðîäèôôåðåíöèðîâàòü. Åñ-
ëè ýòî âîçìîæíî, âîçíèêàþò ÷àñòíûå ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ. Äëÿ íèõ
ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:

f ′′xx(x, y) =
∂2f

∂x2
, f ′′yy(x, y) =

∂2f

∂y2
, f ′′xy(x, y) =

∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)
, f ′′yx(x, y) =

∂2f

∂y∂x
=

∂

∂y

(
∂f

∂x

)
è ò.ä.

Òåîðåìà Ïóñòü f(x, y) èìååò â îáëàñòè Ω íåïðåðûâíûå ÷àñòíûå ïðîèçâîä-
íûå fyx(x, y), fxy(x, y). Òîãäà ýòè ÷àñòíûå ïðîèçâîäíûå ñîâïàäàþò âî âñåõ âíóò-
ðåííèõ òî÷êàõ îáëàñòè.

Ýòà òåîðåìà îçíà÷àåò, ÷òî ïðè ñïðàâåäëèâîñòè åå óñëîâèé ïîðÿäîê äèôôå-
ðåíöèðîâàíèÿ ïî ïåðåìåííûì x è y ìîæíî ìåíÿòü. Àíàëîãè÷íûå óòâåðæäåíèÿ
ñïðàâåäëèâû è äëÿ áîëåå âûñîêèõ ïðîèçâîäíûõ. Ñ ó÷åòîì ýòîãî ôóíêöèÿ 2 ïåðå-
ìåííûõ èìååò 2 ðàçëè÷íûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà, 3 ðàçëè÷íûå
÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà è ò.ä.
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Ôîðìóëà Òåéëîðà è äèôôåðåíöèàëû âûñøåãî ïîðÿäêà
Äëÿ ôóíêöèé äâóõ ïåðåìåííûõ ñïðàâåäëèâà ñëåäóþùàÿ ôîðìà òåîðåìû

Òåéëîðà (ôîðìóëà Òåéëîðà).
Òåîðåìà Ïóñòü â îáëàñòè Ω çàäàíà ôóíêöèÿ f(x, y), êîòîðàÿ èìååò â ýòîé

îáëàñòè íåïðåðûâíûå ïðîèçâîäíûå âïëîòü äî ïîðÿäêà m âêëþ÷èòåëüíî, M0 =
(x0, y0), M = (x, y) - âíóòðåííèå òî÷êè ýòîé îáëàñòè. Òîãäà

f(x, y) =
m∑
k=0

1

k!

k∑
i=0

Ck
i

∂kf

∂xi∂yk−i
(x0, y0)(x− x0)

i(y − y0)
k−i + o(ρm(M,M0)),

ãäå Ck
i = k!

i!(k−i)! , ïðè÷åì äëÿ ôóíêöèè o(α) ñïðàâåäëèâî: o(α)
α → 0 ïðè α → 0.

Âûðàæåíèå

d(k)f =
1

k!

k∑
i=0

C i
k

∂kf

∂xi∂yk−i
(x0, y0)(x− x0)

i(y − y0)
k−i

íàçûâàþò ïîëíûì äèôôåðåíöèàëîì k-ãî ïîðÿäêà. Ïðè k = 1 ýòî âûðàæåíèå
äàåò ïåðâûé ïîëíûé äèôôåðåíöèàë.

Âûïèøåì â êà÷åñòâå ïðèìåðà ôîðìóëó Òåéëîðà âòîðîãî ïîðÿäêà:

f(x, y) = f(x0, y0) +
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0)+ (14)

1

2

[
∂2f

∂x2
(x0, y0)(x− x0)

2 + 2
∂2f

∂y∂x
(x0, y0)(x− x0)(y − y0) +

∂2f

∂y2
(x0, y0)(y − y0)

2

]
+o(ρ2(M,M0)).

4.3 Ëîêàëüíûå ýêñòðåìóìû, ìàêñèìóìû è ìèíèìóìû

Ïóñòü â îáëàñòè Ω çàäàíà ôóíêöèÿ f(x, y).
Îïðåäåëåíèå. Ïóñòü â îáëàñòè Ω ñóùåñòâóåò âíóòðåííÿÿ òî÷êà N = (x0, y0)

òàêàÿ, ÷òî äëÿ âñåõ òî÷åê M íåêîòîðîé åå îêðåñòíîñòè âûïîëíÿåòñÿ íåðàâåí-
ñòâî: f(M) ≤ f(N) (f(M) ≥ f(N)). Òîãäà òî÷êà N íàçûâàåòñÿ òî÷êîé ëî-
êàëüíîãî ìàêñèìóìà (ìèíèìóìà), à ñàìî çíà÷åíèå f(N) íàçûâàåòñÿ ëîêàëüíûì
ìàêñèìóìîì (ìèíèìóìîì).

Ìíîãèå ïðèêëàäíûå çàäà÷è ñâîäÿòñÿ ê ïîèñêó òî÷åê ëîêàëüíîãî ìàêñèìóìà
(ìèíèìóìà).

Òåîðåìà(íåîáõîäèìîå óñëîâèå ëîêàëüíîãî ìàêñèìóìà è ìèíèìóìà). Ïóñòü
f(x, y) äèôôåðåíöèðóåìà â îáëàñòè Ω. Åñëè âî âíóòðåííåé òî÷êå îáëàñòè
N = (x0, y0) ôóíêöèÿ f(x, y) èìååò ëîêàëüíûé ìàêñèìóì (ìèíèìóì), òî âû-
ïîëíÿþòñÿ ðàâåíñòâà:

∂f

∂x
(N) = 0,

∂f

∂y
(N) = 0. (15)
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Îïðåäåëåíèå . Òî÷êè, â êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ (15), íàçûâàþòñÿ
ýêñòðåìàëüíûìè (òî÷êàìè ýêñòðåìóìà).

Ìíîæåñòâî ýêñòðåìàëüíûõ òî÷åê (ýòè òî÷êè òàêæå íàçûâàþòñÿ ñòàöèîíàð-
íûìè òî÷êàìè) ñîäåðæèò îáúåäèíåíèå ìíîæåñòâ òî÷åê ëîêàëüíîãî ìèíèìóìà
è òî÷åê ëîêàëüíîãî ìàêñèìóìà, íî íå îáÿçàòåëüíî ñîâïàäàåò ñ íèì.

Ïðèìåð. Ôóíêöèÿ f(x, y) = x2− y2 èìååò ýêñòðåìàëüíóþ òî÷êó O = (0, 0),
îäíàêî ýòà òî÷êà íå ÿâëÿåòñÿ íè òî÷êîé ëîêàëüíîãî ìàêñèìóìà, íè òî÷êîé ëî-
êàëüíîãî ìèíèìóìà, îíà ÿâëÿåòñÿ ò.í. ñåäëîâîé òî÷êîé.

4.4 Äîñòàòî÷íîå óñëîâèå ëîêàëüíîãî ìàêñèìóìà è ìèíè-

ìóìà

Åñëè ôóíêöèÿ f(x, y) äâàæäû äèôôåðåíöèðóåìà â îáëàñòè Ω , òî ìîæíî ïðè-
âåñòè äîñòàòî÷íîå óñëîâèå ëîêàëüíîãî ìàêñèìóìà è ìèíèìóìà. Âûâîä ñîîòâåò-
ñòâóþùåé òåîðåìû áàçèðóåòñÿ íà ôîðìóëå Òåéëîðà ïîðÿäêà 2.

Ðèñ. 4: Ëîêàëüíûé ìàêñèìóì.

Ðèñ. 5: Ëîêàëüíûé ìèíèìóì.

28



Ðèñ. 6: Îêðåñòíîñòü ñåäëîâîé òî÷êè.

