
Çàäà÷à 1. Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé ñ äàííîé ðàñøèðåííîé ìàòðèöåé
2 −1 2 2 | 1
1 1 2 3 | 1
2 0 5 5 | 2
3 −1 1 2 | 1
1 −1 3 2 | 1


ìåòîäîì Ãàóññà.

Ðåøåíèå:

Íàïîìèíàíèå: äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé ñ äàííîé
ðàñøèðåííîé ìàòðèöåé ïîñëåäíþþ ñëåäóåò ïîäâåðãàòü ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì
íàä ñòðîêàìè. Ïðè ýòîì ìíîæåñòâà ðåøåíèé ñèñòåì óðàâíåíèé, ñîîòâåòñòâóþùèõ
ìàòðèöå äî ïðèìåíåíèÿ ýëåìåíòàðíîãî ïðåîáðàçîâàíèÿ è ïîñëå - ñîâïàäàþò.
Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ íàä ñòðî÷êàìè ìàòðèöû áûâàþò òð¼õ òèïîâ:

(a) Îáìåí ìåñòàìè ðÿäîâ ñ íîìåðàìè i è j (ñîêðàù¼ííî Ri ↔ Rj),
(b) Óìíîæåíèå ðÿäà ñ íîìåðîì i íà íåíóëåâîå ÷èñëî r (ñîêðàù¼ííî Ri → rRi),
(c) Çàìåíà ðÿäà ñ íîìåðîì i íà íåãî ìèíóñ êðàòíîå ðÿäà j (ñîêðàù¼ííî Ri →

Ri − rRj),

Öåëü çàêëþ÷àåòñÿ â ïðèâåäåíèè ðàñøèðåííîé ìàòðèöû ñèñòåìû ê òðàïåöèåâèäíîé
ôîðìå, ïðè÷¼ì òàê, ÷òîáû â êàæäîé ñòðî÷êå ïåðâûì íåíóëåâûì ýëåìåíòîì áûëà
åäèíèöà, è âñå ýëåìåíòû ìàòðèöû íàä ýòîé åäèíèöåé áûëè íóëÿìè. Èç òàêîé ïðèâåä¼ííîé
òðàïåöèåâèäíîé ôîðìû ðàñøèðåííîé ìàòðèöû ñèñòåìû ëåãêî ïîëó÷àåòñÿ å¼ ðåøåíèå.

2 −1 2 2 | 1
1 1 2 3 | 1
2 0 5 5 | 2
3 −1 1 2 | 1
1 −1 3 2 | 1

 R1↔R2−−−−→


1 1 2 3 | 1
2 −1 2 2 | 1
2 0 5 5 | 2
3 −1 1 2 | 1
1 −1 3 2 | 1

 R2→R2−2R1−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
2 0 5 5 | 2
3 −1 1 2 | 1
1 −1 3 2 | 1

 R3→R3−2R1−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
0 −2 1 −1 | 0
3 −1 1 2 | 1
1 −1 3 2 | 1

 R4→R4−3R1−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
0 −2 1 −1 | 0
0 −4 −5 −7 | −2
1 −1 3 2 | 1

 R5→R5−R1−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
0 −2 1 −1 | 0
0 −4 −5 −7 | −2
0 −2 1 −1 | 0

 R5→R5−R3−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
0 −2 1 −1 | 0
0 −4 −5 −7 | −2
0 0 0 0 | 0

 R4→R4−2R3−−−−−−−→


1 1 2 3 | 1
0 −3 −2 −4 | −1
0 −2 1 −1 | 0
0 0 −7 −5 | −2
0 0 0 0 | 0

 R2→R2−R3−−−−−−−→


1 1 2 3 | 1
0 −1 −3 −3 | −1
0 −2 1 −1 | 0
0 0 −7 −5 | −2
0 0 0 0 | 0

 R3→R3−2R2−−−−−−−→


1 1 2 3 | 1
0 −1 −3 −3 | −1
0 0 7 5 | 2
0 0 −7 −5 | −2
0 0 0 0 | 0

 R4→R4+R3−−−−−−−→



2 
1 1 2 3 | 1
0 −1 −3 −3 | −1
0 0 7 5 | 2
0 0 0 0 | 0
0 0 0 0 | 0

 R2→−R2−−−−−→


1 1 2 3 | 1
0 1 3 3 | 1
0 0 7 5 | 2
0 0 0 0 | 0
0 0 0 0 | 0

 R1→R1−R2−−−−−−−→


1 0 −1 0 | 0
0 1 3 3 | 1
0 0 7 5 | 2
0 0 0 0 | 0
0 0 0 0 | 0

 R3→R3/7−−−−−→


1 0 −1 0 | 0
0 1 3 3 | 1
0 0 1 5/7 | 2/7
0 0 0 0 | 0
0 0 0 0 | 0

 R2→R2−3R3−−−−−−−→


1 0 −1 0 | 0
0 1 0 6/7 | 1/7
0 0 1 5/7 | 2/7
0 0 0 0 | 0
0 0 0 0 | 0

 R1→R1+R3−−−−−−−→


1 0 0 5/7 | 2/7
0 1 0 6/7 | 1/7
0 0 1 5/7 | 2/7
0 0 0 0 | 0
0 0 0 0 | 0


Îáîçíà÷èì ïåðåìåííûå â ñèñòåìå óðàâíåíèé ñ äàííîé ðàñøèðåííîé ìàòðèöåé ÷åðåç
t1, t2, t3, t4. Ñèñòåìó óðàâíåíèé ñ ïîñëåäíåé ìàòðèöåé â êà÷åñòâå ðàñøèðåííîé ìîæíî
çàïèñàòü êàê 

t1 + t4/7 = 2/7

t2 + t4/7 = 1/7

t3 + t4/7 = 2/7

.

Îòñþäà 
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
2
7

1/7
2/7

0
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1

 ,
ãäå t4 � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî. Òàê êàê ñðåäè ïîëó÷èâøèõñÿ â îòâåòå
âåêòîðîâ, êîòîðûå ìîãóò áûòü óìíîæåíû íà ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, åñòü
âåêòîðà èç äðîáåé, òî ìû ìîæåì èçáàâèòüñÿ îò çíàìåíàòåëåé, óìíîæèâ âåêòîð íà èõ
íàèìåíüøåå îáùåå êðàòíîå. Ïîýòîìó
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=
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7

 ,
ãäå α � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî.
Îòâåò: ñèñòåìà ñîâìåñòíà è èìååò áåñêîíå÷íîå êîëè÷åñòâî ðåøåíèé âèäà
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7

 ,
ãäå α � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî.

Ðåøåíèå âûïîëíåíî àâòîìàòè÷åñêè.
Ïðîãðàììó � ó÷åáíîå ïîñîáèå ðàçðàáîòàë Àðòåìèé Áåðëèíêîâ.
Web-èíòåðôåéñ Ïàâëà Ëàïèíà.