Òåîðåìà Ïóñòü f(x, y) èìååò â îêðåñòíîñòè òî÷êèN = (x0, y0) íåïðåðûâíûå
ïðîèçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî,

A =
∂2f

∂x2
(x0, y0), B =

∂2f

∂y∂x
(x0, y0), C =

∂2f

∂y2
(x0, y0),

è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

∂f

∂x
(N) = 0,

∂f

∂y
(N) = 0, (16)

AC −B2 > 0, A < 0. (17)

Òîãäà â òî÷êå N ôóíêöèÿ f(x, y) èìååò ëîêàëüíûé ìàêñèìóì. Åñëè âìåñòî
(17) âûïîëíÿåòñÿ

AC −B2 > 0, A > 0, (18)

â òî÷êå N ôóíêöèÿ f(x, y) èìååò ëîêàëüíûé ìèíèìóì. Åñëè âìåñòî (17) âû-
ïîëíÿåòñÿ

AC −B2 < 0, (19)

â òî÷êå N ôóíêöèÿ èìååò ñåäëîâóþ òî÷êó.
Ïðèìåð. Íàéòè òî÷êè ýêñòðåìóìà ôóíêöèè z = x3+y3−3xy è îïðåäåëèòü

èõ õàðàêòåð.
Âû÷èñëÿåì ñíà÷àëà ïåðâûå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè, ïðèðàâíèâàåì

èõ íóëþ è ïîëó÷àåì ïàðó óðàâíåíèé äëÿ íàõîæäåíèÿ òî÷åê ýêñòðåìóìà z(x, y):

∂z

∂x
= 3x2 − 3y = 0,

∂z

∂y
= 3y2 − 3x = 0.

Ðåøàÿ ýòó ïàðó óðàâíåíèé, íàõîäèì òî÷êè: M1 = (1, 1), M2 = (0, 0). Äàëåå
âû÷èñëÿåì âòîðûå ÷àñòíûå ïðîèçâîäíûå:

∂2z

∂2x
= 6x,

∂2z

∂x∂y
= −3,

∂2z

∂2y
= 6y.
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Äëÿ òî÷êè M1 èìååì: A = 6, B = −3, C = 6, AC − B2 = 27 > 0, òàê ÷òî ýòî
òî÷êà ìèíèìóìà. Äëÿ M2: A = 0, B = −3, C = 0, AC − B2 = −9 < 0, òàê ÷òî
M2 - ñåäëîâàÿ òî÷êà.

4.5 Ãëîáàëüíûå ìàêñèìóìû è ìèíèìóìû (íàèáîëüøèå è

íàèìåíüøèå çíà÷åíèÿ)

Îïðåäåëåíèå . Òî÷êà N ∈ Ω íàçûâàåòñÿ òî÷êîé ãëîáàëüíîãî ìàêñèìóìà ôóíê-
öèè f(x, y), çàäàííîé â îáëàñòè Ω, åñëè äëÿ âñåõ M ∈ Ω âåðíî: f(M) ≤ f(N).
Ïðè ýòîì ñàìî çíà÷åíèå f(N) íàçûâàåòñÿ ãëîáàëüíûì ìàêñèìóìîì (íàèáîëü-
øèì çíà÷åíèåì) ôóíêöèè f(x, y) â îáëàñòè Ω.

Àíàëîãè÷íî îïðåäåëÿåòñÿ ãëîáàëüíûé ìèíèìóì (íàèìåíüøåå çíà÷åíèå)
ôóíêöèè f(x, y) â îáëàñòè Ω.

Ïóñòü ôóíêöèÿ f(x, y) çàäàíà â îãðàíè÷åííîé çàìêíóòîé (ò.å. ñîäåðæàùåé
ñâîþ ãðàíèöó) îáëàñòè Ω, ïðè÷åì ôóíêöèÿ èìååò â ýòîé îáëàñòè íåïðåðûâíûå
ïðîèçâîäíûå. Ïðè ýòîì äëÿ ïîèñêà ýêñòðåìóìîâ ìîæíî ïðèìåíÿòü óðàâíåíèÿ
(15). Ãëîáàëüíûé ìàêñèìóì f(x, y) â îáëàñòè Ω ñóùåñòâóåò, ñîãëàñíî òåîðåìå
î ñâîéñòâàõ íåïðåðûâíûõ ôóíêöèé. Ïóñòü ãðàíèöà ∂Ω ñîñòîèò èç êîíå÷íîãî
íàáîðà ãëàäêèõ êðèâûõ âèäà y = h(x) èëè x = g(y), çàäàííûõ íà êàêèõ-òî
èíòåðâàëàõ [a, b]. Ãëîáàëüíûé ìàêñèìóì ìîæåò íàõîäèòüñÿ ëèáî âî âíóòðåííåé
òî÷êå îáëàñòè Ω, ëèáî ëåæàòü íà îäíîé èç êðèâîé, îãðàíè÷èâàþùèõ îáëàñòü,
ëèáî â òî÷êàõ ñî÷ëåíåíèÿ ýòèõ êðèâûõ. Â ñâÿçè ñ ýòèì ñîçäàåòñÿ íàáîð òî÷åê,
ñîñòîÿùèé èç òðåõ ìíîæåñòâ.

1. Èùåì íàáîð ýêñòðåìàëüíûõ òî÷åê âíóòðè îáëàñòè, ðåøåíèÿ ïàðû óðàâ-
íåíèé äëÿ äâóõ íåèçâåñòíûõ - êîîðäèíàò òî÷êè:

∂f

∂x
(N) = 0,

∂f

∂y
(N) = 0.

Ïóñòü òî÷êè N1, N2, N3, ..., Nk ñîñòàâëÿþò ìíîæåñòâî ðåøåíèé ýòèõ óðàâíåíèé,
ïðèíàäëåæàùèõ îáëàñòè Ω.

2. Äëÿ êàæäîé êðèâîé, îãðàíè÷èâàþùåé Ω, íàõîäèì "ñóæåíèå"ôóíêöèè
f(x, y) íà ýòó êðèâóþ. Åñëè óðàâíåíèå êðèâîé, íàïðèìåð, y = h(x), ïðè÷åì
ïåðåìåííàÿ x ïðèíàäëåæèò èíòåðâàëó [a, b], ìû ïîëó÷àåì ôóíêöèþ îäíîé ïå-
ðåìåííîé F (x) = f(x, h(x)), çàäàííóþ íà ýòîì èíòåðâàëå. Èùåì ýêñòðåìàëüíûå
òî÷êè ôóíêöèè F (x) íà ýòîì èíòåðâàëå, ò.å. ðåøåíèÿ óðàâíåíèÿ dF (x)/dx = 0,
ïðèíàäëåæàùèå ýòîìó èíòåðâàëó. Âòîðóþ êîîðäèíàòó òî÷êè íàõîäèì ñîãëàñíî
y = h(x). Â èòîãå íàõîäèì íàáîð òî÷åê M1,M2, .... Âçÿâ îáúåäèíåíèå ýòèõ ìíî-
æåñòâ ïî âñåì êðèâûì, îãðàíè÷èâàþùèì îáëàñòü, íàõîäèì âòîðîå ìíîæåñòâî
òî÷åê.

3. Òðåòüå ìíîæåñòâî "ïîäîçðèòåëüíûõ"òî÷åê ñîñòàâëÿþò òî÷êè L1, L2, ...Lm,
â êîòîðûõ ñòûêóþòñÿ ðàçíûå êðèâûå, îãðàíè÷èâàþùèå îáëàñòü.
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Îáúåäèíåíèå íàéäåííûõ ìíîæåñòâ ñîñòàâëÿåò ïîëíûé íàáîð "ïîäîçðèòåëü-
íûõ"òî÷åê - N1, N2, ....,M1,M2, ..., L1, L2, .... Ýòî áóäåò êîíå÷íûé íàáîð òî÷åê.
Âû÷èñëÿåì çíà÷åíèå ôóíêöèè f(x, y) â êàæäîé èç òî÷åê ýòîãî íàáîðà è íàõîäèì
íàèáîëüøåå çíà÷åíèå - ýòî áóäåò èñêîìûé ãëîáàëüíûé ìàêñèìóì, è íàèìåíü-
øåå çíà÷åíèå - ýòî áóäåò ãëîáàëüíûé ìèíèìóì ôóíêöèè f(x, y) â ýòîé îáëàñòè.
Ñîîòâåòñòâóþùèå òî÷êè áóäóò òî÷êàìè ãëîáàëüíîãî ìàêñèìóìà è ìèíèìóìà
ñîîòâåòñòâåííî.

Ïðèìåð. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = x2 − 2y2

â êðóãå x2 + y2 ≤ 4.
Íàéäåì ñíà÷àëà ýêñòðåìàëüíûå òî÷êè. Ñîñòàâèì óðàâíåíèÿ:

∂z

∂x
= 2x = 0,

∂z

∂y
= 0,

îòêóäà íàõîäèì ýêñòðåìàëüíóþ òî÷êó N1 = (0, 0). Äàëåå, ðàññìîòðèì "ñóæå-
íèå"ôóíêöèè íà ãðàíèöó. Äëÿ ýòîãî äîñòàòî÷íî ïîäñòàâèòü y2 = 4 − x2 â âû-
ðàæåíèå äëÿ z(x, y) è ïîëó÷èòü: g(x) = z(x, y(x)) = 3x2 − 8. Çäåñü x ∈ [−2, 2].

Âûïèñûâàåì óðàâíåíèå äëÿ ýêñòðåìàëüíûõ òî÷åê ôóíêöèè g(x): dg(x)
dx = 6x = 0,

îòêóäà íàõîäèì åùå 2 òî÷êè: M1 = (0, 2),M2 = (0,−2). Ãðàíèöà ñîñòîèò èç 2
êóñêîâ: ïðè y > 0 è y < 0 ñîîòâåòñòâåííî. Òî÷êè èõ ñìûêàíèÿ L1 = (2, 0), L2 =
(−2, 0). Âû÷èñëÿÿ çíà÷åíèÿ ôóíêöèè z(x, y) â òî÷êàõ N1,M1,M2, L1, L2, íàõî-
äèì: íàèáîëüøåå çíà÷åíèå ðàâíî 4, äîñòèãàåòñÿ â òî÷êàõ L1, L2, íàèìåíüøåå
çíà÷åíèå ðàâíî -8, äîñòèãàåòñÿ â òî÷êàõ M1,M2.

5 Èíòåãðèðîâàíèå ôóíêöèé äâóõ ïåðåìåííûõ.

5.1 Äâîéíîé èíòåãðàë.

Ïóñòü â ïëîñêîñòè (x, y) çàäàíà îãðàíè÷åííàÿ îáëàñòü Ω, ãðàíèöà êîòîðîé ñî-
ñòîèò èç êîíå÷íîãî ÷èñëà ãëàäêèõ êðèâûõ. Ïóñòü â ýòîé îáëàñòè çàäàíà ôóíê-
öèÿ f(x, y). Äëÿ ýòîé ôóíêöèè ìîæíî ïîñòðîèòü îáúåêò, àíàëîãè÷íûé îïðåäå-
ëåííîìó èíòåãðàëó â îäíîìåðíîé ñèòóàöèè. À èìåííî, ðàçîáúåì íåïðåðûâíûìè
êðèâûìè îáëàñòü Ω íà n ÷àñòåé∆S1,∆S2, ...,∆Sn, â êàæäîé ÷àñòè âûáåðåì òî÷-
êó Mk (ñì. ðèñ. 11). Îïðåäåëèì èíòåãðàëüíóþ ñóììó, ñîîòâåòñòâóþùóþ ýòîìó
ðàçáèåíèþ (îáîçíà÷èì σ ñïîñîá ðàçáèåíèÿ è âûáîðà òî÷åê Mk),

Iσ =
∑
k

f(Mk)∆Sk, (20)

ãäå ∆Sk - ïëîùàäü ñîîòâåòñòâóþùåé ÷àñòè îáëàñòè. Ïóñòü δ - íàèáîëüøèé äèà-
ìåòð îáëàñòåé ∆S1,∆S2, ...,∆Sn.

Îïðåäåëåíèå . Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë limδ→0 Iσ, íå çàâèñÿùèé
îò σ, ýòîò ïðåäåë íàçûâàåòñÿ äâîéíûì èíòåãðàëîì ôóíêöèè f(x, y) ïî îáëàñòè
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Ðèñ. 7: Ðàçáèåíèå îáëàñòè èíòåãðèðîâàíèÿ.

Ω è îáîçíà÷àåòñÿ
∫ ∫

Ω f(x, y)dxdy èëè
∫
Ω f(x, y)dxdy èëè

∫
Ω f(x, y)dS. Îáëàñòü

Ω íàçûâàåòñÿ îáëàñòüþ èíòåãðèðîâàíèÿ. Ôóíêöèÿ f(x, y) íàçûâàåòñÿ ïðè ýòîì
èíòåãðèðóåìîé â îáëàñòè Ω.

Òåîðåìà. Ïóñòü ôóíêöèÿ f(x, y) íåïðåðûâíà â îáëàñòè Ω, ïðè÷åì ãðàíèöà
ýòîé îáëàñòè ñîñòîèò èç êîíå÷íîãî íàáîðà íåïðåðûâíûõ êðèâûõ. Òîãäà f(x, y)
èíòåãðèðóåìà â îáëàñòè Ω.

Îñíîâíûå ñâîéñòâà äâîéíîãî èíòåãðàëà
Ëèíåéíîñòü ïî ôóíêöèè. Ïóñòü f1(x, y), f2(x, y) - èíòåãðèðóåìûå â Ω

ôóíêöèè. Òîãäà äëÿ ëþáûõ ÷èñåë c1, c2 ôóíêöèÿ [c1f1(x, y) + c2f2(x, y)] òîæå
èíòåãðèðóåìà â Ω, ïðè÷åì∫ ∫

Ω

[c1f1(x, y) + c2f2(x, y)]dS = c1

∫ ∫
Ω

f1(x, y)dS + c2

∫ ∫
Ω

f2(x, y)dS.

Àääèòèâíîñòü ïî îáëàñòè. Ïóñòü Ω = Ω1

∪
Ω2, ïðè÷åì Ω1

∩
Ω2 = ∅,

f(x, y) èíòåãðèðóåìà â Ω1 è â Ω2. Òîãäà f(x, y) èíòåãðèðóåìà â Ω, ïðè÷åì∫ ∫
Ω

f(x, y)dS =

∫ ∫
Ω1

f(x, y)dS +

∫ ∫
Ω2

f(x, y)dS.

Ìîíîòîííîñòü èíòåãðàëà. Ïóñòü f(x, y) èíòåãðèðóåìà â îáëàñòè Ω,
ïðè÷åì f(x, y) ≥ 0 â îáëàñòè Ω. Òîãäà∫ ∫

Ω

f(x, y)dS ≥ 0

.
Ïëîùàäü îáëàñòè. Åñëè f(x, y) ≡ 1 èíòåãðèðóåìà â îáëàñòè Ω, òî èíòå-

ãðàë
∫ ∫

Ω 1 · dS ðàâåí ïëîùàäè îáëàñòè Ω.
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5.2 Ïîâòîðíûé èíòåãðàë

Îïðåäåëåíèå. Ïóñòü x1 < x2, ôóíêöèè y = g1(x), y = g2(x) íåïðåðûâíû íà
èíòåðâàëå [x1, x2], ïðè÷åì g1(x) < g2(x) ïðè x ∈ [x1, x2]. Îáëàñòü Ω = {x ∈
[x1, x2], g1(x) < y < g2(x)} íàçûâàåòñÿ ïðàâèëüíîé â y-íàïðàâëåíèè, ñì. ðèñ. 8.

Ðèñ. 8: Îáëàñòü, ïðàâèëüíàÿ â y-íàïðàâëåíèè.

Ðàññìîòðèì îáëàñòü, ïðàâèëüíóþ â y-íàïðàâëåíèè. Äëÿ íåå ìîæíî îïðåäå-
ëèòü èíòåãðàë

F (x) =

∫ g2(x)

g1(x)

f(x, y)dy.

Òåîðåìà. Ïóñòü f(x, y) íåïðåðûâíà â Ω, g1(x), g2(x) íåïðåðûâíû íà èíòåð-
âàëå [x1, x2]. Òîãäà F (x) íåïðåðûâíà íà èíòåðâàëå [x1, x2].

Òîãäà ôóíêöèþ F (x) ìîæíî èíòåãðèðîâàòü íà èíòåðâàëå [x1, x2], è ïîñòðî-
èòü âåëè÷èíó I =

∫ x2

x1
F (x)dx.

Îïðåäåëåíèå. Èíòåãðàë

I =

∫ x2

x1

F (x)dx =

∫ x2

x1

dx

∫ g2(x)

g1(x)

f(x, y)dy

íàçûâàåòñÿ ïîâòîðíûì èíòåãðàëîì îò ôóíêöèè f(x, y) ïî îáëàñòè Ω, ïðàâèëü-
íîé â y-íàïðàâëåíèè.

Àíàëîãè÷íûì îáðàçîì ìîæíî îïðåäåëèòü îáëàñòü ïðàâèëüíóþ â x-
íàïðàâëåíèè è ñîîòâåòñòâóþùèé ïîâòîðíûé èíòåãðàë. Ñóùåñòâóþò îáëàñòè,
ïðàâèëüíûå â îáîèõ íàïðàâëåíèÿõ. Èçâåñòíûå ñâîéñòâà îäíîìåðíûõ èíòåãðà-
ëîâ ïðèâîäÿò ê ñîîòâåòñòâóþùèì ñâîéñòâàì ïîâòîðíûõ èíòåãðàëîâ.
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Îñíîâíûå ñâîéñòâà ïîâòîðíîãî èíòåãðàëà
Ëèíåéíîñòü ïî ôóíêöèè. Ïóñòü Ω - ïðàâèëüíàÿ â y-íàïðàâëåíèè îá-

ëàñòü, f1(x, y), f2(x, y) - èíòåãðèðóåìûå â Ω ôóíêöèè. Òîãäà äëÿ ëþáûõ ÷èñåë
c1, c2 ôóíêöèÿ [c1f1(x, y) + c2f2(x, y)] òîæå èíòåãðèðóåìà â Ω, ïðè÷åì∫ x2

x1

dx

∫ g2(x)

g1(x)

[c1f1(x, y)+c2f2(x, y)]dy = c1

∫ x2

x1

dx

∫ g2(x)

g1(x)

f1(x, y)dy+c2

∫ x2

x1

dx

∫ g2(x)

g1(x)

f2(x, y)dy.

Àääèòèâíîñòü ïî îáëàñòè. Ïóñòü Ω = Ω1

∪
Ω2, ïðè÷åì Ω1

∩
Ω2 =

∅, f(x, y) èíòåãðèðóåìà â Ω1 è â Ω2, îáëàñòè Ω,Ω1,Ω2 - ïðàâèëüíûå â y-
íàïðàâëåíèè. Ïóñòü, íàïðèìåð, Ω1 = {x ∈ [x1, x2], g1(x) < y < g2(x)},
Ω2 = {x ∈ [x2, x3], g1(x) < y < g2(x)}, Ω = {x ∈ [x1, x3], g1(x) < y < g2(x)}.
Òîãäà f(x, y) èíòåãðèðóåìà â Ω, ïðè÷åì∫ x3

x1

dx

∫ g2(x)

g1(x)

f(x, y)dy =

∫ x2

x1

dx

∫ g2(x)

g1(x)

f(x, y)dy +

∫ x3

x2

dx

∫ g2(x)

g1(x)

f(x, y)dy.

Ìîíîòîííîñòü èíòåãðàëà. Ïóñòü f(x, y) èíòåãðèðóåìà â îáëàñòè Ω,
ïðè÷åì f(x, y) ≥ 0 â îáëàñòè Ω, Ω - ïðàâèëüíàÿ â y-íàïðàâëåíèè. Òîãäà∫ x2

x1

dx

∫ g2(x)

g1(x)

f(x, y)dy ≥ 0

.
Ïðèìåð. Âû÷èñëèì èíòåãðàë:∫ 4

2

dx

∫ 2x

x

y

x
dy =

∫ 4

2

1

x
dx

∫ 2x

x

ydy =

∫ 4

2

1

x
dx
y2

2
|2xx = (21)

∫ 4

2

3x

2
dx =

3x2

4
|42 = 12− 3 = 9.

5.3 Ñâÿçü ïîâòîðíîãî è äâîéíîãî èíòåãðàëà

Â îáëàñòè, ïðàâèëüíîé â êàêîì-íèáóäü íàïðàâëåíèè, ìîæíî îïðåäåëèòü äëÿ
îäíîé è òîé æå ôóíêöèè äâîéíîé è ïîâòîðíûé èíòåãðàëû. Ìåæäó íèìè ñóùå-
ñòâóåò ñâÿçü.

Òåîðåìà. Ïóñòü Ω - ïðàâèëüíàÿ â y-íàïðàâëåíèè îáëàñòü ñ êóñî÷íî ãëàäêîé
ãðàíèöåé, Ω = {x ∈ [x1, x2], g1(x) < y < g2(x)} , f(x, y) - íåïðåðûâíàÿ â ýòîé
îáëàñòè ôóíêöèÿ. Òîãäà∫ ∫

Ω

f(x, y)dS =

∫ x2

x1

dx

∫ g2(x)

g1(x)

f(x, y)dy.
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Àíàëîãè÷íîå ñîîòíîøåíèå ñïðàâåäëèâî è äëÿ îáëàñòåé, ïðàâèëüíûõ â x-
íàïðàâëåíèè. Ýòà òåîðåìà äàåò âîçìîæíîñòü àíàëèòè÷åñêîãî âû÷èñëåíèÿ äâîé-
íîãî èíòåãðàëà â òîì ñëó÷àå, åñëè èñõîäíóþ îáëàñòü Ω ìîæíî ïðåäñòàâèòü êàê
îáúåäèíåíèå ïðàâèëüíûõ (â êàêîì-íèáóäü íàïðàâëåíèè) îáëàñòåé. Äàëåå, åñëè
îáëàñòü ïðàâèëüíà â îáîèõ íàïðàâëåíèÿõ, ýòà òåîðåìà äàåò âîçìîæíîñòü çàìå-
íèòü ïîðÿäîê ïîâòîðíîãî èíòåãðàëà.

Ïðèìåð. Ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ â èíòåãðàëå:∫ 1

0

dy

∫ √
y

y

f(x, y)dx.

Èñõîäíàÿ îáëàñòü èíòåãðèðîâàíèÿ: {y ∈ [0, 1], y < x <
√
y}. Åå ìîæíî ïðåäñòà-

âèòü â âèäå: {x ∈ [0, 1], x2 < y < x}, ò.å. îíà ïðàâèëüíà â îáîèõ íàïðàâëåíèÿõ,
ñì. ðèñ. 9. Ñîîòâåòñòâåííî, ïîëó÷àåì:

Ðèñ. 9: Çàìåíà ïîðÿäêà èíòåãðèðîâàíèÿ â îáëàñòè, ïðàâèëüíîé â îáîèõ íàïðàâ-
ëåíèÿõ.

∫ 1

0

dy

∫ √
y

y

f(x, y)dx =

∫ 1

0

dx

∫ x

x2

f(x, y)dy.

5.4 Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå

Ïóñòü â îãðàíè÷åííîé îáëàñòè Ω, ãðàíèöà êîòîðîé ñîñòàâëåíà èç êîíå÷íîãî ÷èñ-
ëà ãëàäêèõ êðèâûõ, çàäàíà íåïðåðûâíàÿ ôóíêöèÿ f(x, y), òàê ÷òî ñóùåñòâóåò
äâîéíîé èíòåãðàë

∫
Ω f(x, y)dS, è ïàðà íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíê-

öèé x = ϕ(u, v), y = ψ(u, v) ðåàëèçóåò âçàèìíî-îäíîçíà÷íîå ïðåîáðàçîâàíèå
îáëàñòè ω íà ïëîñêîñòè ïåðåìåííûõ u, v â îáëàñòü Ω íà ïëîñêîñòè ïåðåìåííûõ
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x, y. Òîãäà ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå, ðåàëèçóþùåå çàìåíó ïåðåìåí-
íûõ â äâîéíîì èíòåãðàëå:∫ ∫

Ω

f(x, y)dxdy =

∫ ∫
ω

f(ϕ(u, v), ψ(u, v))|J(u, v)|dudv,

ãäå âûðàæåíèå

J(u, v) =
∂ϕ(u, v)

∂u

∂ψ(u, v)

∂v
− ∂ϕ(u, v)

∂v

∂ψ(u, v)

∂u

íàçûâàåòñÿ ÿêîáèàíîì çàìåíû ïåðåìåííûõ. Çàìåíà ïåðåìåííûõ ïðèìåíÿåòñÿ
òîãäà, êîãäà îáëàñòü èíòåãðèðîâàíèÿ (è/èëè ïîäèíòåãðàëüíàÿ ôóíêöèÿ) óïðî-
ùàåòñÿ ïîñëå ïåðåõîäà ê íîâûì ïåðåìåííûì.

Ïðèìåð. Âû÷èñëèì èíòåãðàë:∫ ∫
Ω

x2y2dxdy

ïî îáëàñòè Ω - êðóãó ðàäèóñà R. Ïåðåéäåì â ïëîñêîñòè èíòåãðèðîâàíèÿ ê ïî-
ëÿðíûì êîîðäèíàòàì: x = r cosφ,y = r sinφ. Èñõîäíàÿ îáëàñòü èíòåãðèðîâàíèÿ
ïðåâðàòèòñÿ â íîâûõ êîîðäèíàòàõ â ω = {0 ≤ r ≤ R, 0 ≤ φ ≤ 2π} - ïðàâèëüíóþ
â îáîèõ íàïðàâëåíèÿõ îáëàñòü. Ïðè ýòîì

∂x

∂φ
= −r sinφ, ∂x

∂r
= cosφ,

∂y

∂φ
= r cosφ,

∂y

∂r
= sinφ,

òàê ÷òî

J(r, φ) =
∂x

∂r

∂y

∂φ
− ∂x

∂φ

∂y

∂r
= r.

Ýòà ôîðìóëà äàåò ÿêîáèàí ïåðåõîäà îò äåêàðòîâûõ êîîðäèíàò ê ïîëÿðíûì.
Ïåðåõîäÿ â äâîéíîì èíòåãðàëå ê íîâûì ïåðåìåííûì, ïîëó÷àåì:∫ ∫

Ω

x2y2dxdy =

∫ ∫
ω

r4 cos2 φ sin2 φrdrdφ =

∫ R

0

r5dr

∫ 2π

0

cos2 φ sin2 φdφ =

r6

6
|R0

∫ 2π

0

sin2 2φ

4
dφ =

R6

48

∫ 2π

0

(1− cos 4φ)dφ =
πR6

24
.

6 Êðèâîëèíåéíûå èíòåãðàëû

6.1 Êðèâîëèíåéíûå èíòåãðàëû ïåðâîãî ðîäà

Ïóñòü ôóíêöèÿ f(x, y) çàäàíà â îáëàñòè Ω, ðàññìîòðèì ãëàäêóþ êðèâóþ L,
ëåæàùóþ â ýòîé îáëàñòè, ðèñ. 10. Äëÿ êðèâîé ìîæåò èñïîëüçîâàòüñÿ ðàçëè÷íàÿ
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Ðèñ. 10: Êðèâàÿ L, âäîëü êîòîðîé èíòåãðèðóåòñÿ ôóíêöèÿ f(x, y).

ïàðàìåòðèçàöèÿ. Ïàðàìåòðè÷åñêîå îïèñàíèå êðèâîé çàäàåòñÿ 2 ôóíêöèÿìè: x =
φ(t), y = ψ(t), t1 ≤ t ≤ t2. Èíîãäà â êà÷åñòâå ïàðàìåòðà t âûñòóïàåò ïåðåìåííàÿ
x, òàê ÷òî äëÿ îïèñàíèÿ êðèâîé äîñòàòî÷íî îäíîé ôóíêöèè: y = ψ(x). Åñëè â
êà÷åñòâå t âûñòóïàåò y, èìååì: x = φ(y).

Â ïðèëîæåíèÿõ âîçíèêàåò ñëåäóþùàÿ êîíñòðóêöèÿ. Ðàçîáúåì êðèâóþ L íà
N äîñòàòî÷íî ìàëûõ ÷àñòåé, â êàæäîé ÷àñòè âûáåðåì òî÷êó Mk, 1 ≤ k ≤ N, è
ïóñòü ∆sk - äëèíà îòðåçêà, ðàçáèâàþùåãî ïîñëåäîâàòåëüíûå êîíöû êóñêà êðè-
âîé. Ïîñòðîèì èíòåãðàëüíóþ ñóììó

Iσ =
k=N∑
k=1

f(Mk)∆sk,

ãäå σ îáîçíà÷àåò ñïîñîá ðàçáèåíèÿ êðèâîé è âûáîðà òî÷åê Mk. Ïóñòü δ - íàè-
áîëüøåå ðàññòîÿíèå ìåæäó ïîñëåäîâàòåëüíûìè òî÷êàìè ðàçáèåíèÿ.

Îïðåäåëåíèå. Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
δ→0

Iσ = Ĩ ,

íå çàâèñÿùèé îò ñïîñîáà ðàçáèåíèÿ êðèâîé, òî ãîâîðÿò, ÷òî ôóíêöèÿ f(x, y)
èíòåãðèðóåìà ïî êðèâîé L, ýòîò ïðåäåë îáîçíà÷àþò

Ĩ =

∫
L

f(x, y)ds

è íàçûâàþò êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà îò ôóíêöèè f(x, y) ïî êðè-
âîé L.

Ýòîò èíòåãðàë îáëàäàåò âñåìè ñòàíäàðòíûìè ñâîéñòâàìè èíòåãðàëà (ëèíåé-
íîñòü ïî ôóíêöèè, àääèòèâíîñòü ïî êðèâîé, ìîíîòîííîñòü). Åñëè êðèâàÿ L èìå-
åò ïàðàìåòðèçàöèþ x = φ(t), y = ψ(t), t1 ≤ t ≤ t2, ýòîò èíòåãðàë ìîæåò áûòü
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ñâåäåí ê îäíîìåðíîìó èíòåãðàëó:∫
L

f(x, y)ds =

∫ t2

t1

f(φ(t), ψ(t))
√
φ2(t) + ψ2(t)dt.

Ïðèìåð.
Âû÷èñëèì èíòåãðàë

∫
L(x+4y)ds, ãäå L - ïðàâàÿ ïåòëÿ êðèâîé r2 = cos(2ϕ),

x ≥ 0.
Áóäåì èñïîëüçîâàòü ïîëÿðíûå êîîðäèíàòû, êîëü ñêîðî ñàìà êðèâàÿ çàïè-

ñàíà â ýòèõ êîîðäèíàòàõ. Èç óñëîâèÿ ñëåäóåò, ÷òî ïðàâàÿ âåòâü êðèâîé ñîîò-
âåòñòâóåò óãëàì −π/4 ≤ ϕ ≤ π/4. Äëÿ ýòîé êðèâîé èìååì: r =

√
cos(2ϕ), x =

rcosϕ =
√

cos(2ϕ)cosϕ, y = r sinϕ =
√

cos(2ϕ)sinϕ,

dr = −sin(2ϕ)dϕ√
cos(2ϕ)

, ds =
√

(dr)2 + r2(dϕ)2 =
dϕ√

cos(2ϕ)
,

(íàïîìíèì, ÷òî â ïîëÿðíîé ñèñòåìå êîðäèíàò dx = cosϕdr − r sinϕdϕ,dy =

r cosϕdϕ+ sinϕdr, òàê ÷òî ds =
√

(dx)2 + (dy)2 =
√

(dr)2 + r2(dϕ)2.) Ïîäñòàâ-
ëÿÿ â èíòåãðàë, ïîëó÷àåì:∫

L

(x+ 4y)ds =

∫ π/4

−π/4

[cosϕ+ 4 sinϕ]dϕ = (sinϕ− 4 cosϕ)|π/4−π/4 =
√
2.

6.2 Êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà

Ïóñòü ôóíêöèè P (x, y), Q(x, y) çàäàíû â îáëàñòè Ω, ãëàäêàÿ êðèâàÿ L ëåæèò â
ýòîé îáëàñòè, ðèñ. 10. Â ïðèëîæåíèÿõ òàêæå âîçíèêàåò ñëåäóþùàÿ êîíñòðóêöèÿ,
ñâÿçàííàÿ ñ ýòèìè ôóíêöèÿìè è êðèâîé.

Ðàçîáúåì êðèâóþ L íàN äîñòàòî÷íî ìàëûõ ÷àñòåé, â êàæäîé ÷àñòè âûáåðåì
òî÷êó Mk, 1 ≤ k ≤ N, è ïóñòü ∆xk ∆yk - äëèíû ñîîòâåòñòâóþùèõ ïðèðàùåíèé
îòðåçêà ðàçáèåíèÿ. Ïîñòðîèì èíòåãðàëüíóþ ñóììó

Iσ =
k=N∑
k=1

(P (Mk)∆xk +Q(Mk)∆yk),

ãäå σ îáîçíà÷àåò ñïîñîá ðàçáèåíèÿ êðèâîé è âûáîðà òî÷åê Mk. Ïóñòü δ - íàè-
áîëüøåå ðàññòîÿíèå ìåæäó ïîñëåäîâàòåëüíûìè òî÷êàìè ðàçáèåíèÿ.

Îïðåäåëåíèå. Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
δ→0

Iσ = Ĩ ,

íå çàâèñÿùèé îò ñïîñîáà ðàçáèåíèÿ êðèâîé, òî ãîâîðÿò, ÷òî ÷òî ïàðà ôóíêöèé
P (x, y), Q(x, y) èíòåãðèðóåìà ïî êðèâîé L, ýòîò ïðåäåë îáîçíà÷àþò

Ĩ =

∫
L

(P (x, y)dx+Q(x, y)dy)
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è íàçûâàþò êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà îò ïàðû ôóíêöèé
P (x, y), Q(x, y) ïî êðèâîé L.

Îòìåòèì, ÷òî ïðè ýòîì ó êðèâîé L ñëåäóåò óêàçûâàòü íàïðàâëåíèå îáõîäà
(ò.å. ìû ðàññìàòðèâàåì îðèåíòèðóåìûå êðèâûå), òàê êàê çíàê èíòåãðàëà çàâèñèò
îò âûáîðà íàïðàâëåíèÿ îáõîäà êðèâîé.

Åñëè ââåñòè âåêòîð-ôóíêöèþ
−−−−→
f(x, y) = (P (x, y), Q(x, y)), è âåêòîð d−→s =

(dx, dy), òî êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà ìîæíî çàïèñàòü ñ ïîìîùüþ
ñêàëÿðíîãî ïðîèçâåäåíèÿ,

Ĩ =

∫
L

(
−−−−→
f(x, y), d−→s ).

Êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà òàêæå îáëàäàåò ñòàíäàðòíûìè ñâîé-
ñòâàìè îáû÷íûõ èíòåãðàëîâ: ëèíåéíîñòü ïî ôóíêöèè (òî÷íåå, ïî âåêòîð-

ôóíêöèè
−−−−→
f(x, y) ), àääèòèâíîñòü ïî êðèâîé (ñ ó÷åòîì îðèåíòàöèè). Åñëè êðèâàÿ

L̃ îòëè÷àåòñÿ îò L òîëüêî îðèåíòàöèåé, òî∫
L

(
−−−−→
f(x, y), d−→s ) = −

∫
L̃

(
−−−−→
f(x, y), d−→s ).

Ñâÿçü êðèâîëèíåéíûõ èíòåãðàëîâ ïåðâîãî è âòîðîãî ðîäà. Åñëè L -
îðèåíòèðîâàííàÿ ãëàäêàÿ êðèâàÿ, n(x, y) = (cos(α(x, y)), sin(α(x, y)) - åäèíè÷-
íûé âåêòîð, êàñàòåëüíûé ê L è íàïðàâëåííûé â ñîîòâåòñòâèè ñ åå îðèåíòàöèåé,
òî ∫

L

(
−−−−→
f(x, y), d−→s ) =

∫
L

[P (x, y) cos(α(x, y)) +Q(x, y) sin(α(x, y))]ds,

ãäå ñëåâà - êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà, ñïðàâà - ñîîòâåòñòâóþùèé
êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà.

Ïðèìåð.
Âû÷èñëèì ∫

L

[(y2 + 2xy)dx+ (x2 − 2xy)dy],

ãäå L - äóãà ïàðàáîëû y = x2 îò òî÷êè (1,1) äî òî÷êè (2,4).
Ñâåäåì ýòîò èíòåãðàë ê èíòåãðàëó ïåðâîãî ðîäà è, òåì ñàìûì, ê îáû÷íîìó

îäíîìåðíîìó èíòåãðàëó. Íà êðèâîé y = x2 èìååì: dy = 2xdx, òàê ÷òî∫
L

[(y2+2xy)+(x2−2xy)dy] =

∫ 2

1

[x4+2x3+(x2−2x3)2x]dx =

∫ 2

1

(4x3−3x4)dx = −18/5.

Ñâÿçü êðèâîëèíåéíûõ è äâîéíûõ èíòåãðàëîâ.
Òåîðåìà (ôîðìóëà Ãðèíà).
Ïóñòü îãðàíè÷åííàÿ îáëàñòü Ω èìååò â êà÷åñòâå ãðàíèöû êîíå÷íûé íà-

áîð ãëàäêèõ êðèâûõ, îáîçíà÷èì L îáúåäèíåíèå ýòèõ êðèâûõ, îðèåíòèðîâàí-
íîå òàê, ÷òî ïðè îáõîäå âäîëü L îáëàñòü Ω îñòàåòñÿ ñëåâà. Ïóñòü ôóíêöèè
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P (x, y), Q(x, y) íåïðåðûâíû â Ω âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè
∂P
∂y ,

∂Q
∂x . Òîãäà∫

L

[P (x, y)dx+Q(x, y)dy] =

∫ ∫
Ω

[
∂Q(x, y)

∂x
− ∂P (x, y)

∂y

]
dxdy.

Êîíòðîëüíàÿ ðàáîòà.
Çàäàíèå 1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a =

(a1, a2). Íàéòè: 1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå
A ïî íàïðàâëåíèþ −→a , z = 4x2 − xy, A(−1, 1), −→a = (4, 3).

Ðåøåíèå. Âû÷èñëÿåì gradz(x, y) = (∂z∂x ,
∂z
∂y) = (8x − y,−x), ïîäñòàâëÿÿ

êîîðäèíàòû òî÷êè A, íàõîäèì: gradz(A) = (−9, 1). Äàëåå, âåêòîð åäèíè÷íîé
äëèíû âäîëü −→a : −→e = −→a /|−→a | = (4, 3)/

√
42 + 32 = (4/5, 3/5). Ñîîòâåòñòâåííî,

∂z
∂s = (gradz,−→e ) = (−9 · 4 + 1 · 3)/5 = 7.

Çàäàíèå 2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè
ôóíêöèè f(x, y), f(x, y) = 9− 6x+ 8xy − x2 − 4y2.

Ðåøåíèå. Âû÷èñëÿåì ÷àñòíûå ïðîèçâîäíûå ∂f
∂x = −6 + 8y − 2x, ∂f

∂y = 8x−
8y. Ïðèðàâíèâàåì èõ íóëþ - èùåì òî÷êè ýêñòðåìóìà, äëÿ êîòîðûõ ïîëó÷àåì
ñèñòåìó óðàâíåíèé: −6+8y−2x = 0, 8x−8y = 0. Ðåøàåì ýòó ñèñòåìó: x1 = y1 =

1. Äàëåå, âû÷èñëÿåì âòîðûå ÷àñòíûå ïðîèçâîäíûå â òî÷êå (x1, y1):
∂2f
∂x2 = −2,

∂2f
∂x∂y = 8, ∂2f

∂y2 = −8. Ñëåäîâàòåëüíî, AC −B2 = ∂2f
∂x2

∂2f
∂y2 − ( ∂2f

∂x∂y)
2 = (−2) · (−8)−

82 = −48 < 0, òàê ÷òî ýòî ñåäëîâàÿ òî÷êà ôóíêöèè f(x, y).
Çàäàíèå 3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y)

â çàìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 − xy + 2x, −4x2 + 4 ≥ y ≥ 0.

Ðåøåíèå. Îáëàñòü ïðåäñòàâëåíà íà ðèñóíêå 11, íèæíÿÿ ãðàíèöà - ïðÿìàÿ
y = 0, âåðõíÿÿ - ïàðàáîëà y = 4 − 4x2. Èùåì ýêñòðåìàëüíûå òî÷êè ôóíêöèè,
ðåøàÿ ñèñòåìó ∂z

∂x = 2x − y + 2 = 0, ∂f
∂y = −x = 0, îòêóäà íàõîäèì: x1 = 0,

y1 = 2. Îíà ïðèíàäëåæèò óêàçàííîé îáëàñòè.
Äàëåå, ðàññìîòðèì ñóæåíèå ôóíêöèè z(x, y) íà íèæíþþ ãðàíèöó. Äëÿ ýòîãî

ïîäñòàâëÿåì â z(x, y) çíà÷åíèå y = 0, òàê ÷òî z1(x) = x2+2x, ïðè ýòîì−1 ≤ x ≤
1. Íàõîäèì ýêñòðåìàëüíóþ òî÷êó ôóíêöèè z1(x) èç óðàâíåíèÿ

dz1
dx = 2x+2 = 0,

òàê ÷òî x2 = −1, ñîîòâåòñòâåííî y2 = 0. Ðàññìîòðèì ñóæåíèå ôóíêöèè z(x, y)
íà âåðõíþþ ãðàíèöó, äëÿ ÷åãî ïîäñòàâèì y = 4 − 4x2. Ïðè ýòîì z2(x) = 4x3 +

x2 − 2x, −1 ≤ x ≤ 1. Èùåì ýêñòðåìàëüíûå òî÷êè: z2(x)
dx = 12x2 + 2x − 2 = 0,

íàõîäèì: x3,4 = (−1 ±
√
13)/12, y3,4 = (65 ±

√
13)/18. Äîáàâëÿåì åùå ïàðó

òî÷åê (òåõ, ãäå ñìûêàþòñÿ ëèíèè, îãðàíè÷èâàþùèå îáëàñòü): x5 = −1, y5 =
0, x6 = 1, y = 0, ïðè÷åì ïÿòàÿ òî÷êà ñîâïàäàåò ñî âòîðîé. Èòîãî èìååì 5
"ïîäîçðèòåëüíûõ"òî÷åê. Âû÷èñëÿÿ çíà÷åíèÿ z(x, y) â ýòèõ òî÷êàõ, íàõîäèì:
zmax = z(1, 0) = 3, zmin = z(−1, 0) = −1.
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Ðèñ. 11: Îáëàñòü, îãðàíè÷åííàÿ ïàðàáîëîé è ïðÿìîé

Çàäàíèå 4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

x2 − y2

x2 + y2
dxdy,

ãäå Ω = {(x, y) : x2 + y2 ≤ a2}.
Ðåøåíèå. Ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì, x = rcosϕ, y = rsinϕ, â

ýòèõ êîîðäèíàòàõ íàøà îáëàñòü èìååò âèä: 0 ≤ ϕ ≤ 2π, 0 ≤ r ≤ a, ïðè÷åì
ÿêîáèàí çàìåíû ïåðåìåííûõ ðàâåí r. Ñëåäîâàòåëüíî, â ïîëÿðíûõ êîîðäèíàòàõ
íàø èíòåãðàë èìååò âèä:∫ ∫

Ω

x2 − y2

x2 + y2
dxdy =

∫ 2π

0

∫ a

0

r2(cos2ϕ− sin2ϕ)

r2
rdrdϕ =

∫ 2π

0

cos(2ϕ)dϕ

∫ a

0

rdr =
a2

2
·sin(2ϕ)

2
|2π0 = 0.

Çàäàíèå 5.
∫
L

ds
x+2y , ãäå L - îòðåçîê AB, A=(1,2), B=(4,5).

Ðåøåíèå. Âûïèøåì ñíà÷àëà óðàâíåíèå ïðÿìîé, íà êîòîðîé ëåæèò îòðåçîê
L. Íåòðóäíî óñòàíîâèòü, ÷òî ýòî y = x + 1. Òàêèì îáðàçîì, ìû ìîæåì ïîäñòà-
âèòü ýòî âûðàæåíèå â èíòåãðàë, ïðè÷åì y′(x) = 1, òàê ÷òî

√
1 + (y′(x))2 =

√
2.

Ïîëó÷àåì:∫
L

ds

x+ 2y
=

∫ 4

1

√
2dx

x+ 2(x+ 1)
=

√
2

∫ 4

1

dx

3x+ 2
=

√
2

3
ln(14/5).

Êîíòðîëüíàÿ ðàáîòà 4.
Âàðèàíò 1

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 2x2 + xy, A(−1, 2), −→a = (3, 4).
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2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = 9− 2x+ 4y − x2 − 4y2.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2 + xy,
−1 ≤ x ≤ 1; 0 ≤ y ≤ 3.

4. Âû÷èñëèòü ∫ 2

1

dx

∫ 4

3

dy

(x+ y)2
.

5. Âû÷èñëèòü
∫
L

ds
x−y , ãäå L - îòðåçîê AB, A=(0,-2), B=(4,0).

Âàðèàíò 2

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = arctg(xy2), A(2, 3), −→a = (4,−3).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = xy(1− x− y).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
3− 2x2 − xy − y2, x ≤ 1; y ≥ 0; y ≤ x.

4. Âû÷èñëèòü ∫ 1

0

∫ 1−x

x2−1

xydy.

5. Âû÷èñëèòü
∫
L

ds
x2−2y , ãäå L - îòðåçîê AB, A=(-1,-2), B=(4,0).

Âàðèàíò 3

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 5x2 + 6xy, A(2, 1), −→a = (1, 2).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè

f(x, y), f(x, y) = x2y2−8x+y
xy .

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2+xy−2,
4x2 − 4 ≤ y ≤ 0.

4. Âû÷èñëèòü ∫ ∫
Ω

xydxdy,

ãäå îáëàñòü Ω îãðàíè÷åíà îñÿìè êîîðäèíàò è êðèâîé x = acos3t, y = asin3t, 0 ≤
t ≤ π/2.

5. Âû÷èñëèòü
∫
L(x

2 + y)ds, L îòðåçîê AB, A=(0,1), B=(-2,3).
Âàðèàíò 4

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = ln(2x+ 3y), A(2, 2), −→a = (2,−3).
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2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = y

√
x− y2 − x+ 6y.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 − xy + y2 − 4x, x ≥ 0; y ≥ 0; 2x+ 3y ≤ 12.

4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

cos(x2 + y2)dxdy,

ãäå Ω = {(x, y) : x2 + y2 ≤ a2}.
5. Âû÷èñëèòü

∫
L xyds, L åñòü êîíòóð êâàäðàòà, îãðàíè÷åííîãî ëèíèÿìè x±

y = 1, x± y = −1.
Âàðèàíò 5

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = arctg(xy), A(2, 3), −→a = (4, 3).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = 2x3 + xy2 + 5x2 + y2.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = 2x+y−xy,
0 ≤ x ≤ 4; 0 ≤ y ≤ 4.

4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

x2

x2 + y2
dxdy,

ãäå Ω = {(x, y) : x2 + y2 ≤ a2}.
5. Âû÷èñëèòü

∫
L xyds, L åñòü ÷åòâåðòü îêðóæíîñòè x2 + y2 = 1, ëåæàùàÿ â

ïåðâîì êâàäðàíòå.
Âàðèàíò 6

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = arctg(y/x), A(−1, 1), −→a = (1,−1).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = exp(4y − x2 − y2).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 + y2 + x2y + 4, |x| ≤ 1; |y| ≤ 1.

4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

ln(1 + x2 + y2)dxdy,
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ãäå Ω = {(x, y) : x2 + y2 ≤ a2}.
5. Âû÷èñëèòü

∫
L(x

2 − y2)ds, ãäå L - îòðåçîê AB, A=(0,-2), B=(4,2).
Âàðèàíò 7

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = arcsin(x2/y), A(1, 2), −→a = (5,−12).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x3y + 12x2 − 8y.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 + 3y2 + x− y, x ≤ 1; y ≤ 1;x+ y ≥ 1.

4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

√
x2 + y2dxdy,

ãäå Ω = {(x, y) : x2 + y2 ≤ ay}.
5. Âû÷èñëèòü

∫
L yds, L åñòü äóãà ïàðàáîëû y2 = 2x îò òî÷êè (2,-2) äî òî÷êè

(8,4).
Âàðèàíò 8

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = x3 + xy3, A(1, 3), −→a = (−5, 12).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = exp(y) cos(x).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2/2− xy,
y ≥ x2/3; y ≤ 3.

4. Âû÷èñëèòü c ïîìîùüþ ïîëÿðíûõ êîîðäèíàò∫ ∫
Ω

y2
√
a2 − x2dxdy,

ãäå Ω = {(x, y) : x2 + y2 ≤ a2}.
5. Âû÷èñëèòü

∫
L(x+ y)ds, L = {(x, y) : x = acost, y = asint, 0 ≤ t ≤ π/2.}

Âàðèàíò 9

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 3x/y2, A(3, 4), −→a = (−3,−4).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x2 + y2 + 1

x2y2 .

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 + y2 − xy + x+ y, x ≤ 0; y ≤ 0;x+ y ≥ −3.
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4. Âû÷èñëèòü ∫ 1

0

dx

∫ 1

0

xdy

(1 + x2 + y2)3/2
.

5. Âû÷èñëèòü
∫
L(2x+ 3y)ds, ãäå L - îòðåçîê AB, A=(0,-2), B=(4,4).

Âàðèàíò 10

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 5x2 − 2xy + y2, A(1, 1), −→a = (1, 2).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = (2x− x2)(2y − y2).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = xy−2x−y,
0 ≤ x ≤ 3; 0 ≤ y ≤ 4.

4. Âû÷èñëèòü ∫ π/2

0

dx

∫ x

0

cos(x+ y)dy

.
5. Âû÷èñëèòü

∫
L(x

2 − 2y)ds, ãäå L - îòðåçîê AB, A=(0,-2), B=(4,0).
Âàðèàíò 11

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 5x+ 10x2y + y5, A(1, 2), −→a = (4,−3).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x2y2 − 2xy2 − 6x2y + 12xy.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2+y2−4x,
−2 ≤ x ≤ 1;−1 ≤ y ≤ 3.

4. Âû÷èñëèòü ∫ ∫
Ω

dxdy

(x+ y + 1)2
,

Ω = {0 ≤ x ≤ 1, 0 ≤ y ≤ 1}.
5. Âû÷èñëèòü

∫
L x

2ds, L = {x2 + y2 = R2, y ≥ 0}
Âàðèàíò 12

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 1 + x2y3, A(−1, 1), −→a = (1, 3).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x4 + y4 − 2x2.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x3 + 8y3 − 6xy + 1, 0 ≤ x ≤ 2;−1 ≤ y ≤ 1.
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4. Âû÷èñëèòü ∫ ∫
Ω

ydxdy

x2
,

Ω = {x ≥ 0, x3 ≤ y ≤ x2}.
5. Âû÷èñëèòü

∫
L(2xydx+ x2dy), L = {(x, y) : y = x2/4, 0 ≤ x ≤ 2.}

Âàðèàíò 13

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = yxy, A(2, 1), −→a = (1,−1).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x4 + y4 − 2(x− y)2.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2−2y+3,
y − x ≤ 1, x ≤ 0; y ≥ 0.

4. Âû÷èñëèòü ∫ ∫
Ω

x2y2dxdy,

Ω = {y2 ≤ x ≤ 1}.
5. Âû÷èñëèòü

∫
L(yx

−1dx+ dy), L = {(x, y) : y = ln x, 1 ≤ x ≤ e.}
Âàðèàíò 14

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = x sin(x+ y), A(π/4, π/4), −→a = (−1, 1).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = 2x4 + y4 − x2 − 2y2.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x2y,
x2 + y2 ≤ 1.

4. Âû÷èñëèòü ∫ ∫
Ω

xy2dxdy,

Ω = {x2 + y2 ≤ a2, x ≥ 0}.
5. Âû÷èñëèòü

∫
L(xdy − ydx), L = {(x, y) : y = x3, 0 ≤ x ≤ 2.}

Âàðèàíò 15

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 3x4 + y3 + xy, A(1, 2), −→a = (−1, 1).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = xy2(12− x− y), x > 0, y > 0.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
x2 + y2 − xy − x− y, x+ y ≤ 3; y ≥ 0;x ≥ 0.
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4. Âû÷èñëèòü ∫ ∫
Ω

(x3 + y3)dxdy,

Ω = {x2 + y2 ≤ R2, y ≥ 0}.
5. Âû÷èñëèòü

∫
L(x− 1/y)dy, L = {(x, y) : y = x2, 1 ≤ x ≤ 2.}

Âàðèàíò 16

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = arctg(y/x), A(1/2,

√
3/2), −→a = (1, 1).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x2y3(6− x− y).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = xy(6−x−y),
x+ y ≤ 12, y ≥ 0;x ≥ 0.

4. Âû÷èñëèòü ∫ ∫
Ω

(x+ 2y)dxdy,

Ω = {2 ≤ x ≤ 3, x ≤ y ≤ 2x}.
5. Âû÷èñëèòü

∫
L(xydx− y2dy), L = {(x, y) : y2 = 2x, 0 ≤ x ≤ 2.}

Âàðèàíò 17

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = x− 3y +

√
3xy, A(3, 1), −→a = (1, 0).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = (x+ y)x−1y−1 − xy.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x + 3y,
x+ y ≤ 6;x+ 4y ≥ 4, y ≤ 2.

4. Âû÷èñëèòü ∫ ∫
Ω

(x+ y)dxdy,

Ω = {x2 + y2 ≤ R2, x ≤ y}.
5. Âû÷èñëèòü

∫
L xdy, L = {(x, y) : y2 + x2 = a2, 0 ≤ x,−a ≤ y ≤ a.}

Âàðèàíò 18

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = (x+

√
y)y−1, A(2, 1), −→a = (1, 2).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = (x+ y2) exp(x/2).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çà-
ìêíóòîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z =
(y2 − x2) exp(1− x2 + y2), x2 + y2 ≤ 4.
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4. Âû÷èñëèòü ∫ ∫
Ω

xydxdy,

Ω = {x2 + y2 ≤ 25, 3x+ y ≥ 5}.
5. Âû÷èñëèòü

∫
L(2xydx− x2dy), L = {(x, y) : y =

√
x/2, 0 ≤ x ≤ 2.}

Âàðèàíò 19

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = 3x2y + 5xy2, A(1, 1), −→a = (1, 2).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = (5− 2x+ y) exp(x2 − y).

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = x3+y3−3xy,
0 ≤ x ≤ 2;−1 ≤ y ≤ 2.

4. Âû÷èñëèòü ∫ ∫
Ω

(2y − x)dxdy,

Ω = {y(y − x) ≤ 2, x(x+ y) ≤ 3}.
5. Âû÷èñëèòü

∫
L((xy − y2)dx+ xdy), L = {(x, y) : y = 2

√
x, 0 ≤ x ≤ 1.}

Âàðèàíò 20

1. Äàíû ôóíêöèÿ z = f(x, y), òî÷êà A(x0, y0) è âåêòîð −→a = (a1, a2). Íàéòè:
1) gradz(x, y) è åãî çíà÷åíèå â òî÷êå A, 2) ïðîèçâîäíóþ â òî÷êå A ïî íàïðàâ-
ëåíèþ −→a , z = x3 + 7xy2, A(−1, 1), −→a = (−1, 2).

2. Íàéòè ëîêàëüíûå ìàêñèìóìû, ìèíèìóìû è ñåäëîâûå òî÷êè ôóíêöèè
f(x, y), f(x, y) = x2 + xy + y2 − 4 ln x− 10 ln y.

3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè z = f(x, y) â çàìêíó-
òîé îáëàñòè Ω, çàäàííîé ñèñòåìîé íåðàâåíñòâ. Ñäåëàòü ÷åðòåæ. z = y4 − x4,
x2 + y2 ≤ 9.

4. Âû÷èñëèòü ∫ ∫
Ω

exp(x− y)dxdy,

Ω = {−1 ≤ x ≤ 1, x ≤ y ≤ 2x}.
5. Âû÷èñëèòü

∫
L(x

2 + y2)nds, L = {(x, y) : x2 + y2 = R2}
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